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Abstract—Flash memories, especially NAND flash mem-
ories, are prevalent in the memory market due to their
outstanding features such as high density and so on.
However, the problems coming with the density are the
parasitic effects, of which the cell-to-cell interference is
the dominant one. Besides interference, another challenge
for NAND flash memories is its limited life time. Actually,
flash memories can be regarded as “write-once memories
(WOM)”, where cells can be changed from lower states to
higher states, not vice versa.

In this paper, we study WOM codes against cell-to-cell
interference. We derive bounds of the rewriting capacity of
WOM codes based on the new WOM codes, Delta-WOM,
and constrained codes. We also explore efficient WOM code
constructions: one construction is based on our Diamond-
WOM codes construction, which can be proven to approach
its known rewriting capacity; the other one is based on
constrained codes.

I. INTRODUCTION

Flash memories, especially the NAND flash mem-
ories, have become more and more important during
recent years. Their outstanding features – such as high
density and so on – facilitated their widespread use. Two
combined technological efforts, aggressive scaling and
the introduction of multi-level-cell (MLC), are taken to
attain a further higher density.

However, the high density does not come without a
cost. In flash memories, electrons are stored in floating
gates (cells). The number of electrons stored in a floating
gate determines the cell level, therefore single-level-cell
(SLC) and MLC are distinguished by the number of
levels in per cell. In order to get a measurable cell level,
the threshold voltage, Vth, must be applied to the floating
gate. Generally, the more electrons are stored in per cell,
the higher Vth is. As the ever-growing application of
MLC NAND flash memories, the precise controlling of
Vth is becoming important. However, in reality Vth is
disturbed by three well-known major parasitic effects,
of which cell-to-cell interference is dominant [8]. In

NAND Flash memories, the Vth shift of one floating-
gate transistor can disturb the threshold voltages of its
neighboring floating-gate transistors through parasitic
capacitance – coupling effect, which is referred to as
cell-to-cell interference.

Besides interference, another well-known challenge of
NAND flash memories is its limited life time, measured
by the number of erasures experienced by a floating
gate. In NAND flash memories, cells are organized as
the hierarchy of arrays, blocks and pages, where one
array is partitioned into many blocks, and each block
contains a certain number of pages. Data is programmed
and fetched in the unit of page, where the page size
ranges from 512-B to 8- kB user data in current design
practice. However, all memory cells within the same
block must be erased at the same time, which is time
and energy consuming. Therefore, one research topic of
flash memories is to treat flash memories as write-once
memories (WOM) [11], and we reuse them as many
times as possible. WOM consists of a number of “write-
once” cells where each cell initially is in a ‘0’ state
and can be changed to a ‘1’ state irreversibly. SLC flash
memories follow this model. WOM can be generalized
to q states per cell [5], and MLC flash memories follow
this model. Since Rivest and Shamir presented that we
can write a 2-bit variable twice via a WOM-code using
3 cells, lots of research has been done, e.g., [12], [13]
and so on.

Currently, there is some research about interference,
but most focuses on circuit [10] or architecture level [3].
There has been some work [1] on constrained coding
for combatting inter-cell interference. Generally speak-
ing, constrained code [9] imposes a constraint on the
sequence that are allowed to be recorded or transmitted.
Shannon cover is of great help in constrained coding,
which uses the minimal number of states to represent
the constrained system. In this paper, we study the joint
coding for both rewriting data and combatting inter-cell
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Fig. 1. Cell-to-cell interference

interference. To the best of our knowledge, this is the
first work that addresses this joint coding problem.

In this paper, we explore WOM codes against cell-to-
cell interference. We firstly define the model in section II.
We then introduce one generalized WOM codes, Delta-
WOM, in section III, which plays an important role in
our analysis of code performance. We present various
bounds of the codes in section IV. Finally we present
code constructions in section V, one of which is based on
the efficient t successive writes Diamond-WOM codes,
which is proved to approach its rewriting capacity.

II. CELL-TO-CELL INTERFERENCE MODEL

Fig.1 presents the basic structure of a block and
the model of cell-to-cell interference used in this pa-
per. Each word-line forms a page, by adding voltages
on certain word-line and bit-line we can program a
specific cell. The victim cell, A, can be disturbed by
its eight neighbors. According to [8], the threshold-
voltage change of the victim cell due to interference
can be estimated as

∑
k ∆V

(k)
t

C(k)

