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Abstract— Certain storage media such as ash memories use
write-asymmetric, multi-level storage elements.In such media,
data is stored in a multi-level memory cell the contentsof which
can only be increased,or reset.The resetoperation is expensve
and should be delayed as much as possible. Mathematically, we
consider the problem of writing a binary sequenceinto write-
asymmetric -ary cells,while recordingthe last bits written. We
want to maximize , the number of possiblewrites, before a reset
is needed.We intr oduce the term Buffer Code, to describe the
solution to this problem. A buffer codeis a codethat remembers
the mostrecentvaluesof avariable. We presentthe construction
of a single-cell( ) buffer codethat can store a binary ( )
variable with and a universal upper bound to
the number of rewritesthat a single-cellbuffer codecan have:
mod . We alsoshaw a binary
buffer codewith arbitrary , hnamely, the codeuses -ary
cellsto rememberthe mostrecentvaluesof onebinary variable.
The codecan rewrite the variable
times, which is asymptotically optimal in and . Wethen extend
the code construction for the case , and obtain a codethat
can rewrite the variable times. When ,
the codeis strictly optimal.

I. INTRODUCTION

We study asymmetric -ary storagecells the content of
which can only be increasedor erased(setto ). The erase
operationis expensve and should be delayed as much as
possible.This modelarises,in practice,in the context of ash
memoriesand similar storagedevices that use an isolated
chage in orderto record data[1]. Different processege.g.
tunneling vs. hot electroninjection) are usedto increaseor
decreasehe chage, giving rise to the asymmetry Without a
schemesuch as the one presentedn this paper the process
of updatingstoreddatarequireslarge blocksof memoryto be
resetand rewritten, evenif only a small fraction of that data
needgo be updatedWe considerthe caseof asetof -arycell
usedto recorda sequenc®f databits, while storingthe last
bits. Our goalis to maximize , the numberof writes possible,
beforethe cellsneedgo be erasedSimilar schemesave been
consideredn the context of WOM codesjntroducedby Rivest
and Shamir[8] and extensiely studied[2] [3] [4] [5] [6] [7]
[8] [9]. WOM codesmainly addresghe case . binary
write-asymmetriccells. In this paperwe considerarbitrary .
We also introducethe notion of storing multiple consecutie
valuesof a variable.

De nition 1 ( -ary storage cell):

A -ary cell containsan integer value between and
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Fig. 1. Statemachinefor Examplel. It describesa storage
schemeusedto write a binary sequencénto a -ary cell, while storingonly
the last bit written. The maximumnumberof writes is corresponding
to the worst casescenarioof an alternatingsequencef sand s.

Whenwriting a new valueinto a -ary cell onemustincrease
its content,or if thatis impossible,setit to

In practice, -ary cellscanbe foundin ash memoriesand
similar storagemedia[1].

De nition 2 ( Buffer Code):

A schemethat allows a sequenceof bits to be written into
-ary cells. At ary point of the writing sequencethe last
bits written can be recovered. The code supportsat most
writes, beforethe cells needto be reset.

Recordingthe last values of a sequenceis useful in
practicefor the implementatiorof certaindatastructuressuch
asstacks,alsoin the context of memorypagesfor which the
stateof the RAM is saved to disk at differentpointsin time.
The above de nition canbe generalizedo the casewhere -
ary variables— insteadof bits, where — arewritten and
recovered.

In the caseof a single cell (i.e. ) the buffer code
canberepresentedby a table,or in mathematicaterms,by a
surjectve mapping from the setof integers to
the setof binary vectorsof size , .

Examplel (a simple buffer code):

We wantto storea singlebit of datainto a -ary cell, with the
ability to write as mary times as possible.In the description
above, this correspondso the case: , a singlestoredbit.

