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Abstract—For nonvolatile memories such as flash memo-
ries and phase-change memories, endurance and reliability
are both important challenges. Write-Efficient Memory
(WEM) is an important rewriting model to solve the
endurance problem. An optimal rewriting code has been
proposed to approach the rewriting capacity of WEM.

Aiming at jointly solving the endurance and the data
reliability problem, this work focuses on a combined error
correction and rewriting code for WEM. To that end, a
new coding model, noisy WEM, is proposed here. Its noisy
rewriting capacity is explored. An efficient coding scheme is
constructed for a special case of noisy WEM. Its decoding
and rewriting operations can be done in time O(N logN),
with N as the length of the codeword, and it provides a
lower bound to the noisy WEM’s capacity.

I. INTRODUCTION

Nonvolatile memories (such as flash memories and
phase-change memories (PCM)) are becoming ubiqui-
tous nowadays. Besides the well-known endurance [10]
problem, another serious challenge is the data reliability
issue, e.g., retention error [16] in NAND flash memories
and resistance drift [9] in PCM.

Write-efficient memory (WEM) [1] is a coding model
that can be used to solve the endurance problem for non-
volatile memories. In WEM, codewords are partitioned
into several disjointed sets, where codewords of the same
set represent the same data. A cost constraint has to be
satisfied during the rewriting (namely, updating the data
stored in WEM).

WEM is a natural model for PCM [13], and can also
be applied to flash memory when data representation
scheme such as rank modulation [14] is used. In WEM,
there is a cost associated with changing the level of a
cell. For nonvolatile memories such as PCM, this cost is
important because cells age with programming and have
the endurance problem. An optimal code [15] has been
proposed to achieve the rewriting capacity of WEM.
However, rewriting codes combined with error correction
are still limited [11], especially for WEM [7].

In this paper, we propose a joint error correction and
rewriting scheme for WEM. While previous results are

mainly for Write-Once Memories [3], our work focuses
on WEM. We propose a new coding model, noisy
WEM, and provide a characterization for its capacity.
We present an efficient coding scheme based on polar
codes [2] for a special case of noisy WEM. The scheme
is related to the coding schemes in [12], [3] and [11].
We also provide a lower bound to noisy WEM’s capacity,
and experimentally verify the code construction’s perfor-
mance.

The rest of this paper is organized as follows. In
Section II, we introduce noisy write-efficient memory
model. In Section III, we present characterization of
noisy rewriting capacity of noisy WEM. In Section IV,
we present an efficient code construction for a special
case of binary noisy WEM, and verify its performance
experimentally. We conclude this paper in Section V.

II. NOISY WRITE-EFFICIENT MEMORY MODEL

In this section, we first introduce terms and notations
used throughout the paper, and then formally present the
definitions of noisy WEM and related parameters.

A. Terms and notations

Let X = {0, 1, · · · , q−1} be the alphabet of a symbol
stored in a cell. (For example, for PCM, it denotes the
q levels of a cell.) ∀x, y ∈ X , let the rewriting cost of
changing a cell’s level from x to y be ϕ(x, y). Given
N cells and xN−10 , yN−10 ∈ XN , let ϕ(xN−10 , yN−10 ) =

1
N

N−1∑
i=0

ϕ(xi, yi) be the rewriting cost of changing the N

cell levels from xN−10 to yN−10 .
Let M ∈ N and D = {0, 1, · · · ,M−1}. We use D to

denote the M possible values of the data stored in the N
cells. Let the decoding function be D : XN → D, which
maps the N cells’ levels to the data they represent. Let
the rewriting function be R : XN × D → XN , which
changes the N cells’ levels to represent the new input
data. Naturally, we require D(R(xN−10 , i)) = i for any
xN−10 ∈ XN and i ∈ D.