Ctotal
, where ∆V

(k)
t is

the threshold-voltage change of its kth neighbor, C(k) is
the parasitic capacitance between the kth interfering cell
and the victim cell, and Ctotal is the total capacitance
of victim cell. In this paper, we only consider the one
dimension inter-cell interference, or more specifically the
noise from the same word-line. Because the cell level
is proportional to its threshold-voltage, we can use the
change of cell level to estimate interference. In order to
have inter-cell interference in a controllable manner, we
require that during each round of programming the sum
of cell level changes of victim’s neighbors be not greater
than the change of the victim’s for some predetermined
threshold value, or equivalently for the q-ary flash cell

∆q1 + ∆q2 −∆qA ≤ D, (1)

where D is the given threshold value, and ∆q1,∆q2 and
∆qA are the cell level change of cell 1, 2 and A. We
let q − 1 ≤ D ≤ 2(q − 1) − 1 such that all cells can
be programmed to level q − 1 at the same time. The

b).Star−WOMa). Delta−WOM c). Diamond−WOM

Fig. 2. Delta-WOM, Star-WOM and Diamond-WOM

intuition behind this model is quite straightforward: if the
cell level gap between the victim cell and its neighbors
is too large, then the neighbors will ‘drag’ the victim
cell level upwards. Similar model has appeared in [1],
where specific programming orders are considered and
constrained codes is used. Our model is a general one,
that is we do not consider specific programming order,
and our research focus is that we construct WOM codes
to overcome interference, that is our codes satisfy (1).

III. THE REWRITING CAPACITY OF DELTA-WOM
In this section, we introduce Delta-WOM. A t-write

WOM codes can be written as < v1, v2, ..., vt > /n, that
is the a variable of cardinality vi for the ith write, its ith

rate is Ri = log2 vi

n and total rates of t writes is
t∑

i=1

Ri.

The maximal total rates, meaning the maximal number
of information bits stored in one cell during successive
rewrites, is also called rewriting capacity. The achievable
values of the vector (R1, R2, ..., Rt) form the rewriting
capacity region.

The Delta-WOM is such a WOM code that cells at
lower states can be programmed directly to at most D
higher states, or equivalently whose transition model is
0 → 0, 0 → 1, ..., 0 → D, 1 → 1, 1 → 2, ..., 1 →
D + 1, ... (See (a) of Fig.2, where D equals 2). We
notice that when D is q − 1, this is actually the multi-
level-cell WOM [4] (Any cells of lower states can be
changed irreversibly to all higher states), which can also
be verified at the end of this section.

To obtain the rewriting capacity of Delta-WOM, we
use connectivity matrix, A = (αij)q×q, where αij = 1
if there is an edge between vertex i and vertex j, and
αij = 0 otherwise. For instance, the connectivity matrix
of (a) in Fig. 2 is

A =




1 1 1 0 0 0
0 1 1 1 0 0
0 0 1 1 1 0
0 0 0 1 1 1
0 0 0 0 1 1
0 0 0 0 0 1




.
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Generally, A can be written as A = B − C, where B is
the upper triangular matrix with all ones in the upper,
and C is the following matrix

(
0 B(1+D)×(1+D)

0 0

)
.

Fu and Yeung in [6] presented the rewriting capacity
formula of deterministic WEM – of which WOM is a
special case (see [6] for more details) – during t suc-
cessive rewrites, C(t) = log(a0 · At−1 · 1q

T ), where
a0 is the first row of A, and (·)T is the transpose
of an vector or matrix. Now we use this to obtain
the rewriting capacity for q-ary Delta-WOM during t
successive rewrites, C(q, D, t), and for the detailed proof
please see the appendix.
Theorem 1.

C(q, D, t) = log2

p∑

i=0

(
t− 1

i

)
(−1)i·

{
(

t− 1 + q − i(1 + D)
t− 1

)
−

(
t− 1 + q − (i + 1)(1 + D)

t− 1

)
},

where p = b q
1+D c, and

(
m
n

)
is 0 if m < n.

Clearly, if D = q − 1, C(q, D, t) = log2

(
t−1+q

t−1

)
,

which is exactly the rewriting capacity of multi-level-
cell WOM [8].

IV. BOUND THE REWRITING CAPACITY FOR
REWRITING CODES

In this section we provide various bounds of the
rewriting capacity for codes against inter-cell interfer-
ence.

A. Lower bounds based on Delta-WOM

One strategy to eliminate interference is to use the
Delta-WOM codes, that is having some constraint on
the cell level changed of each write, and if necessary
combining with the strategy of dividing cells into non-
interfering groups.

