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Abstract — Distributively storing widely shared files with redundancy is an important technique for high performance and

fault-tolerance in information networks. This paper proposes a new file storage scheme for encoded files, aiming at satisfying

highly varied QoS requirements and guaranteeing graceful performance-degradation while some data become inaccessible. In

the scheme, every node can get a file by accessing data in its proximity of a bounded radius; and the variety of data in the

proximity increases steadily when the proximity’s radius increases.

We formulate the file storage scheme as a new graph coloring problem which we call diversity coloring. The diversity

coloring problem is shown to be NP-hard for general graphs. An algorithm using a K-interleaving technique for obtaining

diversity coloring on tree networks is presented. The algorithm is of low complexity and can guarantee to output solutions that

minimize the length of the codeword representing the file and also minimize the delay for any node to retrieve any amount

of distinct data. Various other aspects of the algorithm, as well as properties of diversity coloring on trees and more general

graphs, are also studied.

Index Terms — Distributed networks, diversity coloring, file assignment, K-interleaving, tree.

I. Introduction

The Internet is becoming a more unified massive data-storage system, where information is shared by users
distributed all over the world. For a widely shared file, distributively storing multiple copies of it in the net-
work, compared to storing just a single copy, reduces communication cost for file retrieving and improves fault
tolerance. There has been considerable research on devising distributed storage schemes for shared files in the
Internet [3] [11] [15] [20] [28] [30] [35] [38] . Some of them are for file storage in stable environments, where pa-
rameters such as the file-retrieving frequencies are largely constant, and typically use median-type or center-type
solutions [7] [9] [14] [17] [18] [19] [23] [36]. The others are more appropriate for unstable environments, where pa-
rameters dynamically change and are difficult to predict, and may use certain techniques to get suboptimal but very
computationally efficient solutions [11] [20] [33] [38] in order to adapt to the highly dynamic conditions. Examples
of those techniques include using greedy methods for file assignment and removal [38], using hash functions to map
files to memories [16], and restricting file storage and transmission to a subset of the network of a special topology,
e.g., a tree [33]. Many distributed storage systems for the Internet have emerged, including the Distributed-Parallel
Storage System (DPSS) [24], the OceanStore system [21] and various caching systems [27] [37].

In this paper we’ll propose and study a novel file storage scheme for stable environments. The scheme combines
coding with file storage for better performance. Storing encoded files has been adopted in disk storage systems such
as RAID [4] [29], in server clusters [6], and in parallel-distributed systems [24] [31]. In all those cases, however, the
underlying networks are of highly regular structures, such as the complete graph structure [29] or the hypercube
structure [31]. The study on storing encoded files in more irregular networks has been very limited, despite the broad
counterpart work done on un-encoded files. Among the few results on storing encoded files in irregular networks, the
paper by Naor and Roth [26] is a major one. Our storage model generalizes the model in [26] in order to make it
more suitable for real irregular networks such as the Internet, and our storage scheme generalizes the scheme in [26]
in order to improve fault-tolerance and quality-of-service (QoS). Because of the relevancy of the work in [26], we
briefly introduce the model and the scheme in [26] below.

1This work was supported in part by the Lee Center for Advanced Networking at the California Institute of Technology.
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Figure 1: An example of storing an encoded file in a network.

Given a file, we can see it as a string of k symbols, and encode it using an (n, k) code to get a total of n symbols.
If the code can correct up to ε erasures, then any n − ε of those n symbols are sufficient for recovering the file.
We can distributively store copies of those n symbols in a network. And a user in need of the file can reconstruct
it by retrieving any n − ε distinct symbols from the network. Clearly a file that is not encoded can be seen as
being encoded with a (k, k) code. Therefore storing un-encoded files in networks is a special case of storing encoded
files. An error-correcting code increases the variety of data representing the file, therefore can help find solutions of
improved performance and enhanced fault-tolerance for a file storage system.

In [26], Naor and Roth model the network as an undirected graph G = (V,E), where V is a set of nodes and E is
a set of bidirectional links between the nodes. A file of f bits is encoded with an error-correcting code, and pieces of
the codeword are distributively stored on all nodes of the graph. To the end, every node should be able to recover
the file by accessing the codeword pieces stored on itself and its adjacent nodes.

Fig. 1 shows an example of the file storage scheme in [26]. In the example the file is encoded into a codeword of
6 symbols, any 4 of which are sufficient for recovering the file. We represent the 6 distinct symbols with numbers 1,
2, 3, 4, 5, and 6. It can be seen that the placement in Fig. 1 does guarantee that for every node, the data stored on
itself and its neighbors are sufficient for the file reconstruction.

In [26] the objective is to minimize the total number of bits stored in the network. Paper [26] presents an algorithm
which realizes this objective when f À log ∆G, where ∆G is the maximum degree in G. The algorithm has time
complexity that is polynomial in f and |V |.

Below we first give an overview of our file storage model and our scheme. Then we introduce a new interleaving
concept which we call the K-interleaving. K-interleaving is a method that can be used to solve the file storage
problem on tree networks optimally. It places distinct codeword symbols very closely around every network node,
thus minimizes the file retrieving delays.

1.1 Model and Scheme
We generalize the network model in [26] in the following ways. First, we associate every edge e ∈ E with a length

l(e), which represents the delay of transmitting the file through the corresponding link. Next, we associate every
node with a storage capacity. The reason for that is because in a network, often not all nodes are appropriate for
storing data; and for those nodes that can store data, there may be restrictions on the amount of data they can
store. Now given a file, we encode it into a codeword of n symbols which can correct up to ε erasures. In [26], the
scheme is to store copies of those n symbols on nodes such that every node is able to recover the file by accessing
data stored within one hop. In the generalized network model, that’s equivalent to setting all the edges’ lengths to
be 1, and requiring there to be at least n− ε distinct symbols within distance 1 from each node. In networks like the
Internet, usually not all nodes are sources of requests for the file; and for those nodes that request for the file, the
file-retrieving delay they can tolerate varies from node to node. Therefore as a generalization of the storage scheme,
we associate every node v with a parameter which is the distance within which from v there should be n− ε distinct
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symbols. That parameter varies from node to node; and for a node that doesn’t request for the file, that parameter
is naturally infinity.

We further generalize the storage scheme for fault-tolerance and QoS. Define the ‘neighborhood of a node v of
radius r’ as the set of nodes that are within distance r from v. When there are P (P ≥ n − ε) distinct symbols in
the neighborhood of node v of radius r, node v can retrieve n− ε distinct symbols from the network for recovering
the file within delay r. If P > n − ε, then node v has the freedom to choose which n − ε distinct symbols to get
from this neighborhood, based on the current network condition. This freedom in adaptively retrieving data from a
network is important for balancing load and ensuring high availability in data networks [25] [32]. Also if P > n− ε,
it means node v is guaranteed to be able to retrieve n− ε distinct symbols within delay r when the neighborhood of
v of radius r suffers the inaccessibility of no more than P − (n− ε) symbols (e.g., because of data loss or processors
being busy). It’s very desirable that the number of distinct symbols in the neighborhood of a node grows steadily
when the neighborhood’s radius increases, so that the delay that the node needs to tolerate for retrieving n − ε

distinct symbols deteriorates gracefully when more and more symbols stored in the network become inaccessible. In
our scheme, we associate every node with a function which specifies the numbers of distinct symbols that should
appear in the node’s neighborhoods of different radii; and those functions can differ from node to node to better
accommodate the varied QoS requirements among nodes.

The optimization criterion we’re interested in differs from that of [26]. Paper [26] is interested in minimizing
the total number of bits stored in the network, while in this paper we shall focus on minimizing the delays of data
retrieving — that is, to minimize delays after ensuring that the delays satisfy the QoS requirements and the data
stored on every node don’t exceed the node’s storage capacity.

The formal definition of the file storage scheme will be presented in Section II. Next we introduce the K-interleaving.

1.2 K-Interleaving

First we give the definition.

Definition 1 (K-Interleaving): G = (V,E) is a tree, where each vertex v ∈ V is associated with a non-negative
integer w(v) and each edge e ∈ E is associated with a positive real number l(e) called its ‘length’. Every edge e ∈ E

is seen as a string (or curve) of length l(e), where a point on it is just called a ‘point ’ in the usual sense. (A vertex
is also seen as a point.) There are n distinct colors, and K is an integer such that 0 ≤ K ≤ n. Assign w(v) colors
to each vertex v ∈ V . For any point p in G and any integer i (0 ≤ i ≤ n), define Rmin(p, i) as the minimum value
of r such that the vertices at distance no greater than r from p are assigned no less than i colors (no matter if those
colors are all distinct or not), and define R′min(p, i) as the minimum value of r such that the vertices at distance no
greater than r from p are assigned no less than i distinct colors. If Rmin(p, i) = R′min(p, i) for any point p and any
0 ≤ i ≤ K, then the coloring is called a K-interleaving. 2

The following is an example of the K-interleaving.

Example 1: Fig. 2 shows a K-interleaving where K = 8. The parameters w(v) for all vertices v are shown in the
figure, and n = 8 and K = 8. The real number beside each edge e is its length l(e). We denote the 8 colors by the
numbers 1, 2, · · ·, 8. The colors assigned to every vertex is shown in the set beside that vertex (e.g., vertex v1 has
color 2, 4, 6 and 8). It can be verified that Rmin(p, i) = R′min(p, i) for any point p and any 0 ≤ i ≤ K. For example, if
we let p be the point on the edge between v3 and v4 which is at distance 0.8 to v4, and let i = 3, then Rmin(p, i) = 0.8
and R′min(p, i) = 0.8, so Rmin(p, 3) = R′min(p, 3). (The vertices within distance 0.8 from p are v3 and v4, which have
colors 3, 4 and 2, 6.) Similarly, Rmin(p, 8) = R′min(p, 8) = 1.2. So this coloring is an 8-interleaving. Clearly it’s also
a 7-interleaving, 6-interleaving, · · ·, 0-interleaving.

2

If we understand the n colors as the n symbols in an (n, k) codeword, and understand the tree G = (V,E) as a
network with link delays l(e) (e ∈ E) and nodes’ storage capacities w(v) (v ∈ V ), then a K-interleaving is just a
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Figure 2: An example of the K-interleaving.

codeword layout which compactly places at least K distinct symbols around every ‘point’ — including the nodes.