Assume the sequence of data written to the
storage medium is {M1, · · · ,Mt}, where we as-
sume Mi for 1 ≤ i ≤ t is uniformly dis-
tributed over D, and the average rewriting cost

is D̄
def
= lim

t→∞
1
t

t∑
i=1

ϕ(xN−10 (i),D(Mi, x
N−1
0 (i))),

where xN−10 (i) is the current cell states before
the ith update. By assuming the stationary distri-
bution of cell levels xN−10 (i) is π(xN−10 ), D̄ =∑
xN−1
0

π(xN−10 )
∑
j∈D

D̄j(x
N−1
0 ), where D̄j(x

N−1
0 ) is the

average rewriting cost of updating cell level states xN−10

to a codeword representing j ∈ D.
Let P(X × X ) be the set of joint probability distri-

butions over X × X . For a pair of random variables
(S,X) ∈ (X ,X ), let PSX , PS , PX|S denote the joint
probability distribution, the marginal distribution, and the
conditional probability distribution, respectively. E(·)
denotes the expectation operator. If X is uniformly dis-
tributed over {0, 1, · · · , q − 1}, denote it by X ∼ U(q).

B. Noisy WEM with an average rewriting cost constraint

We formally present the definition of noisy WEM with
an average rewriting cost constraint as follows:

Definition 1. An (N,M, q, d)ave noisy WEM code for
the storage channel P = (X ,Y, PY |X(y|x)) consists
of D and C =

⋃
i∈D Ci, where Ci ⊆ XN is the set

of codewords representing data i. We require ∀i 6= j,
Ci
⋂
Cj = ∅. (Here PY |X(y|x) represents the transition

probability of the noisy channel, which changes a cell’s
level from x to y.) It also consists of a rewriting function
R(sN−10 , i) and a decoding function D(yN−10 ). Let d ∈
R+ be an upper bound to the average rewriting cost;
namely, we require D̄ ≤ d.

The noisy WEM model is illustrated in Fig. 1. Here
the N -dimensional vector sN−10 ∈ XN is the current
cell states, and the message M is the new information
to write, which is independent of sN−10 . The rewriter
uses both sN−10 and M to choose a new codeword
xN−10 ∈ XN , which will be programmed as the N
cells’ new states, such that the average rewriting cost
satisfies the predefined cost constraint. The codeword
xN−10 passes a noisy channel, and the noisy codeword
yN−10 ∈ XN is its output. The decoder can reliably
decode yN−10 to recover the message M . The cell states
sN−10 are drawn independently and identically from
the probability distribution PS(s). The noisy channel
is memoryless, and is characterized by the transition
probabilities PY |X(y|x).

Let λi = Pr(D(yN−10 ) 6= i|xN−10 = R(sN−10 , i)) be
the decoding error probability given data i. Let λ(N) be

Fig. 1. The noisy WEM model. M , sN−1
0 , xN−1

0 , yN−1
0 and M̂ are ,

respectively, the message, the current cell states, rewritten codeword,
the noisy channel’s output, and the estimated message.

max
i∈D

λi. Let R = logM
N be the code rate, and we say

R is achievable if there exists a (N, 2NR, q, d)ave code
such that λ(N) → 0 as N → ∞. The noisy rewriting
capacity C(q, d)ave is the supremum of all achievable
rates.

The noisy WEM problem is: given the average
rewriting cost constraint d, find the maximal rate R
of reliable rewriting supported by the rewriter and
the decoder despite the noisy channel. Let P(q, d) be
{PSX ∈ P(X × X ) : PS = PX , E(ϕ(S,X)) ≤ d}.
When there is no noise, C(q, d)ave is R(q, d)ave =

max
PSX∈P(q,d)

H(X|S) [1].

C. Noisy WEM with a maximal rewriting cost constraint

The WEM code in definition 1 puts a constraint on
the average rewriting cost. We now define a code with
a maximal rewriting cost constraint.

Definition 2. An (N,M, q, d) noisy WEM code for
the storage channel P = (X ,Y, PY |X(y|x)) consists
of D and C =

⋃
i∈D Ci, where Ci ⊆ XN is the set

of codewords representing data i. We require ∀i 6= j,
Ci
⋂
Cj = ∅. It also consists of a rewriting function

R(sN−10 , i) and a decoding function D(yN−10 ). Let
d ∈ R+ be an upper bound to the maximal rewriting
cost; namely, we require ϕ(sN−10 ,R(sN−10 , i)) ≤ d for
any sN−10 ∈ C and i ∈ D.