1) One lower bound based on grouping cells and
constraint on the cell level change: Given n q−ary
WOM cells, ~c = (c0c1..., cn−1), the constraint parameter
D as in (1) and requirement of t rewrites, we divide
~c into three groups: Gi = {cj |j mod 3 = i}, where
i = 0, 1, 2 and j = 0, 1, ..., n − 1, every time we
only program one group cells with the constraint, D, on
cell level change of every rewrite. In this way, we can
make sure there is no interference during each rewriting.
Clearly, according to Theorem 1, we have a lower bound
for the rewriting capacity, cap

cap ≥ C(q, D, t/3). (2)
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Fig. 3. Comparison of lower bounds: The solid lines are for the lower
bounds with grouping as well as constraint on the cell level change,
and the lines with circles are for the lower bounds with the constraint
on the cell level change only.

2) Another lower bound based on constraint on the
cell level change: Still given the constraint (1) and
parameters, we impose the constraint of D/2 upon the
cell level change of every rewrite without grouping cells.
Similarly, we can assure the non-existence of interfer-
ence and according to Theorem 1, we have another lower
bound,

cap ≥ C(q, D/2, t). (3)

Fig. 3 compares the two lower bounds we obtained
above, from which we can see that the bound (3) is
tighter.

B. Lower bound based on constrained codes

We now bound the rewriting capacity based on the
strategy of constrained codes. It is clear that constrained
codes are of great help if the codes are used to write data
only once [1]. In this paper, we extend constrained codes
from one write to multiple writes, which is a highly
nontrivial extension. For simplicity, we take the example
of two writes.

The scheme is as follows: For the first write we require
all the cell levels are in the range [0, q1) for some
cell level q1, and the second one is in [0, q). Denote
the rewriting capacity of q-ary constrained codes with
the respect to the constraint (1) by C(q, D). It is clear
that the lower bound of the sum rate of the scheme is
maxq1{C(q1, D) + C(q − q1, D)}, however, according
to [7], we can show that it is exactly the rewriting
capacity of this scheme.

We now briefly present how to obtain the above result.
Let S,X and Y be some finite sets of states, the input
alphabet and the output alphabet. We suppose that for
any stuck cells state ~s ∈ S, meaning that those stuck
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Fig. 4. Shannon cover of q-ary constrained codes with constraint
(1). (a) Graph representation of the constrained q-ary codes. There are
1 + 4(q-1) -2D vertices. (b) Additional edges between odd vertex i
and even vertices i + 1, i + 3,..., and 4(q − 1)− 2D. (c) Additional
edges between even vertex j and odd vertices 4(q − 1)− 2D − 1,...,
4(q−1)−2D−(j−3). (d) Additional edges between any odd vertex
and all other odd vertices (including itself).

cell states will not be lowered in future writes, there
is a deterministic function φ~s defined on some subset
X~s ⊂ X , such that φ~s(x) ∈ Y for any x ∈ X~s. That
is φ~s(x) transfers the input ~x to the output according
to the state ~s. Let Y~s = {y = φ~s(x)|x ∈ X~s, ~s ∈ S}.
The encoding f and decoding g are as follows, f(u,~s) :
{1, 2, ..., M} × S → X , and g(y) : Y → {1, 2, ..., M}.
We consider the maximum number Mφ of messages that
can be transmitted with respect to the stuck cells. The
following lemma bounds the Mφ and the corresponding
maximum transmission rate Rφ = log2 Mφ/n.

Lemma [7] 2. Let Nφ = min~s∈S |Ys|. Mφ is bounded as
Nφ

ln(Nφ|S|) ≤ Mφ ≤ Nφ, where | · | means the cardinality
of a set.

For our WOM codes, it is easy to know the maximal
transmission rate of the first write R1 is C(q1, D). For
the second write, we know

X = Y = En, E = {0, 1, 2, ..., q − 1}
S = {~s ∈ En|~s satisfies the constraint (1)}

X~s = Y~s = {~y ∈ En|~y − ~s satisfies (1) and ~y ≥ ~s}
φ~s(~x) = ~x, for ~x ∈ X~s, ~s ∈ S

We know that Nφ = min~s∈S |Ys| = number of (q− q1)-
ary constrained codewords satisfying the constraint (1),
denoting as M , and |S| = 2nC(q1,D). According to
the above lemma, we obtain M/ ln(M2nC(q1,D)) ≤
Mφ ≤ M , and R2 approaches C(q − q1, D) as n is
infinite. Thus the rewriting capacity of our WOM codes
is maxq1{C(q1, D) + C(q − q1, D)}. Fig.(4) presents
the Shannon cover of q-ary codes with respect to the

constraint (1), which has the same structure as [1].
We can easily obtain its capacity C(q, D) according to
the knowledge of constrained codes [9]. Obviously, this
method can be extended to general cases as long as we
reuse the codes less than q − 1 times.