There have been a list of interleaving techniques in literature for codeword layout [1] [2] [5] [8] [10] [34], which
are mainly for correcting error-bursts of different shapes on one-, two- or three-dimensional arrays. K-interleaving
adds to this list as a novel interleaving scheme, and it is for trees. Note that the commonly used one-dimensional
interleaving of codewords, which is for combatting burst errors in channels and is of the form ‘-1-2-3-· · ·-n-1-2-3-· · ·-n-’
when n codewords are interleaved, is a special case of the K-interleaving where the tree is reduced to a linear array
and K is set to be equal to n.

The importance of K-interleaving is that it can help us realize the file storage scheme being studied in this paper
on tree networks, as long as the value of K is set to be large enough. It will be shown that realizing the file storage
scheme in general is NP-hard. But when the network is a tree, the scheme can be realized in polynomial time,
because as will be shown, a K-interleaving always exists for any K, and it can be computed efficiently. What’s more,
by setting K to be equal to n, a K-interleaving corresponds to a best solution in the sense that it simultaneously
minimizes the delay for any node to retrieve any number of distinct symbols, because with an n-interleaving, for
every node all the n distinct symbols are placed around it as closely as possible. As we will focus a lot on solving
the file storage scheme for tree networks, K-interleaving will be studied extensively in this paper.

The rest of this paper is organized as follows. In Section II, the new file storage scheme is formally defined, which
is then formulated as a graph coloring problem which we call the diversity coloring problem. The diversity coloring
problem is shown to be NP-hard for general graphs. In Section III, a K-interleaving algorithm is presented for solving
the diversity coloring problem on trees. The algorithm has time complexity O(|V |2 +W|V | +WK), where |V | is
the number of vertices in the tree and W is the total number of colors — distinct or non-distinct — assigned to
the tree. The algorithm is general in the sense that every K-interleaving is one of the algorithm’s possible outputs.
The K-interleaving technique can be used to find both perfect diversity coloring — defined as diversity coloring
that uses the absolutely minimum number of colors — and absolutely optimum file storage solutions — defined as
solutions that simultaneously minimize the delay of retrieving any number of distinct codeword symbols by any node
in the network. In Section IV, a more efficient K-interleaving algorithm is presented, which has time complexity
O(|V |2 +W). Discussions on diversity coloring on cyclic graphs are presented in Section V. The concluding remarks
are presented in Section VI.
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Figure 3: An example of the file storage scheme.

II. File Storage Scheme and Diversity Coloring

2.1 File Storage Scheme

In this section we formally define our file storage scheme for distributively storing an encoded file in a network.
We model the network as an undirected graph G = (V, E), where V is a set of nodes and E is a set links between
the nodes. A file is encoded into a codeword of n symbols, any n− ε of which are sufficient for recovering the file.

Each node v ∈ V is associated with a ‘storage capacity’ w(v). w(v) is an integer and is the maximum number of
symbols that can be stored on the node v. Each edge e ∈ E is associated with a ‘length’ l(e). l(e) is a positive real
number and represents the delay of transmitting data over the link e. For any two nodes u and v, we define d(u, v)
as the length of the shortest path between u and v, and call it ‘the distance between u and v’. (If u and v are the
same node, then d(u, v) = 0.) d(u, v) represents the delay of transmitting data from u to v, or from v to u.

Given a node v ∈ V and a real number r, we define N (v, r) as the set of nodes that are within distance r from v,
that is, N (v, r) = {u|u ∈ V, d(u, v) ≤ r}. We call N (v, r) the ‘neighborhood of v of radius r’.

Every node v ∈ V is associated with a function M(v, r), which is the number of distinct symbols that need to
appear in N (v, r). We can see M(v, r) as a specification of the QoS requirements of node v. As explained in Section
I, it’s desirable that the value of M(v, r) would increase steadily as r increases until M(v, r) becomes equal to n, in
order to facilitate adaptive data-retrieval and guarantee performance in faulty environments.

The file storage scheme is defined as follows.

Definition 2 (The File Storage Scheme): Assign up to w(v) symbols to each node v ∈ V , such that for any
u ∈ V and any r ∈ R, nodes in N (u, r) store no less than M(u, r) distinct symbols in total. (Here for any u ∈ V and
any r ∈ R,

∑
v∈N (u,r) w(v) ≥ M(u, r) and 0 ≤ M(u, r) ≤ n.) 2

An example of the above file storage scheme is shown below.

Example 2: A graph G = (V,E) with 13 vertices is shown in Fig. 3. A file is encoded into a codeword of 7 symbols,
any 3 of which are sufficient for recovering the file. For 1 ≤ i ≤ 13, w(vi) is shown in Fig. 3, and the number beside
each edge is the edge’s length.
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For 1 ≤ i ≤ 4,

M(vi, r) =





0 if r < 2.0
3 if 2.0 ≤ r < 2.5
5 if 2.5 ≤ r < 3.0
7 if r ≥ 3.0

For 5 ≤ i ≤ 7,

M(vi, r) =





0 if r < 2.0
3 if 2.0 ≤ r < 3.0
6 if r ≥ 3.0

For 8 ≤ i ≤ 9, M(vi, r) = 0 for any r.
For 10 ≤ i ≤ 13,

M(vi, r) =





0 if r < 2.5
3 if 2.5 ≤ r < 3.5
7 if r ≥ 3.5

We use integers ‘1, 2, · · ·, 7’ to denote the 7 symbols. A solution to the file storage scheme is shown in Fig. 3,
where the set of integers beside each node indicates the symbols assigned to it — e.g., the node v2 is assigned symbol
‘2’ and symbol ‘3’. It’s easy to verify that all the conditions in Definition 2 are satisfied here. For example, the nodes
in N (v1, 2.0) store 7 ≥ M(v1, 2.0) = 3 distinct symbols in total.

2

For any node v and integer P , the delay for v to retrieve P distinct symbols equals the minimum value of r such
that the nodes in N (v, r) store no less than P distinct symbols in total. If we use Rmin(v, P ) to denote the minimum
value of r such that

∑
u∈N (v,r) w(u) ≥ P , then clearly the delay for v to retrieve P distinct symbols must be no less

than Rmin(v, P ). If there exists a solution in which the delay for v to retrieve P distinct symbols equals Rmin(v, P )
for all v ∈ V and for all integer P , then we call such a solution ‘absolutely optimum’. Clearly an absolutely optimum
solution has superb performance in the sense that it simultaneously minimizes the delay for any node to retrieve any
number of distinct symbols. It’s generally very unlikely for an ‘absolutely optimum’ solution to exist if the graph
has an irregular structure. However, it’ll be proved later in this paper that if the graph is a tree, then an ‘absolutely
optimum’ solution always exists.

2.2 Diversity Coloring

By using n colors to represent the n codeword symbols, we can formulate the file storage scheme in Definition 2 as
a graph coloring problem. In this paper we focus on finding file storage solutions that minimize data-retrieving delay,
which benefits from assigning as many symbols to each node as possible. Therefore we define the graph coloring
problem as follows, and call it the ‘diversity coloring problem’.

Definition 3 (The Diversity Coloring Problem):
INSTANCE: n colors and a graph G = (V, E). Every edge e ∈ E has a positive length l(e). Every vertex v ∈ V is

associated with an integer w(v) and a function M(v, r). (Here for any v ∈ V and any real number r, 0 ≤ w(v) ≤ n,
0 ≤ M(v, r) ≤ n, and

∑
u∈N (v,r) w(u) ≥ M(v, r).)

QUESTION: How to assign w(v) colors to each vertex v ∈ V , such that for any u ∈ V and any real number r, the
vertices in N (u, r) has no less than M(u, r) distinct colors in total? (Such a coloring is called a ‘diversity coloring ’.
Here the same color can be assigned to different vertices.) 2

In graph theory, it’s usually interesting to find a coloring that uses as few different colors as possible. Clearly if
the graph G = (V, E) has a diversity coloring, then in G there are at least maxv∈V,r∈RM(v, r) distinct colors. If
in G there are exactly maxv∈V,r∈RM(v, r) distinct colors, then the diversity coloring is called a ‘perfect ’ diversity
coloring.
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We’ll show that the diversity coloring problem is NP-hard for fixed n ≥ 2. (Clearly this problem is trivial when
n = 1.) Before that, we first introduce two known NP-complete problems.

Definition 4 (The Graph K-Colorability Problem) [12]:
INSTANCE: A graph G = (V,E). A positive integer K ≤ |V |.
QUESTION: Is G K-colorable, that is, does there exist a function f : V → {1, 2, · · · , K} such that f(u) 6= f(v)

whenever {u, v} ∈ E?
Comment: This problem is solvable in polynomial time for K = 2, but remains NP-complete for all fixed K ≥ 3.

2

Definition 5 (The Set Splitting Problem) [12]:
INSTANCE: A collection C of subsets of a finite set S.
QUESTION: Is there a partition of S into two subsets S1 and S2 such that no subset in C is entirely contained in

either S1 or S2? 2

Now we prove the NP-hardness of the diversity coloring problem.

Theorem 1 The diversity coloring problem is NP-hard for fixed n ≥ 2.

Proof: (i) We first consider the case where n is fixed and n > 2.
Let G = (V, E) be a graph, and let 2 < n ≤ |V | be a positive integer. Assume V = {v1, v2, · · · , v|V |}, and E =

{e1, e2, · · · , e|E|}. We construct a graph H = (V0, E0) in the following way: V0 = {v̂1, v̂2, · · · , v̂|V |, u1, u2, · · · , u|E|};
for any 1 ≤ i 6= j ≤ |V |, (v̂i, v̂j) ∈ E0 if and only if (vi, vj) ∈ E; for any 1 ≤ i ≤ |V | and 1 ≤ j ≤ |E|, (v̂i, uj) ∈ E0 if
and only if in the graph G, vi is an endpoint of ej ; for any 1 ≤ i 6= j ≤ |E|, (ui, uj) /∈ E0.

We let all edges of H be of length 1. For 1 ≤ i ≤ |V |, we let w(v̂i) = 1; for 1 ≤ i ≤ |E|, we let w(ui) = 0. For
1 ≤ i ≤ |V |, we let M(v̂i, r) = 0 for any r. For 1 ≤ i ≤ |E|, we let M(ui, r) = 0 for any r < 1, and let M(ui, r) = 2
for any r ≥ 1.