The rate R and noisy rewriting capacity C(q, d) can
be defined similarly as before. When there is no noise,
C(q, d) is R(q, d) = R(q, d)ave [1].

III. CHARACTERIZING NOISY REWRITING CAPACITY

In this section, we present the characterization of noisy
rewriting capacity of C(q, d) and C(q, d)ave, respectively.

The characterization of C(q, d) is presented below. It
is effectively the generalization of that of Gel’fand and
Pinsker [8], which considers the problem without cost
constraint. The direct part proof is based on random
coding and typical sequences; the converse part is based
on techniques of Fano’s inequality [4] and Csiszár sum
identity [5], and auxiliary random variables identifica-
tion.



Lemma 3. For a given rewriting cost function ϕ(·, ·),
C(q, d) = max

PU|S,PX|U,S
PSX∈P(q,d)

{I(Y ;U) − I(U ;S)}, where U is

an auxiliary random variable, and U → (X,S) → Y is
a Markov chain.

Proof:
1) Background of strong typical-sequence: We

first present some background about strong typical-
sequences. For more details, interested readers are re-
ferred to [6].

Let xN−10 be a sequence with N elements drawn from
X . Define the type of xN−10 by π(x|xN−10 ) = |{i:xi=x}|

N .
The set T Nε (X) is defined as:
T Nε (X) = {xN−10 : |π(x|xN−10 )− PX(x)| ≤ ε,∀x}.

That is, the set of sequences for which the empirical
frequency is within ε of the probability PX(x) for every
x ∈ X .

Let (xN−10 , yN−10 ) be a pair of sequences with el-
ements drawn from (X ,Y). Define their joint type:
π(x, y|xN−10 , yN−10 ) = |{i:(xi,yi)=(x,y)}|

N for (x, y) ∈
X × Y . We denote T Nε (XY ) = {(xN−10 , yN−10 ) :
|π(x, y|xN−10 , yN−10 )− PXY (x, y)| ≤ ε,∀(x, y)}.

For xN−10 ∈ T Nε (X) and PY |X , we define the
conditional typical sequence T NY |X(xN−10 ) = {yN−10 :

(xN−10 , yN−10 ) ∈ T Nε (XY )}.
The following results will be used:
i For a vector xN−10 , where xi is chosen i.i.d. ∼ PX ,

Pr(xN−10 ∈ T Nε (X))→ 1 as N →∞. (1)
ii For vectors xN−10 , yN−10 , where (xi, yi) is chosen

i.i.d. ∼ PXY ,
Pr((xN−10 , yN−10 ) ∈ T Nε (XY ))→ 1 as N →∞.

(2)
iii For xN−10 ∈ T Nε (X), and yN−10 is independently

chosen according to PY , then Pr((xN−10 , yN−10 ) ∈
T NY |X(xN−10 )) ∈

[2−N(I(X;Y )+λ), 2−N(I(X;Y )−λ)], (3)
for some λ(ε) > 0 with λ→ 0 as ε→ 0.

2) Proof of direct part:
a) The code construction: We present details of

the direct part by a random code construction. For a
PU |S(u|s), let PU (u) be the marginal probability distri-
bution of U under the joint probability distribution of
PS(s)PU |S(u|s). Independently generate a set of 2NQ

vectors of uN−10 from the typical sequence T Nε (U),
where Q is to be determined. Randomly partition such
2NQ vectors into 2NR subsets each with size 2N(Q−R):

{A0,A1...,A2NR−1}.
b) Rewriting function and its analysis: For the

rewriting part, given a current state vector sN−10 ∈⋃2NR−1
i=0 Ai and data to rewrite j ∈ D, randomly choose

a vector uN−10 from Aj that is jointly typical with sN−10

with PU,S . Rewrite a vector xN−10 conditionally typical
with sN−10 and uN−10 , xN−10 ∈ T NX|U,S(uN−10 , sN−10 ).
Due to the definition of strong typical sequence, we
know that ϕ(sN−10 , xN−10 = R(sN−10 , i)) ≤ ND + ε.
Therefore, the successful rewriting depends on whether
such uN−10 exist or not.

