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Abstract— Network coding provides elegant solutions to many random linear coding is used for storage, and the scheme is
data transmission problems. The usage o_f coding for distribqtgd shown to have high success rate for data retrieval.
data storage has also been explored. In this work, we study a joint In this paper, we study a joint storage and transmission

storage and transmission problem, where a source transmits a file bl It foll | d st trieval model
to storage nodes whenever the file is updated, and clients read the,pro em. It ioflows a commonly used storage-retriev

file by retrieving data from the storage nodes. The cost includes IN many network applications. In this model, the network
the transmission cost for file update and file read, as well as the consists of three types of nodes: a source node, storage nodes

storage cost. We show that such a problem can be transformed and client nodes. For generality, every node can be a storage
into a pure flow problem and is solvable in polynomial time using  454e and a client node. The data of a file are stored in the

linear programming. Coding is often necessary for obtaining the t d h havi b d it
optimal solution with the minimum cost. However, we prove that Storage nodes, each having an upper bound on Its memory

for networks of generalized tree structures, where adjacent nodes Size. Every time the file is updated, the source node re-sends
can have asymmetric links between them, file splitting — instead the data to the storage nodes. Each client node reads the file —
of coding — is sufficient for achieving optimality. In particular, if  with a certain frequency — by accessing the storage nodes. (A
there is no constraint on the numbers of bits that can be stored jiant can be thought of as a node running programs that need
in storage nodes, there exists an optimal solution that always . .
transmits and stores the file as a whole. The proof is accompanied to read the latest file V_erS|0n,_ or a network access node that
by an algorithm that optimally assigns file segments to storage forwards consumers’ file retrieval requests.) The total cost,
nodes. which we seek to minimize, includes the transmission cost
associated with file update/read and the storage cost. As the
first result in the paper, we shall show that the joint storage
Coding provides elegant solutions to both data transmissiand transmission problem can, in fact, be transformed to a
and data storage in networks. Its power comes from tipere network flow problem, and can be solved in polynomial
improved flexibility that codeword symbols have in expressingme by linear programming.
a file, which can help us obtain the maximum amount of In many cases, coding is necessary for minimizing cost. The
information from a set of data flows or stored data symbolgproblem under study here includes multicast as a special case,
The usage of coding for data transmission, commonlyhere coding is in general beneficial. However, the necessity
known asnetwork codinghas been studied extensively. In paref coding heavily depends on the network structure. As the
ticular, multicast using network coding achieves the networkain result of this paper, we prove that when the network
capacity, and the result extends the well known max-flow mihas a generalized tree structure — a tree where between every
cut theorem [2]. Linear coding and random linear coding [4]air of adjacent nodes, there are two opposite-direction links
for network coding attract lots of interest due to their simwith asymmetric attributes, — file splitting, instead of coding,
plicity and optimal performance, both of great importance fas sufficient for achieving optimality. (The network in Fig. 1
applications. Network coding can lower the complexity of datg@) is an example of generalized trees.) In particular, if there
flow problems and lead to solutions that are decentralized orisfno constraint on the memory sizes of storage nodes, then
improved performance in various aspects [9]. Both multicaiiere exists an optimal solution where the file is stored and
and non-multicast [10], block codes and convolutional coddasansmitted as a whole.
linear coding and non-linear coding have been studied forThe main result here improves the current knowledge on the
network coding, and the complexity classification of thosgerformance gap between approaches respectively using and
problems have been gaining attention [12]. not using coding [3], [8]. The findings can potentially lead
Coding for data storage in distributed networks has al$o solutions with substantially lower complexity and simpler
been studied. In [11], the following problem is studied: how teorms, both of which are important for network applications.
store a file distributedly such that every node can reconstructThe rest of the paper is organized as follows. In Section II,
the file by accessing the data stored on itself and its direge formally define the problem, and present its transformation
neighbors. The objective is to minimize the total number dfto a pure flow problem. In Section Ill, we present an
bits stored in the network. In [5], [6], interleaving techniquemterleaving algorithm for the transmission and storage of file
are presented for placing codeword symbols on network nodeggments in a generalized tree network, which achieves the
for optimized distributed file retrieval performance. In [1]information-theoretic bound for the file retrieval performance.