Assume we’re given n colors, and we assign one color to each vertex v̂i (1 ≤ i ≤ |V |) and assign no color to any
vertex uj (1 ≤ j ≤ |E|); for 1 ≤ i ≤ |V |, we let vi has the same color as v̂i. Clearly, every edge in G has two different
colors on its endpoints if and only if in the graph H, vertices in N (ui, 1) have two different colors for any 1 ≤ i ≤ |E|.
So G is n-colorable if and only if H has a diversity coloring with n colors. So the K-colorability problem can be
reduced to the diversity coloring problem where n > 2.

(ii) Next we consider the case where n = 2.
Let C be a collection of subsets of a finite set S. Assume C = {c1, c2, · · · , c|C|}, and S = {s1, s2, · · · , s|S|}.

We construct a bipartite graph G = (V, E) in the following way: V = {v1, v2, · · · , v|C|, u1, u2, · · · , u|S|}; for any
1 ≤ i ≤ |C| and 1 ≤ j ≤ |S|, there is an edge between vi and uj if and only if sj ∈ ci.

We let all edges of G be of length 1. For 1 ≤ i ≤ |C|, we let w(vi) = 0; for 1 ≤ i ≤ |S|, we let w(ui) = 1. For
1 ≤ i ≤ |S|, we let M(ui, r) = 0 for any r. For 1 ≤ i ≤ |C|, we let M(vi, r) = 0 for any r < 1, and let M(vi, r) = 2
for any r ≥ 1.

Assume we’re given n = 2 colors, and we assign one color to each vertex ui (1 ≤ i ≤ |S|) and assign no color to
any vertex vj (1 ≤ j ≤ |C|). And we split S into two subsets S1 and S2 in this way: for any 1 ≤ i 6= j ≤ |S|, si and
sj are both in S1 or both in S2 if and only if ui and uj are assigned the same color. Clearly, no subset in C is entirely
contained in either S1 or S2 if and only if for any 1 ≤ i ≤ |C|, vertices in N (vi, 1) have 2 distinct colors—which
means the coloring is a diversity coloring on G. So the set splitting problem can be reduced to the diversity coloring
problem where n = 2.

(iii) Whether or not a coloring is a diversity coloring can be verified in polynomial time. So the diversity coloring
problem is NP-hard for fixed n ≥ 2.

2
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III. K-Interleaving for Diversity Coloring on Trees

Trees are important network structures. For example, trees are often used by backbone networks, by virtual
private networks (VPNs) [22], or as embedded networks for data storage [33]. In this section, the relationship
between diversity coloring on trees and a special kind of interleaving called ‘K-interleaving ’ will be revealed, and a
general K-interleaving algorithm will be presented. First we introduce some basic terms.

3.1 Terms

A point in a tree G = (V,E) is defined as a point on one of its edges. If e ∈ E is an edge and p is a point on e,
then p is at distance l(e) · λ from one of e’s endpoints and is at distance l(e) · (1− λ) from the other endpoint of e,
for some λ ∈ [0, 1]. (Here l(e) is the length of e. And as a special case, a vertex is also a point.) For any two points
p1 and p2 in the tree, d(p1, p2) is defined as the length of the shortest path between p1 and p2, and is called the
‘distance between p1 and p2’. For any point p and any real number r, N (p, r) is defined as the set of vertices within
distance r from p, namely, N (p, r) = {v|v ∈ V, d(v, p) ≤ r}.

For any two points p1 and p2, C(p1, p2) is defined as the unique point at distance d(p1,p2)
2 from both p1 and p2 —

that is, C(p1, p2) is the middle-point of the path between p1 and p2. S(p1, p2) is defined as the set of vertices within
distance d(p1,p2)

2 from C(p1, p2), namely, S(p1, p2) = N (C(p1, p2),
d(p1,p2)

2 ).
In the diversity coloring problem, each vertex v ∈ V is to be assigned w(v) colors. We say each vertex v has

w(v) color-slots. Then assigning w(v) colors to v is equivalent to assigning one color to each of v’s color-slots. By
convention, if S ⊆ V is a set of vertices and v ∈ S, then we say each of v’s color-slots is also in S. Also by convention,
we say the distance between two color-slots s′ and s′′ is the distance between the two vertices that the two color-slots
respectively belong to, and denote it by d(s′, s′′); and similarly, the distance between a color-slot s and a point p is
the distance between p and the vertex that s belongs to, and is denoted by d(s, p) or d(p, s).

3.2 K-Interleaving

The following is another way to define K-interleaving. It’s clearly equivalent to Definition 1.
Definition 6 (K-Interleaving): G = (V, E) is a tree, where every edge e ∈ E has a length l(e), and every vertex

v ∈ V has w(v) color-slots. K and n are two integers, and 0 ≤ K ≤ n. Given n colors, a coloring which assigns one
color to each color-slot is called a K-Interleaving if and only if for any point p in the tree and for any real number
r, either all the colors assigned to the color-slots in N (p, r) are distinct, or the color-slots in N (p, r) are assigned at
least K distinct colors. 2

The following lemma shows how for every point in the tree, a K-interleaving compactly places at least K distinct
colors around it. Its proof is omitted due to its simplicity.

Lemma 1 For every point p in the tree G = (V, E), define Rmin(p,K) as the minimum value of r such that∑
v∈N (p,r) w(v) ≥ K. (If

∑
v∈V w(v) < K, then Rmin(p, K) = +∞.) Then with a K-interleaving, for any point p

and any fixed real number r, all the colors of the color-slots in N (p, r) are distinct if 0 ≤ r < Rmin(p, K), and the
color-slots in N (p, r) have at least K distinct colors if r ≥ Rmin(p,K).

The following theorem shows the relationship between K-interleaving and diversity color.

Theorem 2 For the diversity coloring problem for a tree, a K-interleaving is also a diversity coloring if K ≥
maxv∈V,r∈RM(v, r).

Proof: For every point p in the tree G = (V, E), define Rmin(p,K) as the minimum value of r such that∑
v∈N (p,r) w(v) ≥ K. Assume there is a coloring on G which is a K-interleaving with K ≥ maxv∈V,r∈RM(v, r).

By Lemma 1 and Definition 3, for any vertex v ∈ V , vertices in N (v, r) have
∑

u∈N (v,r) w(u) ≥ M(v, r) distinct
colors when r < Rmin(v, K), and have at least K ≥ M(v, r) distinct colors when r ≥ Rmin(v, K). So the coloring is
also a diversity coloring. So Theorem 2 is proved. 2
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Theorem 2 shows that a K − interleaving with a sufficiently large K ensures a diversity coloring on a tree. But
does such a K-interleaving always exist? The following of the paper will give a positive answer to this question.

3.3 A General K-Interleaving Algorithm

In this subsection we present a general K-interleaving algorithm. The algorithm is ‘general ’ in the sense that the
solution space of the K-interleaving problem is exactly the set of possible outputs of the algorithm.

Let G = (V, E) be the tree for which the algorithm is to output a K-interleaving. Denote the root of G by γ,
and define W as W =

∑
v∈V w(v). G has W color-slots, which are labelled as s1, s2, · · ·, sW following this rule:

d(γ, si) ≤ d(γ, sj) for any 1 ≤ i < j ≤W. The algorithm is as follows.

Algorithm 1 [General K-interleaving Algorithm for Tree G = (V, E)]
1. Assign K distinct colors to the following K color-slots: s1, s2, · · ·, sK , such that no two color-slots among them

are assigned the same color. (If there are less than K color-slots in the tree, then simply assign W distinct colors to
all the color-slots, such that no two color-slots are assigned the same color.)

2. For i = K + 1 to W do
{ Let rmin denote the smallest value of r such that the set {sj |1 ≤ j ≤ i − 1, d(si, sj) ≤ r} contains no less

than K color-slots.
Assign a color to si, such that no color-slot in the set {sj |1 ≤ j ≤ i−1, d(si, sj) < rmin} is assigned the same

color as si.
}

2

Analysis shows that Algorithm 1 has time complexity O(|V |2 +W|V |+WK). We present the complexity analysis
in Appendix I.

Below we start proving the correctness of Algorithm 1.

Lemma 2 Algorithm 1 is used to produce a coloring for the tree G = (V, E). Let’s say sa is a color-slot of vertex
vA, and sb is a color-slot of vertex vB. (Here 1 ≤ a 6= b ≤ W.) If sa and sb are assigned the same color, then the
color slots in S(vA, vB) are assigned no less than K distinct colors.

Proof: Without loss of generality, we assume a < b. We’ll prove by induction that the lemma holds for any b ≤W.
The K color-slots s1, s2, · · ·, sK are all assigned distinct colors. As a null case, the lemma holds when b ≤ K. We

use this as the base case for the induction.
Let i be an integer such that K + 1 ≤ i ≤ W. Assume that when b < i, the lemma holds. Let’s prove that the

lemma also holds when b = i.
Assume b = i; and assume sa and sb are assigned the same color. Let r̂min denote the smallest value of r such that

the set {sj |1 ≤ j ≤ b− 1, d(sb, sj) ≤ r} contains no less than K color slots. According to Algorithm 1, no color-slot
in the set {sj |1 ≤ j ≤ b − 1, d(sb, sj) < r̂min} is assigned the same color as sb is. Therefore d(sa, sb) ≥ r̂min. Since
a < b, the distance between the root and vA is no greater than the distance between the root and vB . Therefore the
unique point at distance d(vA,vB)

2 from both vA and vB , C(vA, vB), lies on the path between the root and vB . Define
Q as Q = {sj |1 ≤ j ≤ b− 1, d(sb, sj) ≤ r̂min}. Consider any color-slot in Q — say it’s sc and is a color-slot of vertex
vC . Clearly c < b. If C(vA, vB) lies on the path between the root and vC , then d(C(vA, vB), vC) ≤ d(C(vA, vB), vB) =
d(vA,vB)

2 , because the distance between the root and vC is no greater than the distance between the root and vB .
If C(vA, vB) doesn’t lie on the path between the root and vC , then again d(C(vA, vB), vC) ≤ d(vA,vB)

2 , because
d(vC , vB) ≤ r̂min ≤ d(vA, vB) and d(vC , vB) = d(vC , C(vA, vB)) + d(C(vA, vB), vB) = d(vC , C(vA, vB)) + d(vA,vB)

2 . So
sc is in the set S(vA, vB). So all the color-slots in Q are in S(vA, vB).