Next, we analyze the condition under which such
uN−10 exists almost for sure. The probability that we
do not have a vector from Aj that is jointly typical with
sN−10 is P (Aj

⋂
T NU |S(sN−10 ) = ∅)

≤ P (Aj
⋂
T NU |S(sN−10 ) = ∅|sN−10 6∈ T Nε (S))

+ P (Aj
⋂
T NU |S(sN−10 ) = ∅|sN−10 ∈ T Nε (S)),(4)

≤ (1− P (uN−10 ∈ Aj
⋂
T NU |S(sN−10 )

| sN−10 ∈ T Nε (S)))|Aj |, (5)

≤ (1− 2−N(I(S;U)+λ))2
N(Q−R)

, (6)
≤ exp{2−(Q−R−I(S;U)+λ)}, (7)

where inequation (5) is based on the conclusions (1)
and (3).

To ensure the success of rewriting, there have to be
vectors in Aj , which are jointly typical with sN−10 , and
this implies that Q−R > I(U ;S).

c) Decoding function and its analysis: For the
decoding part, given a received vector yN−10 , decode it
is j ∈ D if there exists some uN−10 ∈ Aj jointly typical
with yN−10 for a unique j.

Let us consider the probability of decoding error for
rewriting data j, Pe(j). There are two cases: one is there
is no vector in Aj jointly typical with yN−10 , and the
other is there are vectors in Ai for i 6= j jointly typical
with yN−10 . Based on union bound, Pe(j)
≤ P ((uN−10 , yN−10 ) ∈ T Nε (UY )|uN−10 ∈ Ai, i 6= j)

+ P ((uN−10 , yN−10 ) 6∈ T Nε (UY )|uN−10 ∈ Aj), (8)

≤
∑
u
N−1
0
i6=j

P ((uN−10 , yN−10 ) ∈ T Nε (UY )|uN−10 ∈ Ai),(9)

≤
∑

u
N−1
0 ∈Ai
i6=j

2−N(I(U ;Y )−λ), (10)

≤ 2−N(I(U ;Y )−Q−λ), (11)
where inequation (9) is based on the conclusion (2), and
inequation (10) is based on (3).

Therefore, the decoding error probability Pe(j) and
further λN approach 0 if Q < I(U ;Y ).



3) Proof of the converse part: The converse part is
as follows: NR

= H(M), (12)
= H(M |yN0 ) + I(M ; yN0 ), (13)
≤ 1 + PeNR+ I(M ; yN−10 ), (14)

≤ 1 + PeNR+

N−1∑
i=0

I(M ; yi|yi−10 ), (15)

≤
N−1∑
i=0

[I(yi; s
N−1
i+1 |M,yi−10 )− I(si; y

i−1
0 |M, sNi+1)]

+ 1 + PeNR+

N−1∑
i=0

I(M ; yi|yi−10 ), (16)

=

N−1∑
i=0

[I(M, sNi+1; yi|yi−10 )− I(si; y
i−1
0 |M, sNi+1)]

+ 1 + PeNR, (17)
where

(12) follows from the assumption that M is uni-
formly distributed among D;

(13) follows from the definition of mutual informa-
tion;

(14) follows from Fano’s inequality [4], and Pe =
1

2NR

∑
i

λi;

(15) follows from chain rule for mutual information
[4], and so does equation (17);

(16) follows from Csiszár sum identity [5], which is

N−1∑
i=0

I(Ai;B
N−1
i+1 |A

i−1
0 ) =

N−1∑
i=0

I(Bi;A
i−1
0 |BN−1i+1 ),

(18)
where in inequation (14) Ai = yi, Bi = si, and by
conditioning on M .

Define ui = (M, sN−1i+1 , y
i−1
0 ) and we know that

ui → (xi, si) → yi, we continue equation (15):
I(M, sN−1i+1 ; yi|yi−10 )− I(si; y

i−1
0 |M, sN−1i+1 )

= H(yi|yi−10 )−H(yi|ui)
− H(si|M, sN−1i+1 ) +H(si|ui),
≤ H(yi)−H(yi|ui)−H(si) +H(si|ui), (19)
= I(yi;ui)− I(si;ui),

where inequation (19) is based on the fact that si is
independent of M and sN−1i+1 .