Naturally, there exist other techniques to bound the
rewriting capacity using both Delta-WOM and con-
strained codes: for example, we can divide cells into
three groups G0, G1 and G2, and we let G1, and G0

together with G2 be programmed separately. For G1, we
use Delta-WOM to bound its rewriting sum rate; for G0

and G2, we use constrained codes to bound the rewriting
sum rate.

C. An explicit upper bound scheme

In this part, we obtain an upper bound of the rewrite
capacity. The idea is as follows: Instead of dividing
cells into non-interfering groups, we form a giant non-
overlapped ‘cell’ by grouping three consecutive cells,
e.g., cell 0, 1 and 2 form one giant ‘cell’, and another
‘cell’ consists of cell 3, 4 and 5. It is easy to obtain the
connectivity matrix, A3 = (αij)q3×q3 , where αij = 1 if
we can program the giant ‘cell’ from ‘level’ i to ‘level’
j with respect to the constraint (1) and WOM codes. For
example, for the binary WOM codes with the constraint
∆q0+∆q2−∆q1 ≤ 1, we obtain the connectivity matrix
of giant ‘cell’ as follows:

A3 =




1 1 1 1 1 0 1 1
0 1 0 1 0 1 0 1
...

...
...

...
...

...
...

...
0 0 0 0 0 0 0 1


 ,

where the first row shows the ways of programming
the giant ‘cell’ from ‘level’ 000 to 8 possible ‘levels’
(including itself). Seven of them are possible except
for the transferring from 000 to 101, which violates
the constraint. Similar analysis can be applied to other
rows. Since all transformation ways of consecutive three
cells in the WOM codes against interference are con-
tained in this matrix, but the codes formed by those
giant ‘cells’ might still generate interference due to the
noise among boundaries of the giant ‘cells’, clearly it
is the upper bound of WOM Codes against interfer-
ence. We compute rewriting capacity of the giant ‘cell’
based on the formula demonstrated by Fu and Yeung,
C(t) = log(a0 · At−1

3 · 1q
T
). Thus we can upper bound

it by log(a0·At−1
3 ·1q

T
)

3 . Further more, we can obtain its
rewriting capacity as the size of giant ‘cell’ grows larger
and larger.
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V. CODE CONSTRUCTIONS

In this section, we present code constructions. Accord-
ing to the two strategies bounding the rewriting capacity,
there are two methods to construct WOM codes against
interference.

A. Code construction based on Diamond-WOM
One method to construct the codes is naturally using

Delta-WOM codes, that is letting non-interfering cell
be programmed at most D or D/2 more levels. For
the former codes, it is the multi-level-cell WOM codes,
however, no existing WOM codes reach its rewriting ca-
pacity, although Wu [12] and others presented code con-
structions to reach the rewriting capacity of binary WOM
of twice rewrites; for the later (having the constraint of
D/2), there are no known WOM codes approaching its
rewriting capacity either. In this subsection, we present
an efficient code construction of Diamond-WOM, which
can be proved to approach its rewriting capacity, and
construct WOM codes against interference based on it.

Diamond-WOM is such a WOM codes that only cells
at the ‘0’ state can be changed directly to other states
except the highest state (q− 1) irreversibly, all the non-
zero states can only be changed to (remain at) the high
states (q− 1), or equivalently whose transition model is
0 → 0, 0 → 1, ..., 0 → q − 2, 1 → (q − 1), ..., (q − 1) →
(q − 1) (see (c) of Fig.(2)). Actually, the Diamond-
WOM can be regarded as position modulation code [13]
with fixed weight, where a certain number of binary
WOM cells are grouped together as a symbol, and at
the beginning of each rewrite all the non-zero symbols
are erased by setting them to all-one value. Similarly,
for Diamond-WOM every time before each rewrite, we
erasure all the non-zero cells by programming them to
the highest state (q − 1), which can be thought of as
a dummy state. Thus we get ‘clean’ cells every time
before each rewrite. Using these remaining cells, we
encode the message by the number of initial cells, and
the positions of non-zero (except the ‘dummy state’
(q− 1)) cells. Also, we can see the connection between
Diamond-WOM and Star-WOM (see (b) of Fig.(2)): the
q-ary Diamond-WOM is equivalent to the (q − 1)-ary
Star-WOM in that the non-zero Star-WOM cells are
stuck cells and they remain at their original states, while
the non-zero Diamond-WOM cells also are stuck cells
but they have to stuck at state (q − 1). This can also
be verified from their rewriting capacity regions and
rewrite capacities. Fu and Vinck [4] formulated q-ary
Star-WOM’s rewriting capacity region, which is

Ct = {(R1...Rt)|R1 ≤ h(~P (1))...Rt ≤
t−1∏

i=1

P0
(i)h( ~P (t))},

where ~P (i) = (P (i)
0 , P

(i)
1 , ..., P

(i)
q−1)(i = 1, 2, 3, ....) is

a probability vector, and P
(i)
j implies that at the ith

rewrite at most P
(i)
j fraction of available cells can be

programmed from initial state to state j. Its rewriting
capacity is log2[1 + (q − 1)t].