There are at least K color-slots in Q. If all the color-slots in Q have distinct colors, then clearly the color-slots
in S(vA, vB) are assigned no less than K distinct colors. Now consider the case where there are two color-slots in Q

that have the same color — say those two color-slots are sf and sh, which belong to vertex vF and vH respectively.
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Clearly f < b, h < b, and both vF and vH are in S(vA, vB). Let vT denote the unique vertex that lies on the
following three paths: the path between C(vA, vB) and vF , the path between C(vA, vB) and vH , and the path
between vF and vH . The point C(vF , vH) lies on the path between vF and vH ; without loss of generality, let’s say
C(vF , vH) lies on the path between vF and vT . For any color-slot in S(vF , vH) — say it’s sj , which belongs to vertex
vJ — we have d(C(vA, vB), vJ) ≤ d(C(vA, vB), C(vF , vH)) + d(C(vF , vH), vJ) ≤ d(C(vA, vB), C(vF , vH)) + d(vF ,vH)

2 =
d(C(vA, vB), vT )+d(vT , C(vF , vH))+d(C(vF , vH), vF ) = d(C(vA, vB), vF ) ≤ d(vA,vB)

2 , and therefore sj is in S(vA, vB).
By the induction assumption, the color-slots in S(vF , vH) are assigned no less than K distinct colors. So the color-
slots in S(vA, vB) are also assigned no less than K distinct colors.

So the lemma holds when b = i. And the proof is completed.
2

Lemma 3 Assume there is a coloring on the tree G = (V, E), which uses n colors and assigns w(v) colors to every
vertex v ∈ V . The coloring is a K-interleaving if and only if the following is true: for any two color-slots sa and
sb — say they are color-slots of vertex vA and vB respectively — if sa and sb are assigned the same color, then the
color slots in S(vA, vB) are assigned no less than K distinct colors. (Here 1 ≤ a 6= b ≤W.)

Proof: First let’s prove one direction. Assume the coloring is a K-interleaving, and sa and sb are assigned the same
color. S(vA, vB) = N (C(vA, vB), d(vA,vB)

2 ), and both sa and sb are in S(vA, vB). So by Definition 6, the color-slots
in S(vA, vB) are assigned no less than K distinct color.

Next let’s prove the other direction. Assume that for any two color-slots sa and sb, which belong to vertex vA

and vB respectively, if sa and sb are assigned the same color, then the color-slots in S(vA, vB) are assigned no less
than K distinct colors. Let p be an arbitrary point in G, and let r be an arbitrary real number. If not all the
color-slots in N (p, r) are assigned distinct colors, then let sa and sb be two color-slots of the same color in N (p, r).
For any vertex v ∈ S(vA, vB), we have d(v, p) ≤ d(v, C(vA, vB)) + d(C(vA, vB), p) ≤ d(vA,vB)

2 + d(C(vA, vB), p) =
max{d(vA, p), d(vB , p)} ≤ r. Therefore S(vA, vB) ⊆ N (p, r). So the color-slots in N (p, r) are assigned at least K

distinct colors. So by Definition 6, the coloring is a K-interleaving.
2

Lemma 2 and Lemma 3 together naturally establish the following conclusion.

Theorem 3 Algorithm 1 correctly outputs a K-interleaving for the tree G = (V, E).

Since Algorithm 1 always has an output, we have the following corollary.

Corollary 1 K-interleaving always exists for trees.

By Theorem 2, Algorithm 1 can be used to find diversity coloring for trees if maxv∈V,r∈RM(v, r) ≤ K ≤ n.
Assume we have the freedom to choose the values of n and K. Then if we enforce that n = K = maxv∈V,r∈RM(v, r),
Algorithm 1 will output a perfect diversity coloring. Note that in this case, the value of n is minimized, where n

corresponds to the length of the codeword in the file-storage scheme. We summarize the results in the following
corollaries.

Corollary 2 Algorithm 1 outputs a diversity coloring when maxv∈V,r∈RM(v, r) ≤ K ≤ n. And Algorithm 1 outputs
a perfect diversity coloring when maxv∈V,r∈RM(v, r) = K = n.

Corollary 3 Diversity coloring always exists for trees. And perfect diversity coloring always exists for trees.

3.4 Generality of the General K-Interleaving Algorithm

Different K-interleavings can exist for the same tree, as the following example shows.
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Figure 4: Different K-interleavings on the same tree.

Example 3: Fig. 4 (a), (b) and (c) show the same tree G = (V, E). In the tree, all edges have the same length,
and w(v) = 1 for any vertex v ∈ V . n = 3 colors — denoted by the numbers ‘1’, ‘2’ and ‘3’ — are used to color
the tree, and three colorings are shown in (a), (b) and (c) respectively. (The number beside each vertex is the color
assigned to it.) It’s simple to verify that each coloring is a K-interleaving where K = 3. Clearly the colorings in (a)
and (b) can’t be derived from each other through permutation of colors; but the colorings in (b) and (c) can, e.g.,
the coloring in (c) can be got by changing the colors ‘1’, ‘2’ and ’3’ in (b) into colors ‘2’, ‘3’ and ‘1’ respectively.
2

When Algorithm 1 colors a tree, first it needs to label the W color-slots as s1, s2, · · ·, sW, and then it assigns
colors to those color-slots in order. The labelling is usually not unique; and every time the algorithm assigns a
color to a color-slot, the color can usually be chosen from a set of more than one color. By labelling the color-slots
in different ways and by choosing the color differently while coloring a color-slot, Algorithm 1 can output different
K-interleavings. The following theorem shows that in fact, every K-interleaving that exists is a possible output of
Algorithm 1, — namely, the set of possible outputs of Algorithm 1 is exactly the whole set of K-interleavings, —
and that property holds even if the root of the tree is fixed. (Fixing the root of the tree lessens the number of ways
to label the color-slots.)

Theorem 4 The set of possible outputs of Algorithm 1 is exactly the whole set of K-interleavings for the tree G =
(V, E), even if the root of the tree is fixed.

Proof: We present a sketch of the proof here. A detailed proof for this theorem is presented in Appendix II. By
Theorem 3, the set of possible outputs of Algorithm 1 is a subset of the set of K-interleavings. So the only thing left
to prove is that every K-interleaving is a possible output of Algorithm 1, even if the root of the tree is fixed.

Assume the root of the tree is fixed. Assume a fixed K-interleaving for the tree G = (V, E) is given. If
∑

v∈V w(v) ≤
K, it’s simple to see that the K-interleaving must have assignedW distinct colors to theW color-slots, which is clearly
a possible output of Algorithm 1. So from now on we only consider the case where W > K. We’ll prove by induction
that for 1 ≤ i ≤ W, there is a set of i color-slots that Algorithm 1 can label as s1, s2, · · ·, si and assign the same
colors to as the given K-interleaving does.

Let γ denote the fixed root of the tree. For 1 ≤ j ≤ W, let Rmin(γ, j) denote the minimum value of r such that∑
v∈N (γ,r) w(v) ≥ j. By Lemma 1, there exist a set of K color-slots that are assigned distinct colors in the given

K-interleaving and are at distance no greater than Rmin(γ, K) from γ, and every color-slot at distance less than
Rmin(γ, K) from γ is contained in that set. Clearly it’s feasible for Algorithm 1 to label those color-slots as s1, s2,
· · ·, sK , and assign them the same colors as the given K-interleaving does. So the induction is true for 1 ≤ i ≤ K.
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Let I be a fixed integer such that K ≤ I < W. Assume the following induction assumption is true: when i = I,
there is a set C of i color-slots which Algorithm 1 can label as s1, s2, · · ·, si and assign the same colors to as the
given K-interleaving does. We will prove that this induction assumption is also true when i = I + 1.

Let D denote the set of all the W color-slots in the tree. Let H denote the set of color-slots in D −C at distance
Rmin(γ, I + 1) from γ. (There are I color-slots in C. Clearly H 6= ∅.) Denote the color-slots in H as c1, c2, · · ·,
c|H|. For 1 ≤ p ≤ |H|, define rmin(p) as the smallest value of r such that there are no less than K color-slots in C

at distance no greater than r from cp.
Randomly pick a color-slot cj1 from H. (Here 1 ≤ j1 ≤ |H|.) If at least one color-slot in C at distance less than

rmin(j1) from cj1 is assigned the same color as cj1 in the given K-interleaving, then let tk1 ∈ C denote the color-slot
closest to cj1 which is assigned the same color as cj1 in the given K-interleaving. Say cj1 is a color-slot of vertex u1,
and tk1 is a color-slot of vertex v1. Let J denote the set of color-slots in S(u1, v1). The given K-interleaving assigns
at least K distinct colors to the color slots in J ; and J = (J ∩C)∪ (J ∩H). Any color-slot in J ∩C is at distance less
than rmin(j1) from cj1 , so there exists a color-slot in J ∩H which has a color different from any color-slot in J ∩C in
the given K-interleaving — and we denote that color-slot by cj2 . If at least one color-slot in C at distance less than
rmin(j2) from cj2 is assigned the same color as cj2 in the given K-interleaving, then some color-slot cj3 can be found
through cj2 in the same way the color-slot cj2 is found through cj1 . This process can keep going on and a series of
color slots cj1 , cj2 , cj3 , cj4 , · · · will be found. It can be shown that all those color-slots are distinct. Therefore this
series is not infinitely long, and eventually some color-slot cjx

(x ≥ 1) will be found such that no color-slot in C at
distance less than rmin(jx) from cjx is assigned the same color as cjx in the given K-interleaving. Then it’s simple to
see that it is feasible for Algorithm 1 to label cjx as the color-slot sI+1 and assign sI+1 the same color as the given
K-interleaving does, after labelling the color-slots in C as s1, s2, · · ·, sI and assigning the same colors to them as the
given K-interleaving does. So the induction is also true when i = I + 1.

The proof by induction is complete here. Now it’s clear that Algorithm 1 can assign the same colors to all the W
color-slots as the arbitrarily given K-interleaving does. So any K-interleaving is a possible output of Algorithm 1,
even if the root of the tree is fixed. Therefore this theorem is proved.

2

3.5 Absolutely Optimum Data Storage with K-Interleaving

Say there is a K-interleaving on a tree G = (V, E). As in Section II, let the colors correspond to codeword
symbols, and let the path lengths correspond to delays. Then the K-interleaving corresponds to a data-storage
solution. For any vertex v ∈ V and any integer P ≤ K, let Rmin(v, P ) denote the minimum value of r such that∑

u∈N (v,r) w(u) ≥ P ; then the delay for vertex v to retrieve P distinct codeword symbols is the same as the delay for
v to retrieve P nearest codeword symbols, which is Rmin(v, P ). So when K equals the number of distinct codeword
symbols, the K-interleaving corresponds to an ‘absolutely optimum’ data storage solution. The following theorem is
clearly true.