The next lemma presents us the characterization of
Cave(q, d), which is the same as C(q, d). We omit
its proof as any code for (N,M, q, d) is a code for
(N,M, q, d)ave, therefore Rave ≥ C(q, d). The converse
part is the same as previous one.

Lemma 4. For a given rewriting cost function ϕ(·, ·),

Cave(q, d) = C(q, d) = max
PU|S,PX|U,S
PSX∈P(q,d)

{I(Y ;U)−I(U ;S)},

where U → (X,S)→ Y is a Markov chain.

IV. A CODE CONSTRUCTION FOR BINARY DEGRADED
AND SYMMETRIC NOISY WEM

Let Ps(q, d) = {PSX ∈ P(X × X ) : PS =
PX , S ∼ U(q), E(ϕ(S,X)) ≤ d} be the set
of joint probabilities with uniform marginal distri-
butions. Let symmetric rewriting capacity be defined
as Rs(q, d) = max

PSX∈Ps(q,d)
H(X|S). Let WSX be

arg max
PXS∈Ps(q,d)

H(X|S). We call W = (X ,X ,WX|S)

the WEM channel.
We say Q = (X ,Z, QZ|X) is degraded with respect

to W = (X ,Y,WY |X) (which we denote by Q 4 W)
if there exists a channel P = (Y,Z, PY |Z) such that
for all z ∈ Z and x ∈ X , we have QZ|X(z|x) =∑
y∈Y

WY |X(y|x) · PZ|Y (z|y).

In this section, we consider symmetric rewriting ca-
pacity, and present a code construction for noisy WEM
when the WEM channel W is degraded with respect to
the symmetric storage channel P . We focus on binary
cells, namely, |X | = 2. We call such WEM a binary
degraded and symmetric noisy WEM. (Note that when
the flipping rates meet WX|S > PY |X , the degradation
condition is naturally satisfied.)

A. A nested polar code construction for binary degraded
and symmetric noisy WEM with an average rewriting
cost constraint

1) A brief introduction to binary polar codes [2]:
Let W : X → Y be a binary-input discrete memoryless
(DMC) channel. Let G⊗n2 be n-th Kronecker product of(
1 0
1 1

)
. Let Z(W ) =

∑
y∈Y

√
WY |X(y|0)WY |X(y|1).

The polar code CN (F, uF ) is {xN−10 = uN−10 G⊗n2 :
uF c ∈ {0, 1}|F

c|}, where ∀F ⊆ {0, 1, · · · , N − 1}, uF
is the subvector ui : i ∈ F , and uF ∈ {0, 1}|F |.

Let W
(i)
N : {0, 1} → YN × {0, 1}i be

a sub-channel with W
(i)
N (yN−10 , ui−10 |ui)

def
=

1
2N−1

∑
uN−1
i+1

N−1∏
i=0

WY |X(yi|(uN−10 G⊗n2 )i), and

(uN−10 G⊗n2 )i denotes the i-th element of uN−10 G⊗n2 .
2) The code construction: We focus on the code con-

struction with symmetric rewriting cost function, which
satisfies ∀x, y, z ∈ {0, 1}, ϕ(x, y) = ϕ(x + z, y + z),
where + is the XOR operation over GF(2). (Many cost
functions, such as the Hamming-distance based cost
function satisfies this constraint.)



Algorithm IV.1 A code construction for binary degraded
and symmetric noisy WEM and storage channel P

1: Let CN (FP , uFP ) be a polar code [2] designed
for the storage channel P , where FP = {i ∈
{0, 1, · · · , N − 1} : Z(P(i)

N ) ≥ 2−N
β} and uFP

is set to 0.
2: Let CN (FW , uFW ) be a polar code designed for

the WEM channel W , where FW = {i ∈
{0, 1, · · · , N − 1} : Z(W(i)

N ) ≥ 2−N
β} and FP ⊆

FW .
3: The (N,M, 2, d)ave code is C = CN (FP , uFP ) =
{CN (FW/FP , uFW/FP (i))}, where uFW/FP (i) is
the binary representation form of i ∈ {0, · · · ,M −
1}.