The solution is to encodethe single bit as the parity of the
contentof the cell. For example,let

cellvalue|| 012|345
storedbit | 0| 1[0(1|0]|1

Noticethatif thebit to be storedis thesameastheonealready
stored,the contentof the cell doesnot needto be changed.
The numberof possiblewrites is , correspondingdo the
worstcasescenarioof alternating and bits. Figure1 shavs
the statemachineusedto write the contentof the cell. Every




transitionin the input datacorresponddo a incrementin
the cell value.

In Sectionll we generalizethe above example to
Sectionlll shavs andupperboundto for single-cellbuffer
codes.SectionslV and V shav two asymptoticallyoptimal

multi-cell buffer codespnebeingstrictly optimalwhen

Il. A SINGLE-CELL CONSTRUCTION

In this sectionwe presena buffer codeandshowv
thatit achieres:

In otherwords,thecodeallows —— bits to bewritten

into a -ary cell beforeit needsto be reset(seeDe nition 1).

After every write, the last  bits written canbe recovered.
CodeConstructionl:

The buffer codeis de ned by a surjectve mapping,
,from to . De ned by induction:
mod
, if  mod
, otherwise

Here follow two examplesusing the above codefor cells
of sizes and . For eachexample we shov a graphical
representatiorof the writing (encoding)process,i.e. a state
diagramthat de nes by how much one needsto increasethe
value of the cell, as a function of the current stored bits,
and the new bit being written. We also shov a table, used
to read (decode)the contentof the cell, i.e. the mapping
mentionedin Construction1, abose. Comparethe tables of
examplesl through3 to getanideaof the recursve de nition
of Constructionl.

Example2 ( buffer code):

We want to store bits of datainto a -ary cell, with the
ability to write  times, i.e. after every write, the last  bits
are recorded,and can be recovered. Figure 2 shovs how to
increasethe value of the cell, as a function of the bit being
written. The starting stateis . The following table shavs
how to recover the last  bits, at ary point of the writing
process.

cellvalue|| 0 | 1 | 2| 3| 4|5
storedbits || 00 | 01| 11| 10| 00 | 01

Notice that the above table can be generatedy the state
machineof Figure 2 by following the arrowvs labeled . The
number of possiblewrites is , correspondingto the worst
casescenarioof alternating and bits.

Example3 ( buffer code):

In this example we use a -ary cell to store the last

bits. Consequentlyve geta guaranteedninimumof writes.

Figure 3 shaws the correspondingtatemachine.The function
is shavn in the table below.

value| O 1 2 3 4 5
bits | 000 | 001 | 011 | 010 | 111 | 110

Fig. 2. Statemachinefor Example2. This diagramshavs by honv much
one needsto increasethe contentof the cell, whenwriting a new bit. That
amountis a function of the currentstoredbits (the start state),and the new
bit to be written (the end state).

Fig.3. Statemachinefor Example3. It implementsageneral -
buffer code.In Example3, resultingin

value| 6 7 8 9
bits | 100 | 101 | 000 | 001

10
011

11
010

Next, we shov the main result of this sectionin the form
of a theorem.Without loss of generality it assumes
Theoem1 (Lower bound):
The buffer code,de ned in Constructionl is such
that:

Proof: We needto shaw that ary binary sequence of
length at most  will bring the value of the cell to at most

. We rst shov that the worst casesequence, , is an
alternationof sand s, namelythe sequence:

of length . In the statemachineof Figure2, correspond$o
alternatingstates and . Eachstatetransitionincreases
the value of the cell by , which is the maximumincrease
for this statemachine( ). Similarly, in the state
machine, shovn in Figure 3, correspondgo alternating
states and , increasinghevalueof thecell by 4, for
eachbit written. In thegeneralcase asde nedin Construction
1, ary two consecutie entries of the table , for which

and are such
that , which happendo bethelargestpossible
incrementof the  statemachinethereforethesequence is
the worst casesequence. correspondso initial writes
to getfrom state to state , followed
by an additionalwrite for each rows of thetable (the
size of which dependn ). The initial writesincrease
thecell's valuerespectiely by , eachof which
is the maximumpossible. Therefore