The following two lemmas present the rewriting ca-
pacity region of Diamond-WOM and its rewriting ca-
pacity, respectively.

Lamma 3. The rewriting capacity region of q-ary
Diamond-WOM during t-successive rewrites is

Ct = {(R1...Rt)|R1 ≤ h( ~p(1))...Rt ≤
t−1∏

i=1

p
(i)
0 h( ~p(t))},

(4)
where ~p(i) = (p(i)

0 , p
(i)
1 , ..., p

(i)
q−1)(i = 1, 2, 3, ....) still is

a probability vector, however, according to the definition
of Diamond-WOM, pi

q−1 = 0 for i ∈ {1, 2, ..., t}.

Proof: Let S1, S2, ..., St be the random variables
form a Markov chain, denoted as S1 ⇒ S2 ⇒ ... ⇒ St.
According to [4] the rewriting capacity region is R1 ≤
h(S1), R2 ≤ h(S2|S1), ..., Rt ≤ h(St|S(t−1)). Let

p
(1)
j = Pr{S1 = j}, j = 0, 1, ..., q − 1

p
(i)
j = Pr{Si = j|Si−1 = 0}, j = 0...q − 1, i = 2, ..., t

~pi = (p(i)
0 , p

(i)
1 ...p

(i)
q−1), i = 1, 2, ..., t

We note that Pr{S1 = q − 1} = 0 and

Pr{Si+1 = q−1|Si = j} = 1, i = 1...t−1, j = 1...q−1.

Using the above known facts and the same proof of
the rewriting capacity region for Star-WOM [4], we can
obtain the result.

Lemma 4. The rewriting capacity of successive t
rewrites of q-ary Diamond-WOM is log2(1 + (q − 2)t).

We briefly present its proof: the connectivity matrix of

Diamond-WOM is AD =
(

1q−2 0
0(q−2)×(q−2) 1q−2

)
.

Then it is easy to obtain the result according to C(t) =
log(a0 · ADt−1 · 1q

T
) [6].

We summarize the optimal parameters, and code
construction of Diamond-WOM in the following, and
for more details interested readers please refer to the
appendix.

Code construction for Diamond-WOM

• Encode: For the data to write y (y ∈

[0, 2
n(

i−1∏
j=0

p
∗(j)
0 )h(p

∗(i)
0 ,

1−p
∗(i)
0

q−1 ,...,
1−p

∗(i)
0

q−1 )

− 1]), first
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flip all non-zero state cells to state q − 1, and then
flip cells according to encoding function f−1

i (y).
• Decode: With the cell state vector ~ci, the value y is

y = fi(~ci).

TABLE I
OPTIMAL PARAMETERS FOR DIAMOND-WOM

i p
(i)
0 p

(i)
1 ... pi

q−2 p
(i)
q−1

1 1

1+ q−2
2RC1

e−(q−3)

1−p
(1)
0

q−2
...

1−p
(1)
0

q−2
0

2 1

1+ q−2
2RC2

e−(q−3)

1−p
(2)
0

q−2
...

1−p
(2)
0

q−2
0

... ... ... ... .̇. 0
t 1

q−1
1

q−1
1

q−1
1

q−1
0

We now illustrate how to use t successive writes
Diamond-WOM codes to construct codes against inter-
ference. Taking the example of having constraint D/2
on the cell level change, we first use the Diamond-
WOM codes in the cell level range [0, D/2 − 1] for
t1 times, and then reuse the remaining cell in the
level range [D/2, q − 1] for t2 times. It is easy to
know that using this method, the rewriting capacity is
log2[1 + (D/2− 2)t1] + log2[1 + (q −D/2− 2)t2].

B. Code construction based on Constrained codes
Another code construction is based on constrained

codes. We take the example of two writes WOM codes.
Since the rewriting capacity is maxq1{C(q1, D)+C(q−
q1, D)}, we can take the following simple approach. The
first write is an q1-ary constrained codes with respect
to (1). We briefly discuss how to generate encoder and
decoder according to the Shannon cover graph, and see
[9] for more details. Firstly, for the rate R, we find the
input data size k and the output data size of encoder l
such that R = k/l ≤ C(q1, D); Secondly, we multiply
the Shannon cover graph such that every node has ql

1

output edges; Finally, we assign input data to edges.
Encoding and decoding are done by traversing the graph.
After the first write all cells are programmed to level q1,
and we use the similar method to generate the encoder
and decoder for the (q−q1)−ary constrained codes with
respect the constraint (1).