Fig. 2. Illustration of relationship between FW and FP . The line
represents the indexes, and FW and FP are the frozen set for the
WEM channel W and the storage channel P , respectively.

The code construction is presented in Algorithm IV.1,
where we use nested polar codes (i.e., the polar code for
channel coding [2] and the polar code for WEM [15])
to design noisy WEM codes. The fact that FP ⊆ FW
follows from [12, lemma 4.7]. Fig. 2 presents us a
pictorial presentation of FW and FP .

The rewriting function is presented in Algorithm IV.2.
It is very similar to that of [15] except for how to set uF .

Algorithm IV.2 The rewriting operation yN−10 =
R(xN−10 , i).

1: Let vN−10 = xN−10 + gN−10 , where gN−10 is a
common and uniformly distributed message, and +
is over GF(2).

2: Apply SC (Successive Cancellation) encoding [12]
to vN−10 , and this results in a vector uN−10 =
Û(vN−10 , uFW/FP (i)), that is, uj =

(uFW/FP (i))j if j ∈ FW/FP
0 if j ∈ FP
m with probability W(uj−1

0 ,vj−1
0 |m)∑

m′
W(uj−1

0 ,vN−1
0 |m′)

,

and ŷN−10 = uN−10 G⊗n2 .
3: yN−10 = ŷN−10 + gN−10 .

The decoding function is presented in Algorithm IV.3,
where we use the SC (Successive Cancellation) decod-
ing [2] to assure λ(N) → 0 as N → 0.

Algorithm IV.3 The decoding operation uFW/FP (i) =

D(xN−10 ).

1: ŷN−10 = xN−10 + gN−10 .
2: Apply SC decoding to ŷN−10 , and this results in
yN−10 , i.e., yj ={

0 if j ∈ FP
argm maxP(j)

N (yj−10 , ŷN−10 |m) else

3: uFW/FP (i) = (yN−10 (G⊗n2 )−1)uFW/FP
.

3) Theoretical performance analysis:
a) Code analysis:

Theorem 5. For a binary degraded symmetric noisy
WEM, fix d, ∀R ≤ Rs(2, d)ave − H(PY |X) and any
0 < β < 1

2 , there exists a sequence of nested polar codes
of length N with rates R ≤ R so that under the above
rewriting and decoding operations, D̄ ≤ d + O(2−N

β

),
λ(N) ≤ O(2−N

β

), and the rewriting as well as the
decoding operation complexity is O(N logN).

Proof: Let ε and 0 < β < 1
2 be some constants.

FP and FW are FW = {i : Z(W(i)
N ) ≥ 2−N

β},
FP = {i : Z(P(i)

N ) ≥ 2−N
β}. Based on [12, lemma 2.6]

lim
n→∞

Pr(Z(W(i)
N ) ≥ 2−N

β

) = 1 − I(W) = Rs(2, d),

thus |FW |
N ≤ Rs(2, d) + ε for sufficiently large N .

Similarly, |FP |N ≥ H(PY |X)− ε for sufficiently large N .
As mentioned, FP ⊆ FW , thus R = |FW |−|FP |

N ≤
Rs(2, d)−H(PY |X).

Since the rewriting function is similar to that of [15],
the rewriting cost is guaranteed by [15, theorem 8], i.e.,
D̄ ≤ d+O(2−N

β

).
The error probability λ(N) is guaranteed by [2, theo-

rem 4], that is λ(N) ≤
∑
i∈F cP

Z(P(i)
N ) ≤ O(2−N

β

).

b) Covering radius of polar codes: In the follow-
ing, we present covering radius to theoretically upper
bound the maximal rewriting cost when the cost metric is
the Hamming distance between old and new cell levels.

Let the polar code ensemble be CN (F ) =
{CN (F, uF ) : uF ∈ {0, 1}|F |}. Let the covering
radius of CN (F ) (which we denote cH(CN (F )))
be max

i,j
min

x
N−1
0 ∈CN (F,uF (i))

y
N−1
0 ∈CN (F,uF (j))

dH(xN−10 , yN−10 ), where

dH(xN−10 , yN−10 ) is the Hamming distance between
xN−10 and yN−10 .