I1l. UPPER BOUND FOR SINGLE-CELL BUFFER CODES

In this section,we presentan upperboundto for buffer
codeswith and arbitrary
We rst de ne sometermsthatwill be usedthroughoutthe
restof this paper For , weuse to denotethe -th
cell. We use — calledthe cell statevector—to
denotethe statesof the cells,where ( ) isthe
stateof the -th cell. For a variable,we use
— called the variable vector — to denotethe variables most
recent values( for all ), with  beingthe
most recentvalue and  being the oldestamongthe most
recent values.
By default, initially, all the cells are in the state 0, and
areall 0. For writing, we only needto consider
thosewrites that do changethe variablevector (For example,
if and the currentvariablevectoris ,
thenthe writing operationthat updatesthe variableto be "1’
doesnot really changethe variablevector Consequentlywe
do not needto considersucha writing operation.)We de ne
the cell statevectos of the -th genertion ( ) to be
the setof cell statevectorsreachableafter exactly writing
operationsrom the beginning.
Theoem?2: When ,
mod .
Proof: Supposehat a buffer codeguaranteeing writes
is given. Startingwith a valid cell statevector, by performing
or fewer writes, the variable vector can
reachary of the possiblevalues.Those variablevalues
correspondo  differentcell statevectors(possiblyincluding
the starting cell statevector). Therefore,thereis a sequence
of consecutie writes that causeghe cell's stateto increase
by at least
We choosethe rst set of
writes, ..., the -th setof writes suchthat every sucha set
of writes increaseghe cell's stateby at least . Let
be aslarge as possible.After those  writes, selecta set of
writes after which no more write can be performed.Let
be as small as possible.Clearly,

writes, the secondset of

Sincethe maximumcell level is , —— . Note
that mod f —_—,
then —_— —_— mod

. Now considerthe casethat — . 1In

thatcasethelast writesincreasehe cell's level by at most

mod . As or fewer writes lead the variable

valueto  possiblevalues,with the sameanalysisasbefore,

we get mod .So mod

. Soagain, —

mod . So the theoremholds. [ |

IV. ASYMPTOTICALLY OPTIMAL BUFFER CODE FOR
AND GENERAL
In this section,we presenta buffer code for and
general where . Thatis, the codeuses -ary

cells to storethe mostrecent valuesof one binary variable
(a bit). In lots of electronicmemories(e.g., ash memories),

the 16 bits of a word are stored separatelyin 16 parallel
blocks, using the sameaddressSo the writing operationfor
a word becomesa write for a single bit in eachblock. For
this reason,it is of particularinterestto study the storageof
binary variables.
Thecodewe presenin this sectionachieses

. Note thata buffer codecanwrite a variableno
morethan times. Therefore,the code presented
hereachivesa value asymptoticallyoptimal in both and

A. Constructionof The Code

For the buffer code,we rst presentits constructionfor
the special case . We then naturally extend the code
constructionfor arbitrary .

CodeConstruction2: Buffer code for and general

Mapping cell statevectos to variable vectoss: By valid
cell statevector, we meana cell statevectorthat canbe
reachedy somewriting operationsEvery valid cell state
vector of this codesatis esthefollowing
property:For , for ary cell statevector
of the -th generationthereareexactly cellsin thestate
1 and cellsin the state0O; what's more, all those
cellsin the state1 belongto the set

(namely the rst cells).

Clearly, a valid cell statevector is in the
-th generation.
A valid cell statevector in the -th gen-

erationis mappedto the variablevector

asfollows: For , .

Writing: The codeenables writing operationsLet's

say that the current cell statevector is
andit is in the -th generation(

.) Saythat the next writing operationis to change
the variables valueto . (By default, only the writing
operationghatchangethe variablevectorare considered.
It meanghatif the currentvariablestateis or

,then cannotbeO or 1, respectiely.) Then,

if , hd aninteger suchthat , and
change - thestateof the -th cell —to be1; if ,
thenchange from O to 1.