VI. CONCLUSION

WOM codes against cell-to-cell interference WOM
codes are explored in this paper. Based on Delta-WOM,
and constrained coding, we present various bounds of the
codes. Also we present code constructions, one of which
is based on the efficient t successive writes Diamond-
WOM codes, which is proved to approach its rewriting
capacity.
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VII. APPENDIX

A. The proof of theorem 1

Proof: An = (B−C)n =
n∑

i=0

(
n
i

) · Bn−i · Ci · (−1)i,

thus we next try to get the expression for Bn−i · Ci. By
induction, we obtain that Ci equals

(
0 Qi

(q−i(1+D))×(q−i(1+D))

0 0

)
,

where Qi
(q−i(1+D))×(q−i(1+D)) =




(
i−1
0

) (
i
1

)
...

(
i+q−i(1+D)−2
q−i(1+D)−1

)

0
(
i−1
0

)
...

(
i+q−i(1+D)−3
q−i(1+D)−2

)
...

...
. . .

...
0 0 0

(
i−1
0

)




,
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and Bn−i equals Qn−i
q×q. Thus after computation, we get

Bn−i · Ci is(
0 Qn

(q−i(1+D))×(q−i(1+D))

0 0

)
.

Denoting b q
1+D c = p, we obtain a0 · An · 1q =

p∑
i=0

a0

(
n
i

)Bn−iCi1q
T(−1)i. Then we compute the sum

of the first (1 + D) rows of Bn−iCi. By induction, we
compute the sum of the jth row is,

(
n− 1 + q − i(1 + D)− (j − 1)

q − i(1 + D)− 1− (j − 1)

)
,

where 1 ≤ j ≤ 1 + D. That leads to

a0Bn−iCi1q =
1+D∑
j=1

(
n−1+q−i(1+D)−(j−1)

q−i(1+D)−1−(j−1)

)
=

(
n+q−i(1+D)

n

)− (
n+q−(i+1)(1+D)

n

)
.

B. Code construction for Diamond-WOM

In this section we present the code construction, t
successive writes Diamond-WOM codes.

1) Determining optimal parameters: Suppose we
have n Diamond-WOM cells, all possible states are
0, 1, ..., q − 1, and initially all cells are at state 0. For
the jth (1 ≤ j ≤ t) rewrite, the number of cells flipped
from initial state to state i (0 < i ≤ q − 2) is a preset
faction p

(j)
i of the remaining cells, and p

(j)
q−1 is always 0.

The following lemmas present the optimal choices of
parameters p

(j)
i (i 6= q − 1) such that the total rate is

maximal.
First we show that if we fix p

(i)
0 (i = 1, 2, ..., t − 1),

the formula (4) can be expressed in a succinct way, and
it presents the optimal choices for p

(i)
j (j 6= 0, q− 1 and

i = 1, 2, ..., t).

Lemma 5. Ct = {(R1, ..., Rt)|R1 ≤ h(p(1)
0 ,

1−p
(1)
0

q−2 , ...,

1−p
(1)
0

q−2 , 0), ..., Ri ≤ (
i−1∏
j=1

p
(j)
0 )h(p(i)

0 ,
1−p

(i)
0

q−2 , ...,
1−p

(i)
0

q−2 , 0), ...,

Rt ≤ (
t−1∏
i=1

p
(i)
0 ) log2 (q − 1)}.

Proof: Once p
(i)
0 (i = 1, 2, ..., t − 1) is fixed,

we derive that h( ~p(i)) ≤ h(p(i)
0 ,

1−p
(i)
0

q−2 , ...,
1−p

(i)
0

q−2 , 0)
by Jensen’s inequality and the fact that log2 x is a
strictly convex function. Similarly, we get h( ~p(t)) ≤
h( 1

q−1 , ..., 1
q−1 , 0) = log2 (q − 1).

The next lemma presents the optimal choices of p
(j)
0

(1 ≤ j ≤ t− 1).

Lemma 6. The total rate of t successive writes of

Diamond-WOM of previous lemma, C(t) =
t∑

i=1

Ri, is

maximal when p
(j)
0 = 1

1+
(q−2)

2
RCj

eq−3

4
= p

∗(j)
0 , where

j = 1, 2, ..., t − 1, RCj can be recursively obtained

by RCj−1 = h(p∗(j−1)
0 ,

1−p
∗(j−1)
0

q−2 , ...,
1−p

∗(j−1)
0

q−2 , 0) +

p
∗(j−1)
0 RCj and RCt−1 = log2 (q − 1).