Theorem 5 There always exists an ‘absolutely optimum’ solution for the file storage scheme defined in Section II
on tree networks, which simultaneously minimizes the delay for any node to retrieve any number of distinct codeword
symbols from the network. An ‘absolutely optimum’ solution can be output by Algorithm 1 by letting K = n. (n is
the number of distinct codeword symbols.)

IV. An Efficient K-Interleaving Algorithm

The general K-interleaving algorithm shown in Section III has complexity O(|V |2 +W|V |+WK). In this section
we present an algorithm which is less general but has a lower complexity. What’s more, the algorithm is very suitable
for parallel computation.
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Algorithm 2 [Efficient K-interleaving Algorithm for Tree G = (V, E)]
1. Denote the root of G by γ. Label the vertices in G as v1, v2, · · ·, v|V | following this rule: for any 1 ≤ i < j ≤ |V |,

d(γ, vi) ≤ d(γ, vj).
2. Label the color-slots of G as s1, s2, · · ·, sW in the following way: for 1 ≤ i ≤ |V |, label the w(vi) color-slots of

vertex vi as sWi+1, sWi+2, · · ·, sWi+w(vi), where Wi is defined as Wi =
∑

1≤j≤i−1 w(vj).
3. IfW ≤ K, then assignW distinct colors to theW color-slots in the tree such that no two color-slots are assigned

the same color, and exit this algorithm. Otherwise go to Step 4.
4. For i = 1 to K, Ci ← {si}.
5. For i = K + 1 to W do

{ Let sx be the unique color-slot that satisfies the following 2 conditions:
(i) 1 ≤ x ≤ i− 1;
(ii) The set S defined as follows contains exactly K − 1 color-slots. S is defined in this way: a color-slot

sj is in S if and only if 1 ≤ j ≤ i− 1 and either ‘d(si, sj) < d(si, sx)’, or ‘d(si, sj) = d(si, sx) and j < x’.
Let Ct (1 ≤ t ≤ K) be the unique set such that sx ∈ Ct. Ct ← Ct ∪ {si}.
}

6. Assign K distinct colors to the color-slots in the K sets C1, C2, · · ·, CK , such that any two color-slots are
assigned the same color if and only if they are in the same set.

2

Example 4: The following example is used to illustrate how Algorithm 2 computes. In the example, the tree
G = (V,E) is as shown in Fig. 5. The number beside each edge is the edge’s length. The vertex at the top is selected
as the root. The 13 vertices in G are labelled as v1, v2, · · ·, v13 which is consistent with the way Algorithm 2 labels
vertices — namely, for any 1 ≤ i < j ≤ |V |, the distance between the root and vi is no greater than the distance
between the root and vj . For 1 ≤ i ≤ 13, w(vi) is shown in Fig. 5. Algorithm 2 is used to compute a K-interleaving
for the tree using n distinct colors, where n = 6 and K = 5.

There are W =
∑

v∈V w(v) = 15 color-slots in G. Algorithm 2 labels them as s1, s2, · · ·, s15 as shown in the table
below.

Vertex v v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13

Color-slots of vertex v s1 s2, s3 s4 s5 s6, s7, s8 s9, s10 s11 s12 s13 s14 s15

Table 1: The labelling of the color-slots

Algorithm 2 then assigns values to 5 sets C1, C2, · · ·, C5 as follows: Ci = {si} for i = 1, 2, · · · , 5.
Next, for i = 6 to 15, Algorithm 2 finds the color-slot sx corresponding to i (This is the step 5 in Algorithm 2.

Note that sx changes when i changes.); then si is inserted into the set Ct, where Ct (1 ≤ t ≤ 5) is the set that sx is
in (Note that the value of t changes when i changes). This process is illustrated by the table below. (As an example,
in the second column of Table 2, i = 6, si = s6, sx = s5, Ct = C5. It means when i = 6, the corresponding sx is s5.
s5 ∈ C5, so Ct = C5. As a result, Algorithm 2 inserts si — which is s6 — into C5; then both s5 and s6 are in C5.)

i 6 7 8 9 10 11 12 13 14 15
si s6 s7 s8 s9 s10 s11 s12 s13 s14 s15

sx s5 s4 s1 s4 s3 s2 s7 s7 s10 s9

Ct C5 C4 C1 C4 C3 C2 C4 C4 C3 C4

Table 2: The execution of the step 5 in Algorithm 2

After the above computing, the values of the 5 sets C1, C2, · · ·, C5 become as follows: C1 = {s1, s8}, C2 = {s2, s11},
C3 = {s3, s10, s14}, C4 = {s4, s7, s9, s12, s13, s15}, C5 = {s5, s6}. Then Algorithm 2 arbitrarily selects 5 distinct colors
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Figure 5: A K-interleaving example using Algorithm 2.

— without loss of generality, say they are color 1, 2, 3, 4 and 5 respectively — and colors the tree with those 5 colors
in the following way: for 1 ≤ i ≤ 5, assign color i to all the color-slots in Ci. It can be verified that such a coloring
is a K-interleaving with K=5.

2

It’s simple to see that with a K-interleaving output by Algorithm 2, the tree G = (V,E) has exactly K distinct
colors.

Analysis shows that Algorithm 2 has time complexity O(|V |2 +W). And it can be shown that Algorithm 2 is
indeed more efficient than Algorithm 1, the general K-interleaving algorithm. The complexity analysis is presented
in Appendix III.

The major computation in Algorithm 2 is its step 5, where for each color-slot si (K +1 ≤ i ≤W), a corresponding
color-slot sx is searched for. Given the tree structure and si, the corresponding sx can be uniquely determined
without knowing the coloring on any part of the tree. So Algorithm 2’s step 5 can be computed in parallel by up to
W−K computing machines, and then its computational time will be reduced by a factor of W−K.2

Below we start proving the correctness of Algorithm 2.

Lemma 4 Assume Algorithm 2 is used to produce a K-interleaving for a tree G = (V,E). Algorithm 2 labels the
vertices in G as v1, v2, · · ·, v|V |, and labels the color-slots in G as s1, s2, · · ·, sW. Assume W > K. At the end of
Algorithm 2, the K sets C1, C2, · · ·, CK is a partition of all the color-slots in G.

For K +1 ≤ i ≤W, define Li as an ordered set that sorts the i−1 color-slots s1, s2, · · · , si−1 in the following way:
for any 1 ≤ j 6= k ≤ i−1, sj is placed before sk in the ordered set Li if ‘d(si, sj) < d(si, sk)’ or if ‘d(si, sj) = d(si, sk)
and j < k’.

Then the following conclusion is true: for any K + 1 ≤ i ≤W, the first K color-slots in Li are evenly distributed
in the K sets C1, C2, · · ·, CK — that is, for any two color-slots sj and sk among the first K color-slots in Li, if
sj ∈ Cj0 and sk ∈ Ck0 , then j0 6= k0.

Proof: For K + 1 ≤ i ≤W, define h(i) as a variable that satisfies the following two conditions: (1) sh(i) is one of the
first K color-slots in Li; (2) for any color-slot sj that is one of the first K color-slots in Li, h(i) ≥ j.

2Processing the color-slots one by one is one straightforward way to implement Algorithm 2’s step 5. As shown in Appendix III, a

more efficient way to compute is to process all the color-slots of each vertex together. If that method is used, then step 5 can be computed

by N0 computing machines in parallel, and the computational time can be reduced by a factor of approximately N0, where N0 denotes

the number of vertices each of which has at least one color-slot.
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First we consider the case where i is a fixed integer such that K +1 ≤ i ≤W and 1 ≤ h(i) ≤ K. By the definition
of h(i), it’s simple to see that h(i) = K and the first K color-slots in Li is just a permutation of s1, s2, · · ·, sK . s1,
s2, · · ·, sK are evenly distributed in the K sets C1, C2, · · ·, CK . Therefore Lemma 4 is true in this case. Now we
start proving Lemma 4 by induction.

When i = K + 1, 1 ≤ h(i) ≤ K. By the above result, the first K color-slots in Li are evenly distributed in the K

sets C1, C2, · · ·, CK . We use this as the base case.
Assume i is a fixed integer such that K + 1 < i ≤ W; and for K + 1 ≤ j < i, the first K color-slots in Lj are

evenly distributed in the K sets C1, C2, · · ·, CK . We need to prove that the first K color-slots in Li are also evenly
distributed in the K sets C1, C2, · · ·, CK . Clearly, we only need to consider the case where K + 1 ≤ h(i) ≤ i− 1.

Assume sh(i) is the k0-th color-slot in Li. (Here 1 ≤ k0 ≤ K.) Let B denote the set defined in this way: a color-slot
sk is in B if and only if 1 ≤ k ≤ i− 1 and one of the following two conditions is satisfied: (1) d(si, sk) < d(si, sh(i)),
(2) d(si, sk) = d(si, sh(i)) and k < h(i). Clearly B contains k0 − 1 color-slots, each of which is one of the first k0 − 1
color-slots in Li; and each color-slot in B is also in Lh(i).

Let u0 be the unique vertex on all of the following three paths: the path between the root and the vertex that
si belongs to, the path between the root and the vertex that sh(i) belongs to, and the path between the vertex
that si belongs to and the vertex that sh(i) belongs to. Let sy be an arbitrary color-slot in B. Since sy is one
of the first K color-slots in Li and y 6= h(i), y < h(i). According to the way Algorithm 2 labels color-slots, we
know the distance between the root and sy is no greater than the distance between the root and sh(i) — so if u0

is on the path between the root and sy, then d(u0, sy) ≤ d(u0, sh(i)). If u0 is not on the path between the root
and sy, we also have d(u0, sy) ≤ d(u0, sh(i)) because d(si, sy) ≤ d(si, sh(i)), d(si, sy) = d(si, u0) + d(u0, sy) and
d(si, sh(i)) = d(si, u0) + d(u0, sh(i)).