The following is an exampleof the code.
Example4: Let
If the
variable vector as

, and .
writing operations change the

, then
the cell state vector changes as

. We can
see that given a cell state vector, recovering the variable
vector is very simple: just read the -th, -th,

, -th entriesin the cell statevector where s the
numberof 1's in the vector



We now extendthe above codefrom to arbitrary .
Thecodeuseghecells“layer by layer” Speci cally, when

, for the rst writes, we usethe cells asif . That
is, thecellsuseonly thetwo statesD and1. Then,let's saythat
the -th writing operationchangeghe variablevector
to . The -th writing
operationis carriedout as follows: rst, every cell raisesits
stateto 1, and we map this cell statevector —
— to the variable vector ; from thenon, treatthe
cell statel (respectiely, cell state2) asthe old cell stateO
(respectiely, cell statel), including the way cell statevectors
aremappedo variablevectorsandthe way writing operations
areperformed;perform successie writing operationsywhere
the -th writing operation( ) changeghe variableto

. At this moment,the cell statevector correspondgo the
variable vector . Then the
cells use the two levels — level 1 and level 2 — to perform
more writes. Totally writes can be performed
by usingthe two statesl and 2, after which the cells usethe
states2 and 3 for writing in the sameway, andso on.

For example, assumethat f
the currentcell statevectoris (whichis
in the -th generationand correspondgo the variable

vector ) andthe next threewriting operationschange
thevariableto 1, 0 and1 successiely, thenthecell statevector
changesas

B. Analysisof The Code

Theoem 3: The buffer code presentedn Code Construc-
tion 2 is correct.

Proof: First, assume . To prove the correctnessf
the codeconstructionwe useinductionto prove thefollowing
assertion For , the -th writing operation
leads the cells to a valid cell state vector that correctly
correspondso the new variablevector

Considerthe case . The rst writing operationhas
only one possibility: to changethe variableto 1. By Code
Construction 2, the cell state becomesas
follows: ,and for all . Thatcell state
is valid and correspondso the variablevector .
So the assertionholds when . That senes as the base
case.

Assumethat the assertionholds for all , Where
. Now considerthe case . Saythatthe -th writing
operationchangegdhe variableto , where or 1. By the
induction assumptionafter the -th write, cells

arein the statel, andthey all belongto the rst
cells (namely cells ); therefore,amongthe
rst cells, at leastone of themis in stateO. If , the
-th write changessucha cell in stateO to statel, so the
numberof cellsin statel becomes ; if , the -
th cell is changedfrom 0 to 1, so the numberof cells in
statel alsobecomes . Clearly, afterthe -th write, all those
cellsin statel areamongthe rst cells. Therefore the
cell statevector after the -th write is valid. Say that after

the -th write, the cell statevectoris
Its correspondingvariable vector is simply
. After the -th write, the stateof the
-th cell becomes , sothe correspondingariablevector
is , Which
is the correct variable vector So the assertionholds when
. This completesthe induction. Therefore,the theorem
holdswhen
When , the codeusesthe cell levelsin a simple“layer
by layer” way, which is clearly also correct. [ ]
The numberof writes guaranteedy the buffer codecan
be directly derived from Code Construction2. Thuswe have
the following conclusion.
Theoem4: For the buffer code presentedn Code Con-
struction2,

V. ENHANCED BUFFER CODE FOR
GENERAL

The code presentedn Code Construction 2 hasa
is asymptoticallyoptimal in . When , it gives
. In this section,we presenta bettercode

. In particular when , this code

AND

that

with
is strictly optimal.
We rst presenthe newv codeconstructionfor the case
, andanalyzeits propertiesThe constructions thenextended
for general usingthe “layer-by-layer” approach.

A. Optimal Buffer Codefor

The new buffer codeenhance€odeConstruction2. When
, it has . So the code allows writing
operations.