Proof: Proving this result involves finding
p
(1)
0 , p

(2)
0 , ..., p

(t−1)
0 that maximize

h(p(1)
0 ,

1− p
(1)
0

q − 2
, ...,

1− p
(1)
0

q − 2
, 0)+...+(

t−2∏

i=1

p
(i)
0 )h(p(t−1)

0 ,

1− p
(t−1)
0

q − 2
, ...,

1− p
(t−1)
0

q − 2
, 0) + (

t−1∏

i=1

p
(i)
0 ) log2 (q − 1).

We first fix p
(1)
0 , ..., p

(t−2)
0 , and find out p

(t−1)
0

maximizing h(p(t−1)
0 ,

1−p
(t−1)
0

q−2 , ...,
1−p

(t−1)
0

q−2 , 0) +

p
(t−1)
0 log2 (q − 1). The answer is

p
∗(t−1)
0 = 1

1+ q−2
q−1 e−(q−3) and RCt−1 =

h(p∗(t−1)
0 ,

1−p
∗(t−1)
0

q−2 , ...,
1−p

∗(t−1)
0

q−2 , 0) + p
∗(t−1)
0 RCt.

Similarly, using this result and fixing p
(1)
0 , ..., p

(t−3)
0 ,

we will find p
∗(t−2)
0 = 1

1+ q−2

2Ct−1
e−(q−3) . Repeating this

process, we finish verifying the correctness of this
lemma.

Combining the last two lemmas, the following the-
orem, which determines the optimal parameters, holds
immediately.

Theorem 7. The total rate of t successive writes of

Diamond-WOM of EQ.(4), C(t) =
t∑

i=1

Ri, is maximal

when p
(j)
i (1 ≤ j ≤ t and 0 ≤ i ≤ q−2) are determined

by the last two lemmas.

The ith (0 ≤ i ≤ t) write is first to flip all non-zero
cells to the state q− 1, and then flip exactly the fraction

(1−p
∗(i)
0 ) of remaining initial cells, which is n

i−1∏
j=0

p
∗(j)
0 ,

evenly to nonzero states except the state q − 1.
Next, we analyze rate of the ith write, Ri (1 ≤ i ≤ t).

Theorem 8. Ri <
i−1∏
j=0

p
(j)
0 h(p∗(i)0 ,

1−p
∗(i)
0

q−2 , ...,
1−p

∗(i)
0

q−2 ).

Proof: We denote n′ as remaining cells at state

0 before the ith write, which is actually n
i−1∏
j=0

p
∗(j)
0 .

According to the writing scheme of the ith write, Ri =
log2 ( n′

k1,k1,...,kq−2
)

n , where k1 = k2 = ...kq−2 = n′ 1−p
∗(i)
0

q−2
and we use the notation, Permutations of Multiset:(

n

k1, ..., kq−2

)
=

n!
k1!k2!...kq−2!(n− k1 − ...− kq−2)!

.
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Using this notation, the following polynomial can be
expressed in a clean form: (1+2r1 +2r2 +...+2rq−2)n =

~n∑
~k=~0

2~r~k
(

n
k1,...,kq−2

)
, where ~r~k is the inner product of two

vectors (r1, ..., rq−2) and (k1, ..., kq−2), ~k = ~0 means all
its elements start from 0, and similarly, ~k = ~n indicates
every element ki ends at n.

The outline of the proof is

Ri

(a)
<

log2

~q(i)n′∑
~k=~0

( n′
k1,k1,...,kq−2

)
n ≤

i−1∏
j=0

p
∗(j)
0 h(p∗(i)0 ,

1−p
∗(i)
0

q−2 , ...,
1−p

∗(i)
0

q−2 , 0), where

~q(i) = ( 1−p
∗(i)
0

q−2 , ...,
1−p

∗(i)
0

q−2 ). It is quit straightforward to
see the correctness of the first inequality (a). Now we
prove the latter inequality.

Since we have 2~r~q(1)n′
~n′∑

~k= ~q(i)n′

(
n′

k1,k2,...,kq−2

) ≤
~n′∑

~k= ~q(i)n′

(
n′

k1,k2,...,kq−2

)
2~r~k ≤

~n′∑
~k=~0

(
n′

k1,k2,...,kq−2

)
2~r~k =

(1 + 2r1 + 2r2 + ... + 2rq−2)n′ ,
~n′∑

~k= ~q(i)n′

(
n′

k1,k2,...,kq−2

) ≤

(2−~r~q(i)
+ 2r1−~r~q(i)

+ ... + 2rq−2−~r~q(i)
)n′ .