Lemma 6. cH(CN (F )) = min
l∈F c

2wt(l), where wt(l) is
the number of ones in (i.e., Hamming weight of) the
binary representation of l.



Fig. 3. Experimental performance for noisy WEM with an average
cost constraint for polar code with various lengths, where the x-axis
is the rewriting rate, the y-axis the average rewriting cost, and the
theoretical points are those points (R, d) (R ∈ {0.2, 0.3, · · · , 0.9})
satisfying R = H(d)−H(0.001).

Proof: cH(CN (F ))
= max

i,j
min

x
N−1
0 ∈CN (F,uF (i))

y
N−1
0 ∈CN (F,uF (j))

dH(xN−10 , yN−10 ),

= max
i,j

min
x
N−1
0 ∈CN (F,uF (i))

y
N−1
0 ∈CN (F,uF (j))

wt(xN−10 − yN−10 ),

= max
i,j

min
zN−1
0 ∈CN (F,uF (i)+uF (j))

wt(zN−10 ),

= max
k

min
l∈F c

2wt(l), (20)

= min
l∈F c

2wt(l),

where eq. (20) is based on [12, lemma 6.2], i.e., the
minimal distance of polar code CN (F, uF ) is min

l∈F c
2wt(l).

The above results can be generalized to the following

polar codes CN,M (F ) =
M−1⋃
i=0

CN (F, uF (i)), where

{uF (i)} forms a group under binary operations in GF(2).

4) Experimental performance: The experimental per-
formance is presented in Fig. 3, where the rewriting
cost function is the Hamming distance between old and
new cell states, the upper bound of C(2, d) is H(d) [1],
the storage channel P is the binary symmetric channel
with flipping rate p = 0.001, and the lower bound is
H(d)−H(p). λ(N) is set to be around 10−5.

We can see that the rates and the average rewriting
costs approach those of points of H(d) − H(0.001) as
the length of codeword increases. Longer codewords are
needed for further approaching the lower bound.

Fig. 4. Experimental performance for noisy WEM with a maximal
cost constraint with d = 0.32, 0.24 and 0.19, respectively, where the
x-axis is the codeword length, and y-axis is the empirical probability
Q(ϕ(yN−1

0 , xN−1
0 ) ≥ 1.1d).

B. A nested polar code construction for binary degraded
and symmetric noisy WEM with a maximal rewriting cost
constraint

The code construction in Algorithm IV.1, the rewriting
function in Algorithm IV.2 and the decoding function in
Algorithm IV.3 can be applied to noisy WEM codes with
a maximal rewriting cost constraint as well.

Similar to the analysis of Theorem 5, we obtain the
following result for the theoretical performance of the
proposed code construction.

Theorem 7. For a binary degraded symmetric noisy
WEM, fix d, δ, ∀R ≤ Rs(2, d) − H(PY |X) and any
0 < β < 1

2 , there exists a sequence of nested polar
codes of length N with rates R ≤ R, so that under
the above rewriting operation and decoding operation,
the probability that the rewriting cost between a current
codeword ∀yN−10 and its updated codeword xN−10 larger
than d+δ is bounded by Q(ϕ(yN−10 , xN−10 ) ≥ d+δ) <

2−N
β

, λ(N) ≤ O(2−N
β

), and the decoding and rewriting
operations’ complexity of the code is O(N logN).

We present our experimental results in Fig. 4. The
rewriting cost function, storage channel P , and λ(N) are
the same as those of the previous subsection. We let
δ = 0.1d, and d = 0.32, 0.24, and 0.19, respectively.
The empirical probability Q(ϕ(yN−10 , xN−10 ) ≥ 1.1d) is
presented in fig. 4. As predicted by Theorem 7 it de-
creases (nearly exponentially) as the length of codeword
increases. However, even longer codewords are needed
to make the probability to be truly negligible.



V. CONCLUDING REMARKS

In this paper, we analyse the capacity for noisy WEM,
and present a code construction for binary degraded
and symmatric noisy WEM. The code construction is
both theoretically analyzed and experimentally verified.
We are interested in extending the code construction
to q-ary cells, and to more general settings regarding
channel degradation. Those remain as our future research
directions.
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