Thenew codeusesthe samemethodasCodeConstructior?
to map cell state vectors of the 1st, 2nd, -th
generationgo variablevectors.It addsthe following speci -
cationto CodeConstruction2 to handlethe rst writing
operations:

Writing: Let's say that the current cell state vector
is andit is in the -th
generationwhere . (The corresponding
variablevectoris .) Saythatthe
next writing operationis to changethe variables value

to . The write is performedasfollows:

1) If and , then change
— the stateof the -th cell — to 1.
2) If and , then nd the
integer suchthat ,andchange to 1.
3) If and , then nd the
integer suchthat and is
aneveninteger”, andchange to 1.

4) If , change from O to 1.

The mappingfrom the cell statevectorsin the -th

generatiorto the variablevectorsis asfollows:
Mapping from cell state vectos to variable vectos:
Every valid cell statevectorin the -th generation
satis esthis property:Amongthe cells, of them
arein statel andone of themis in stateO.



Givenavalid cell statevectorin the -th generation,

let'ssaythat —the -th cell —istheuniquecell in state

0. The cell statevectoris mappedto the variablevector
in the following way:

1) If and is even,then
2) If and is odd, then
3) If , then
4) If then
The -th writing operationis performedln the fol-
lowing way:
The -th write: Let's say that after the

-th write, the cell state vector is

. (The correspondingvariable vector is

.) Say that the -th write

is to changethe variables valueto . It is performedas

follows:
1) If - and " or* and
" then change from O to

1.

2) If and , thenchange
from O to 1.

3) If and , thenlet
be the integer suchthat* and is odd”,
andchange from to 1.

4) If and or , then
let be the integer suchthat , and
change from to 1.

Example5: Let . If the
writing operationschangethe variable vector as
, then the cell

statevector changesas

B. Analysisof The Code

The new code has a special structural property as the
following lemmashaws.

Lemmal: For the new codeconstructedn this section,for

, let be a valid cell state
vectorin the -th generationBy the codeconstructionamong
the rst cells— — exactly two of them
arein the state0. Let and  be thosetwo cells. Then,
between and , oneis odd andthe otheris even.

Proof: The proof is by induction on . When ,
, So p=1 and . So the lemmaholds when
. This senesasthe basecase.

Assumethat when , the lemmaholds. Now
considerthe case . The proof for this induction step
is a straightforvard check using the rule on writing in the
code construction.For example,considerthe following case:
after writes, the statesof and are 0 and 1,
respectiely, andthe -th write changeshe variableto 0. In
this case,the code constructionchangeghe stateof  to 1.
By theinductionassumptionafter writes, thereis a cell

( ) whosestateis 0 suchthat between and |,

oneis odd and oneis even. After the -th write, both
arein the state0, so we canlet and

thenbetween and , oneis oddandthe otheris even; sothe
lemmaholds.All the othercasescan be checled similarly; for
simplicity, we skip the details. That completesthe induction.
So the lemmaholds for all ]

Theoem5: The new code constructedm this sectionis
correct.And it has

Proof: It is easyto verify thatthe nev codedealswith the

rst writes andthe 0-th, 1st, -th generations
of cell statevectorsin the sameway as Code Construction2
does, except that the writes are performedin a more
speci ¢ way. For succinctnesswe omit the details of this
simpleveri cation. Now considerthe -th write. Based
onLemmal, ary cell statevectorin the -th generation
hasexactly two cells whosestatesare 0, while between

and oneis odd and the other is even. By using this
obsenation, and by the way the code constructionperforms
the -th write and mapsthe -th generationof
cell statevectorsto variablevectors,we caneasily usea case
by caseveri cation to seethat the -th write always
leadsthe cells to a valid cell statevector that correspondso
the correctvariablevector So the codeis correct.It directly
follows from the code constructionthat . ]

The above code constructionand analysisare for
When , we can usethe cells “level by level” in the
sameway asthe codein SectionlV does.For sucha code,
becomes

and
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