Choose rj = log2

p
(i)
j

1−
p−2∑
k=1

p
(i)
j

= log2

p
(i)
j

p
(i)
0

.

Then the sum above is not bigger than 2n′h(~p(i))(p(i)
0 +

p
(i)
1 + ... + p

(i)
q−2)

n′ , which is equal to 2n′h(~p(i)).

Since
~q(i)n′∑
~k=~0

(
n′

k1,k2,...,kq−2

)
=

~n′∑
~k=~q(i)n′

(
n′

k1,k2,...,kq−2

)
,

we get Ri <
i−1∏
j=0

p
∗(j)
0 h(p∗(i)0 ,

1−p
∗(i)
0

q−2 , ...,
1−p

∗(i)
0

q−2 , 0).

Clearly, the following theorem holds:

Theorem 9. Our construction approaches the rewriting
capacity of Diamond-WOM.

2) The index of cell state vector: One unsolved
problem of the ith write is the decoding function and
encoding function: for the encoding we map the index
to the cells state vector; for the decoding we obtain its
index from the cells state vector. Let

fi : ~c = (c0, c1, ..., cn−1) → {0, 1, ..., 2nRi − 1}, (5)

be the function computing the index of a vector for the
ith rewrite. The following example presents the basic
idea, which is an extension of [2].

Consider the example where we have 7 Diamond-
WOM 5-ary cells, and we can use 3 cells for the first
write according to some distribution. We compute the

index of the sequence ~c = (0030201). Before that, we
define some notations: the support for a q-ary n-tuple
~c, supp(~c), that is supp(~c) = {i|i ∈ {0, 2, ..., n −
1}; ci 6= 0}, and its complementary set supp(~c) = {i|i ∈
{0, 2, ..., n − 1}; ci = 0}. For example, for previous
~c, supp(~c) = {k0, k1, k2} = {2, 4, 6}. The basic idea
of fi(·) is to count the number of sequences of lower
indexes, that is indexing them according to their alphabet
order. We consider every i ∈ supp(~c). For k0 = 2, corre-
sponding to the state 3, if we flip it to lower states, all the
sequences are lexically before ~c: if we flip it to a nonzero
state, there are (3−1)

(
6−2
3−1

)
(4−1)3−1 = 108 sequences;

flipped to zero state, there are
(
6−2
3

)
(4 − 1)3 = 108

sequences. Similarly, for k1, k2 flipping them to lower
states and leaving the preceding cells unchanged, there
are 1

(
6−4
2−1

)
(4− 1)1 +

(
6−4
2

)
(4 − 1)2 = 15 cells. There-

fore, the index of ~c is f(~c) = 108 + 108 + 15 = 221.
More generally, consider a vector ~ci = (c0c1...cn−1)

of q states after the ith write, we can obtain its sub-vector
~c′i = (c′0c

′
1...c

′
n

i−1∏
j=0

p
∗(j)
0 −1

), where c′i is some cj , not at

state (q − 1), and the support of ~c′ is {k0, k1, ..., kl−1}.
We have:

fi(~ci) = fi(~c′i) =
l−1∑

i=0

(n
i−1∏
j=0

p
∗(j)
0 − 1− ki

l − i

)
(q − 1)l−i

+(c′ki
− 1)

(n
i−1∏
j=0

p
∗(j)
0 − 1− ki

l − 1− i

)
(q − 1)l−1−i.

Conversely, we define f−1
i (y) to the process of de-

termining cell state vector corresponding to data y.
Given the data to write, y, and the cell state vector
~ci−1 after the (i − 1)th write, in order to determine
∆~ci = (c0c1...cn−1) (according to which we flip cells),
we do the following things: first we flip all non-zero
state cells to the state (q − 1), and denote now the cell
state vector as ~cfi; similarly, we can obtain its sub-vector
~c′fi, which consists of all initial state cells, thus flipping
cells according to ∆~ci is equivalent to flip cells as ∆~c′fi;
we decide l, which is the number of cells we flip in

the ith time, n(1 − p
(i)
0 )

i−1∏
j=0

p
∗(j)
0 , and ease to obtain

if we set a cell to remember the writing times; ck0 ∈
{0, 1, ..., q−2} is the largest integer and k0 is the smallest

integer such that (ck0 − 1)
(n

i−1∏
j=0

p
∗(j)
0 −1−k0

l−1

)
(q− 1)l−1 +

(n
i−1∏
j=0

p
∗(j)
0 −1−k0

l

)
(q − 1)l ≤ y..., until all ki and cki

are
determined. ∆~c′fi consists of all cki (i ∈ [0, l − 1]). We
use the function f−1

i (y) to denote the above process.
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