Let sz be an arbitrary color-slot in Lh(i) but not in B. It’s not hard to see that u0 is not on the path between
the root and the vertex that sz belongs to, and d(u0, sz) > d(u0, sh(i)). So d(sh(i), sz) = d(sh(i), u0) + d(u0, sz) >

d(sh(i), u0) + d(u0, sh(i)) ≥ d(sh(i), u0) + d(u0, sy) ≥ d(sh(i), sy). Since sy is an arbitrary color-slot in B, all the
color-slots in B are placed before sz in the ordered set Lh(i). Since sz is an arbitrary color-slot in Lh(i) but not in
B, the color-slots in B are just the first k0 − 1 color-slots in Lh(i) (but the ordering is not specified here). So the
first k0 − 1 color-slots in Li is a permutation of the first k0 − 1 color-slots in Lh(i).

Consider the following two cases.
Case 1: In this case, k0 = K. Then sh(i) is the K-th color-slot in Li. Let Ct (1 ≤ t ≤ K) be the set that the K-th

color-slot in Lh(i) is in. It’s simple to see from Algorithm 2 that sh(i) is also in Ct. By the indiction assumption, the
first K color-slots in Lh(i) are evenly distributed in the K sets C1, C2, · · ·, CK . So the first K color-slots in Li are
also evenly distributed in the K sets C1, C2, · · ·, CK .

Case 2: In this case, k0 < K. Let sq0 denote the (k0 + 1)-th color-slot in Li. Then d(si, sq0) ≥ d(si, sh(i)), and
q0 < h(i). It’s not hard to see that u0 can’t be on the path between the root and the vertex that sq0 belongs to, and
d(si, sq0) > d(si, sh(i)). Define Di to be an ordered set defined as follows: Di contains K − k0 color-slots, and for
1 ≤ j ≤ K − k0, the j-th color-slot in D is the (k0 + j)-th color-slot in Li.

Clearly for any color-slot sq in D, q < h(i), and d(si, sq) ≥ d(si, sq0) > d(si, sh(i)). Let sq1 denote the K-th
color-slot in Li, which is also the (K − k0)-th color-slot in D. It’s simple to see that a color-slot sj (1 ≤ j ≤ W)
is in D if and only if the following three conditions are true: (1) j < h(i); (2) d(si, sj) > d(si, sh(i)); (3) either
‘d(si, sj) < d(si, sq1)’ or ‘d(si, sj) = d(si, sq1) and j ≤ q1’. For any color-slot sq in D, clearly u0 can’t be on the
path between the root and the vertex that sq belongs to. So a color-slot sj (1 ≤ j ≤ W) is in D if and only if the
following three conditions are true: (1) j < h(i); (2) d(u0, sj) > d(u0, sh(i)); (3) either ‘d(u0, sj) < d(u0, sq1)’ or
‘d(u0, sj) = d(u0, sq1) and j ≤ q1’.

It’s been proven that for any color-slot sz in Lh(i) but not in B, u0 is not on the path between the root and the
vertex that sz belongs to, and d(u0, sz) > d(u0, sh(i)). Now it’s simple to see that for 1 ≤ j ≤ K − k0, the j-th
color-slot in D is the (k0 − 1 + j)-th color-slot in Lh(i).
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Let’s summarize our results. It’s proven that the first k0 − 1 color-slots in Li is a permutation of the first k0 − 1
color-slots in Lh(i). Also clearly for k0 +1 ≤ j ≤ K, the j-th color-slot in Li is the (j− 1)-th color-slot in Lh(i), since
they are both the same as the (j − k0)-th color-slot in D. Let Ct̂ (1 ≤ t̂ ≤ K) be the set that the K-th color-slot in
Lh(i) is in. It’s simple to see from Algorithm 2 that sh(i) is also in Ct̂ — so the k0-th color-slot in Li is in Ct̂. By
the indiction assumption, the first K color-slots in Lh(i) are evenly distributed in the K sets C1, C2, · · ·, CK . So the
first K color-slots in Li are also evenly distributed in the K sets C1, C2, · · ·, CK . The analysis of Case 2 ends here.

The proof by induction is complete here. So Lemma 4 is proved.
2

Theorem 6 Algorithm 2 correctly outputs a K-interleaving for the tree G = (V, E).

Proof: This theorem can be proved by showing that Algorithm 2 is a special case of Algorithm 1, namely, all the
computation in Algorithm 1 is also implemented in Algorithm 2.

Assume Algorithm 2 is used to produce a K-interleaving for a tree G = (V, E). Algorithm 2 labels the vertices in
G as v1, v2, · · ·, v|V |, and labels the color-slots in G as s1, s2, · · ·, sW. At the end of Algorithm 2, the K sets C1, C2,
· · ·, CK is a partition of all the color-slots in G.

Let γ denote the root of G. By the way Algorithm 2 labels vertices and color-slots, it’s simple to see that for
1 ≤ i < j ≤W, d(γ, si) ≤ d(γ, sj). So the rule on labelling color-slots in Algorithm 1 is also followed in Algorithm 2.

If W ≤ K, then Algorithm 2 assigns W distinct colors to the W color-slots in G such that no two color-slots are
assigned the same color, which is what Algorithm 1 does, too. So if W ≤ K, Algorithm 2 will correctly output a
K-interleaving for the tree G = (V, E). From now on we only consider the case where W > K.

For 1 ≤ i ≤ K, si ∈ Ci. For any 1 ≤ i 6= j ≤ K, no color-slot in Ci is assigned the same color as any color-slot
in Cj . So Algorithm 2 assigns K distinct colors to the following K color-slots: s1, s2, · · ·, sK , such that no two
color-slots among them are assigned the same color, which is what Algorithm 1’s step 1 does, too.

Let y be a fixed integer such that K + 1 ≤ y ≤ W. Let rmin denote the smallest value of r such that the set
{sj |1 ≤ j ≤ y− 1, d(sy, sj) ≤ r} contains no less than K color-slots. Define Ly as an ordered set that sorts the y− 1
color-slots s1, s2, · · · , sy−1 in the following way: for any 1 ≤ j 6= k ≤ y − 1, sj is placed before sk in the ordered set
Ly if ‘d(sy, sj) < d(sy, sk)’ or if ‘d(sy, sj) = d(sy, sk) and j < k’. Clearly, the distance between sy and the K-th
color-slot in Ly equals rmin, and any color-slot in the set {sj |1 ≤ j ≤ y− 1, d(sy, sj) < rmin} is one of the first K− 1
color-slots in Ly.

Assume Ct (1 ≤ t ≤ K) is the set that the K-th color-slot in Ly is in. It’s simple to see from Algorithm 2 that
sy ∈ Ct. Let sq be any color-slot in the set {sj |1 ≤ j ≤ y−1, d(sy, sj) < rmin}. sq is one of the first K−1 color-slots
in Ly. By Lemma 4, sq /∈ Ct. So sy and sq are assigned different colors by Algorithm 2, which is what Algorithm
1’s step 2 does, too.

By now it’s proven that all the computation in Algorithm 1 is also implemented in Algorithm 2. Therefore
Algorithm 2 is a special case of Algorithm 1. So Algorithm 2 will correctly output a K-interleaving for the tree
G = (V,E), just as Algorithm 1 does.

2

V. Discussion

In this paper the diversity coloring problem is studied for data storage in networks. It’s shown that a perfect
diversity coloring always exists on trees. For cyclic graphs, a perfect diversity coloring may also exist if the parameters
have certain properties. For example, for the diversity coloring problem where the graph G = (V, E) is an infinite two-
dimensional array with all edges of length 1 and with each vertex to be assigned one color, if maxv∈V,r∈RM(v, r) =
2m2 + 2m + 1 for some fixed m ∈ Z+, then a coloring using a close ‘sphere packing’ shown in [13] will be a perfect
diversity coloring, because in the coloring only 2m2 + 2m + 1 distinct colors will be actually placed and for every
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Figure 6: Perfect diversity coloring on 2-dimensional array using close sphere-packing

vertex, its neighborhood of radius m will contain all the 2m2 + 2m + 1 distinct colors with each appearing once.
Fig. 6 shows such a coloring with m = 1. It can be seen that the ‘spheres’, each of which is a neighborhood of radius
m, are closely packed.

Many diversity coloring problems for cyclic graphs, however, don’t have ‘perfect’ solutions. As a simple case study
we present the following problem on rings. Rings are common and important network topologies, and the problem
presented below corresponds to a very natural scenario of data storage.

Definition 7 (A diversity coloring problem on a ring) :
INSTANCE: n colors and a ring G = (V, E). Every edge e ∈ E is of length 1. For every vertex v ∈ V , w(v) = 1,

and the function M(v, r) is defined as follows: M(v, r) = 2brc+ 1 if r ≤ r0; M(v, r) = 2r0 + 1 if r > r0. (Here r0 is
a fixed integer such that 1 ≤ 2r0 + 1 ≤ |V |.)

QUESTION: How to assign w(v) = 1 color to each vertex v ∈ V , such that for any u ∈ V and any real number r,
the vertices in N (u, r) have no less than M(u, r) distinct colors in total? 2

It’s simple to see that the above diversity coloring problem can be reformulated as follows: how to assign one color
to each vertex such that any 2r0 + 1 consecutive vertices have 2r0 + 1 distinct colors? Note that r0 is an integer so
2r0 +1 is odd. By releasing this constraint the following more general problem can be raised: given a ring G = (V, E)
and n distinct colors, how to assign one color to each vertex such that every m consecutive vertices have m distinct
colors? (Here m is a fixed integer such that 1 ≤ m ≤ |V |.) The following proposition solves this problem.

Proposition 1 Given a ring G = (V, E), n distinct colors and a fixed integer m (1 ≤ m ≤ |V |), it’s feasible to assign
one color to each vertex such that every m consecutive vertices have m distinct colors if and only if n ≥ d |V |

b |V |m ce.
Proof: First, assume one color is assigned to each vertex such that every m consecutive vertices have m distinct
colors. Then for any two vertices of the same color, there must be at least m − 1 other vertices between them. So
each color is assigned to at most b |V |m c vertices. So the ring G has at least d |V |

b |V |m ce colors. So n ≥ d |V |
b |V |m ce.

Now assume n ≥ d |V |
b |V |m ce. Let a = b |V |m c, and let b = |V | mod m. Then |V | = am+ b and 0 ≤ b < m. Let c = b b

ac,
let d = d b

ae, let g = b−ac, and let h = a−g. Then g ≥ 0 and h > 0. Also, (m+c)h+(m+d)g = m(h+g)+ch+dg =
ma+ b b

ac(a−g)+ d b
aeg = ma+ b b

aca+(d b
ae−b b

ac)g = ma+ b b
aca+(d b

ae−b b
ac)(b−b b

aca) = ma+ b = |V |. Let m+d

distinct colors be denoted by integers 1, 2, · · ·, m+ d. Color the ring in this way: color (m+ c)h consecutive vertices
as “1, 2, · · · ,m + c, 1, 2, · · · ,m + c, · · · · · · , 1, 2, · · · ,m + c”, and color the following (m + d)g consecutive vertices as
“1, 2, · · · , m+d, 1, 2, · · · ,m+d, · · · · · · , 1, 2, · · · ,m+d”. Clearly the ring has m+d = m+d b

ae = dam+b
a e = d |V |

b |V |m ce ≤ n

distinct colors; and with such a coloring, every m consecutive vertices have m distinct colors. 2
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So for the diversity coloring problem defined in Definition 7, a solution places at least d |V |
b |V |

2r0+1 c
e distinct colors on

the ring; as long as 2r0 + 1 can’t divide |V |, there doesn’t exist any perfect diversity coloring as its solution. The
proof of Proposition 1 actually presents an algorithm which solves the diversity coloring problem in Definition 7.

It can be shown that for any diversity coloring problem for a ring, if n ≥ 2 · maxv∈V,r∈RM(v, r) − 1, (here n

is the number of colors that can be assigned to the ring, the same notation as in Definition 3), then there exists
a solution in which the ring is assigned no more than 2 · maxv∈V,r∈RM(v, r) − 1 distinct colors. The reasoning is
as follows. Assume a general diversity coloring problem as in Definition 3 is given, where the graph G = (V, E)
is a ring. Assume n ≥ 2 · maxv∈V,r∈RM(v, r) − 1. See every vertex v ∈ V as having w(v) color-slots. Define
W as W =

∑
v∈V w(v). Label the |V | vertices as v1, v2, · · ·, v|V |, such that v1 is adjacent to v|V | and v2, v2 is

adjacent to v1 and v3, · · ·, and v|V | is adjacent to v|V |−1 and v1; and differentiate the W color-slots in this way:
for 1 ≤ i ≤ |V |, say the w(vi) color-slots of vi are the (

∑
1≤j≤i−1 w(vj) + 1)-th, the (

∑
1≤j≤i−1 w(vj) + 2)-th, · · ·,

the (
∑

1≤j≤i−1 w(vj) + w(vi))-th color-slot in the ring respectively. Let the n distinct colors be denoted by integers
1, 2, · · · , n. Now color the ring is this way: for the first |V |−(|V |mod maxv∈V,r∈RM(v, r)) color-slots in the ring, color
them as “1, 2, · · · ,maxv∈V,r∈RM(v, r), 1, 2, · · · ,maxv∈V,r∈RM(v, r), · · · · · · , 1, 2, · · · ,maxv∈V,r∈RM(v, r)”; for the last
|V | mod maxv∈V,r∈RM(v, r) color-slots in the ring, color them as “maxv∈V,r∈RM(v, r) + 1,maxv∈V,r∈RM(v, r) +
2, · · · ,maxv∈V,r∈RM(v, r)+(|V | mod maxv∈V,r∈RM(v, r))”. Clearly with such a coloring, the ring has no more than
2 ·maxv∈V,r∈RM(v, r)− 1 distinct colors; and for any maxv∈V,r∈RM(v, r) consecutive color-slots, they are assigned
maxv∈V,r∈RM(v, r) distinct colors. For any vertex v̂ ∈ V and for any r̂ ∈ R, the color-slots of the vertices in N (v̂, r̂)
must be consecutive. So if there are less than maxv∈V,r∈RM(v, r) color-slots in N (v̂, r̂), then all the

∑
u∈N (v̂,r̂) w(u)

color-slots in N (v̂, r̂) are assigned distinct colors; if there are no less than maxv∈V,r∈RM(v, r) color-slots in N (v̂, r̂),
then those color-slots are assigned no less than maxv∈V,r∈RM(v, r) distinct colors. By the definition of the diversity
coloring problem,

∑
u∈N (v̂,r̂) w(u) ≥ M(v̂, r̂); and certainly maxv∈V,r∈RM(v, r) ≥ M(v̂, r̂). So the vertices in N (v̂, r̂)

have no less than M(v̂, r̂) distinct colors in any case. Therefore the coloring is a solution to the general diversity
coloring problem for a ring.

So a diversity coloring on a ring never has to use twice as many as maxv∈V,r∈RM(v, r) distinct colors. That is
not true, however, for general graphs. There exist diversity coloring problems for general graphs where the minimum
number of distinct colors a solution needs to use can be arbitrarily greater than maxv∈V,r∈RM(v, r). Examples of
such problems can be easily found.

This section mainly focuses on the minimum number of distinct colors a diversity coloring needs to use. Studying
that number is important in both theoretical and application aspects. That number not only is critical for the
existence of solutions to diversity coloring but also influences the complexity of finding the solutions. And when
the diversity coloring problem is related to the file storage scheme proposed in this paper, that number sets a lower
bound on the codeword length of the error-correcting code used. A large codeword length usually implies a small
selection of the candidate codes and high decoding complexity. Therefore knowing the lower bound on the codeword
length is certainly desirable.

VI. Concluding Remarks

In this paper a new file storage scheme is proposed. The scheme combines coding with storage for better per-
formance, and aims at satisfying the various QoS requirements of different nodes in both fault-free and faulty
environments. The scheme is formulated as a ‘diversity coloring problem’, which is solved for tree networks using a
‘K-interleaving’ technique. The K-interleaving technique can produce both perfect diversity coloring and absolutely
optimum file placement solutions. It is also a new member in the family of interleaving techniques for codeword
layout. Various other aspects of diversity coloring and K-interleaving are also studied.
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APPENDIX I

In this appendix we analyze the complexity of Algorithm 1.

To implement Algorithm 1, it’s first necessary to label all the color-slots as s1, s2, · · ·, sW based on their distance
to the root. This has time complexity O(|V | log |V |+W).

Assigning colors to the first K color-slots, which are s1, s2, · · ·, sK , has time complexity O(K). For any of the
remaining W −K color-slots, say it’s si, in order to assign a color to it, it’s necessary to find out the colors of all
the color-slots in the set {s1, s2, · · · , si−1} that are at distance less than rmin from si. (Here rmin, as in Algorithm
1, is defined as the smallest value of r such that in the set {s1, s2, · · · , si−1}, there are no less than K color-slots
at distance no greater than r from si. Note that the value of rmin changes if the value of i changes.) To do that,
the algorithm needs to inspect the color-slots of the tree in the order of their distance to si — which requires the
ordering of the vertices in the tree based on their distance to si — until K color-slots are inspected and the value
of rmin is determined. Making a list for every vertex in the tree which orders vertices according to their distance to
that vertex has a total complexity of O(|V |2). Then to color si, up to O(|V |) vertices and O(K) color-slots need to
be inspected. Therefore coloring the remaining W−K color-slots has a total complexity of O(|V |2 +W · |V |+W ·K).

By combining the above results, the time complexity of Algorithm 1 is found to be O(|V |2 +W|V |+WK).

APPENDIX II

In this appendix we present the proof of Theorem 4.

Proof: By Theorem 3, the set of possible outputs of Algorithm 1 is a subset of the set of K-interleavings. So the
only thing left to prove is that every K-interleaving is a possible output of Algorithm 1, even if the root of the tree
is fixed.

Assume the root of the tree is fixed. Assume a fixed K-interleaving for the tree G = (V, E) is given. There are
totally W =

∑
v∈V w(v) color-slots in the tree. If

∑
v∈V w(v) ≤ K, it’s simple to see that the K-interleaving must

have assigned W distinct colors to the W color-slots, which is clearly a possible output of Algorithm 1. So from now
on we only consider the case whereW > K. We’ll prove by induction that for 1 ≤ i ≤W, there is a set of i color-slots
that Algorithm 1 can label as s1, s2, · · ·, si and assign the same colors to as the given K-interleaving does.

Let γ denote the fixed root of the tree. For 1 ≤ j ≤ W, let Rmin(γ, j) denote the minimum value of r such that∑
v∈N (γ,r) w(v) ≥ j. Let A0 denote the set of color-slots at distance less than Rmin(γ, K) from γ. By Lemma 1, all

the color-slots in A0 are assigned distinct colors in the given K-interleaving, and there exists a set B0 of K − |A0|
color-slots at distance Rmin(γ, K) from γ such that all the K color-slots in A0 ∪ B0 are assigned distinct colors in
the given K-interleaving. Clearly it’s feasible for Algorithm 1 to label the color-slots in A0 ∪ B0 as s1, s2, · · ·, sK ,
and assign the same colors to them as the given K-interleaving does. Therefore the induction is true for 1 ≤ i ≤ K.
We’ll use this as the base case.

Assume the following induction assumption is true: for some fixed i such that K ≤ i < W, there is a set C of i

color-slots which Algorithm 1 can label as s1, s2, · · ·, si and assign the same colors to as the given K-interleaving
does. We will prove that this induction assumption is also true if i is replaced by i + 1.

Since Algorithm 1 always assigns colors to color-slots in the order of their increasing distance to the root γ, it’s
simple to see that no color-slot in C is at distance greater than Rmin(γ, i) from γ; and for any color-slot not in C,
it is at distance no less than Rmin(γ, i + 1) from γ.

Let D denote the set of all the W color-slots in the tree. Let H denote the set of color-slots in D −C at distance
Rmin(γ, i + 1) from γ. (Clearly H must be non-empty.) Denote the color-slots in H as c1, c2, · · ·, c|H|. Randomly
pick a color-slot cj1 from H. (Here 1 ≤ j1 ≤ |H|.) Let rmin(j1) denote the smallest value of r such that there are no
less than K color-slots in C at distance no greater than r from cj1 . We consider the following two cases.
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Case 1: In this case, no color-slot in C at distance less than rmin(j1) from cj1 is assigned the same color as cj1 in
the given K-interleaving. Then it’s simple to see that it is feasible for Algorithm 1 to label cj1 as the color-slot si+1

and assign si+1 the same color as the given K-interleaving does, after labelling the color-slots in C as s1, s2, · · ·, si

and assigning the same colors to them as the given K-interleaving does.

Case 2: In this case, at least one color-slot in C at distance less than rmin(j1) from cj1 is assigned the same color
as cj1 in the given K-interleaving. Let tk1 denote such a color-slot: tk1 ∈ C; tk1 and cj1 are assigned the same color
in the given K-interleaving; for any color-slot z ∈ C that is assigned the same as cj1 in the given K-interleaving,
d(tk1 , cj1) ≤ d(z, cj1). Clearly, d(tk1 , cj1) < rmin(j1). Say cj1 is a color-slot of vertex u1, and tk1 is a color-slot
of vertex v1. d(u1, γ) = d(cj1 , γ) = Rmin(γ, i + 1) ≥ Rmin(γ, i) ≥ d(tk1 , γ) = d(v1, γ), so C(u1, v1) is on the path
between u1 and γ.

Let J denote the set of color-slots of the vertices in S(u1, v1). For any color-slot z ∈ J , z ∈ C ∪ H because
otherwise d(z, γ) > Rmin(γ, i + 1) and therefore d(z, C(u1, v1)) > d(u1, C(u1, v1)) = d(u1,v1)

2 , which implies z /∈ J . So
J ⊆ C ∪H. Therefore, J = (J ∩ C) ∪ (J ∩H), and (J ∩ C) ∩ (J ∩H) = ∅.

By Lemma 3, the color-slots in J are assigned at least K distinct colors in the given K-interleaving. For any color-
slot z ∈ J ∩ C, d(u1, z) ≤ d(u1, C(u1, v1)) + d(C(u1, v1), z) ≤ d(u1,v1)

2 + d(u1,v1)
2 = d(u1, v1) = d(cj1 , tk1) < rmin(j1).

There are fewer than K color-slots in C at distance less than rmin(j1) from cj1 , so there are fewer than K color-slots
in J ∩ C. Therefore there is a color-slot in J ∩ H (which we denote by cj2) such that in the given K-interleaving,
neither cj1 nor any color-slot in J ∩ C is assigned the same color as cj2 .

We can replace cj1 with cj2 and consider (go through) the above two cases again. (All the parameters need to
change accordingly when we replace cj1 with cj2 .) If case 1 becomes true when we replace cj1 with cj2 , then it’s
feasible for Algorithm 1 to label cj2 as the color-slot si+1 and assign si+1 the same color as the given K-interleaving
does. Otherwise case 2 is true when we replace cj1 with cj2 , and then we can find such parameters ‘tk2 , u2, v2 and
cj3 ’: ‘tk2 , u2, v2 and cj3 ’ are to cj2 just as ‘tk1 , u1, v1 and cj2 ’ are to cj1 . Then we can replace cj1 with cj3 and
consider (go through) the above two cases again, and so on ...... Notice that C(u1, v1) lies on the path between γ

and u2, because otherwise d(C(u1, v1), u2) > d(C(u1, v1), u1) = d(u1,v1)
2 and that would imply that cj2 /∈ J , which is

false. Then it’s simple to see that a color-slot in C is within distance d(u1, v1) from cj2 if and only if this color-slot
is in J ∩ C. No color-slot in J ∩ C is assigned the same color as cj2 in the given K-interleaving, but tk2 and cj2 are
assigned the same color, and tk2 ∈ C. So d(v2, u2) = d(tk2 , cj2) > d(u1, v1). C(u2, v2) lies on the path between γ

and u2 just as C(u1, v1) lies on the path between γ and u1. So both C(u2, v2) and C(u1, v1) lie on the path between
γ and u2. Since d(C(u2, v2), u2) = d(v2,u2)

2 > d(u1,v1)
2 = d(C(u1, vv), u2), the point C(u2, v2) must be lying on the

path between γ and C(u1, v1), and C(u2, v2) and C(u1, v1) can’t be the same point. Similarly, let ‘u3 and v3’ be the
parameters which are to cj3 just as ‘u2 and v2’ are to cj2 and just as ‘u1 and v1’ are to cj1 ; then the point C(u3, v3)
must be lying on the path between γ and C(u2, v2), and C(u3, v3), C(u2, v2) and C(u1, v1) must all be distinct points.
And so on ...... So cj1 , cj2 , cj3 · · · are all distinct color-slots. There are a limited number of color-slots in H. So
eventually we’ll find some cjx ∈ H (1 ≤ x ≤ |H|) such that it’s feasible for Algorithm 1 to label cjx as the color-slot
si+1 and assign si+1 the same color as the given K-interleaving does, after labelling the color-slots in C as s1, s2,
· · ·, si and assigning the same colors to them as the given K-interleaving does.

So by now it been shown that in all cases, some color-slot cjx ∈ H can be found such that it’s feasible for Algorithm
1 to label the color-slots in C∪{cjx} as s1, s2, · · ·, si+1, and assign the same colors to them as the given K-interleaving
does. Since C ∪ {cjx} contains i + 1 color-slots, the induction assumption is true when i is replaced by i + 1.

The proof by induction is complete here. Now it’s clear that Algorithm 1 can assign the same colors to all the W
color-slots as the arbitrarily given K-interleaving does. So any K-interleaving is a possible output of Algorithm 1,
even if the root of the tree is fixed. Therefore this theorem is proved.
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APPENDIX III

In this appendix we analyze the time complexity of Algorithm 2, and show that Algorithm 2 is more efficient than
Algorithm 1.

Complexity Analysis: Algorithm 2 first labels the vertices as v1, v2, · · ·, v|V | according to the vertices’ distance
to the root, and labels the color-slots as s1, s2, · · ·, sW based on the labelling of the vertices. This has complexity
O(|V | log |V |+W).

Initializing the values of the K sets C1, C2, · · ·, CK — namely, to let Ci = {si} for 1 ≤ i ≤ K — has complexity
O(K). Then for i = K +1 to W, the step 5 in Algorithm 2 searches for the color-slot sx and the set Ct corresponding
to i, and inserts si into Ct. (For the meaning of sx and Ct, see the step 5 in the Algorithm 2.) To do that, we
can process the vertices one by one, with the method described below. For simplicity, we only describe the process
of processing one vertex vi. (Also for simplicity, we assume all vi’s color-slots are in {sK+1, sK+2, · · · , sW}, and
1 ≤ w(vi) ≤ K. It’s simple to see that the following method only needs to be modified slightly when w(vi) > K or
some of vi’s color-slots are not in {sK+1, sK+2, · · · , sW}. And when w(vi) = 0, there is no need to process vi.)

The process of processing vi is as follows. Make a list which sorts the vertices v1, v2, · · ·, vi−1 according to the
following two rules: (1) for any 1 ≤ j1 6= j2 ≤ i− 1, if d(vi, vj1) < d(vi, vj2), then vj1 is placed before vj2 in the list;
(2) for any 1 ≤ j1 6= j2 ≤ i− 1, if d(vi, vj1) = d(vi, vj2) and j1 < j2, then vj1 is placed before vj2 in the list. (Making
|V | such lists for all the |V | vertices in the tree has a total complexity of O(|V |2).) Say in the list, the vertices are
ordered as (vk1 , vk2 , · · · , vki−1). (Here (k1, k2, · · · , ki−1) is a permutation of (1, 2, · · · , i − 1).) Find four variables a,
b, c and d that satisfy the following conditions:

∑
1≤j≤a−1 w(vkj ) + b = K − w(vi) + 1,

∑
1≤j≤c−1 w(vkj ) + d = K,

1 ≤ a ≤ i− 1, 1 ≤ b ≤ w(vka), 1 ≤ c ≤ i− 1, and 1 ≤ d ≤ w(vkc).
For p = 1, 2, · · · , |V |, define Wp as Wp =

∑
1≤q≤p−1 w(vq). (By convention, W1 = 0.) For p = 1, 2, · · · , |V | and

q = 1, 2, · · · , w(vp), define ŝp,q as the color-slot sWp+q. (So for any 1 ≤ p ≤ |V |, the w(vp) color-slots of vertex vp are
ŝp,1, ŝp,2, · · ·, ŝp,w(vp).)

Define Ŝ as an ordered set of color-slots that satisfies the following two conditions: (1) the only color-slots in Ŝ

are these w(vka) − b + 1 color-slots of vertex vka — ŝka,b, ŝka,b+1, · · · , ŝka,w(vka ), and all the color-slots of vertices
vka+1, vka+2, · · · , vkc−1, and these d color-slots of vertex vkc — ŝkc,1, ŝkc,2, · · · , ŝkc,d; (2) for any two color-slots ŝkx,y

and ŝkz,u in Ŝ, ŝkx,y is placed before ŝkz,u in Ŝ if and only if ‘x > z’ or ‘x = z and y > u’. (It can be verified that Ŝ

contains w(vi) color-slots.)
Now for j = 1 to w(vi), insert the color-slot ŝi,j into the set Ct, where Ct (1 ≤ t ≤ K) is the set that the j-th

color-slot of Ŝ is in. (Note that t changes when j changes.) And the process of processing vertex vi ends here.
If the complexity of making the list which sorts the vertices v1, v2, · · ·, vi−1 into (vk1 , vk2 , · · · , vki−1) is not counted,

then the process of processing vertex vi simply has complexity O(|V |+w(vi)). Therefore the complexity of processing
all the W−K vertices vK+1, vK+2, · · · , vW, without excluding the complexity of any computation, is O(|V |2 +W).

By combining the above results, the time complexity of Algorithm 2 is found to be O(|V |2 +W).

Comparison between Algorithm 1 and Algorithm 2: There are two significant differences between the implemen-
tation of Algorithm 1 and Algorithm 2.

Difference 1: In Algorithm 1, the color-slots are colored one by one. Except for the first K color-slots, to color
a color-slot, some vertices that K other color-slots belong to need to be inspected. However in Algorithm 2, as
described in the previous complexity analysis, the vertices — instead of the color-slots — are processed one by one;
every time a vertex vi is processed (here w(i) > 0), the vertices that K other color-slots belong to are inspected for
all the w(vi) color-slots of vi — instead of for just one color-slot — in a very similar manner. So when the processing
of all the color-slots of a vertex vi is considered, for the above computation, compared to Algorithm 1, Algorithm 2
reduces the complexity by a factor of w(vi).

Difference 2: In Algorithm 1, except for the first K color-slots, to color a color-slot, approximately K colors needs
to be checked to determine the set of colors that can possibly be assigned to that color-slot. However, in Algorithm 2,
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the counterpart operation is simply to insert the color-slot into some set Ct. So for the above computation, compared
to Algorithm 1, Algorithm 2 reduces the complexity by a factor which is approximately K.

The operations in Algorithm 1 and the operations in Algorithm 2, except for the ones specified in ‘Difference 1’
and ‘Difference 2’, are very similar and have the same complexity. Therefore, Algorithm 2 is more efficient than
Algorithm 1.
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