I. INTRODUCTION



B. Transformation and Complexity
1st Layer

We shall show that the joint storage and transmission
problem forG = (V, E) can be transformed into a pure flow
problem for a new graplt = (Vy, Ey). An example of the
transformation is shown in Fig. 1. The verticestfare placed
in three layers:

« The vertices and edges in the first layer are an exact copy
of the graphGG. We denote the vertices @ by vy, v, - - -,

vp, and correspondingly, denote the vertices in the first
layer of H by v}, v3, - -, v}. (nis the number of vertices

in G.) Each edgdv;, v;) has length,, . - fupdare @nd

no capacity constraint.

The second layer off hasn vertices —v?, v3, -,

2nd Layer

Fig. 1. (@) G = (V, E) (b) new graphH = (Vg, Eg)

In Section IV, we prove that file splitting is sufficient for
achieving optimality in generalized tree networks. In Section
V, we conclude the paper.

v2 — and no edges. However, for=1,2,--- ,n, there
[1. JOINT STORAGE AND TRANSMISSIONPROBLEM is a directed edgév},v?) with length m,, and a link
A. Definition of The Problem capacity ofM,, bits per unit time.

o The third layer of H has n exact copies ofG. (The
exactnesds in terms of topology, same as for the first
layer.) For th{ez‘—th copy (1. < i < n), we denote its

We model the network as a directed gragh= (V, E).
An edgee € F from vertexu to vertexv is also denoted by
(u,v). Each edge: = (u,v) € E has a length, = [,,, > 0,

which is the cost of transmitting one bit fromto v via the vertices byuj, u3, , up. Each que(u’ U >. has
. lengthi(,, ,,) - freaa(vk) @and no capacity constraint. For
edge. Each vertex € V has an associated value, > 0, ) Y . . .
= 1=1,2,---,nandj = 1,2,--- ,n, there is a directed

which is the cost of storing one bit anper unit time, and a d 2 i) with lenath 0 and it traint
second associated valukf,, which is the maximum number € .g?(vj’ui) with feng .an' no capacity c.ons ra.un '

of bits that can be stored an(that is, its memory size). There The joint storage and transmission problem ¢ois equiv-

is one particular source vertex,.; € V, which generates an alent tq a mulltlcast problem fok, Whgre the source is the
updated version of a file on average, .. times per unit vertei< |n2the first layer of{ cor.respon_dmg @00t the sinks
time. The file is always ofL;;, bits. Every vertexp € V &r€ui, us, ---, uy, and the objective is to minimize the total
reads the file on averagg...(v) times per unit time. link cost for th_e multicast. Clearly, the transmssm_n@{nfor_

The storage and retrieval process is as follows. Every tirs@dating the file corresponds to the same transmission in the
the file is updatedy,...; sends encoded data of the file to othélirst layer of I, the storage cost paid by each vertgxn G
vertices. Every vertex may store some encoded data, whicl$ the same as the transmission costirfrom v; to v7, and
cannot exceed’s memory size)M,. The data that a vertex the file retrieval transmission i@ initiated byv,; corresponds
sends to its neighbor or stores on itself can be any encodffgthe same transmission in thieth copy of G in the third
of the data that it receives. Every time a verteseeds to read 'ayer of H.
the file, it retrieves data from the network and recovers the file The multicast flow problem can be formulated as a linear
via decoding. The objective is to minimize the total cost, whicArogramming problem [9], which can be solved in polynomial
includes the transmission cost for file update and read, as we. For simplicity, we skip the details of the LP formulation.
as the storage cost. More specifically,pif (resp.,¢, ) bits Interested readers may refer to [9] for details.
are transmitted through the edgewhen the file is updated
(resp., when vertex: reads the file), and each vertexstores
x, bits, then the objective is to obtain a storage-transmissionWWe proceed to study the joint storage and transmission
solution that minimizesy .. x fupdatePele + Y ey Tomy +  Problem for networks of generalized tree structures.
> vevieen fread(V)quele. A generalized treds a tree with two directed edges of

We assume that the file update and read operations apposite directions between every pair of adjacent vertices,
asynchronous. So coding schemes can be used for eattere the two directed edges can have different lengths. An
individual file update or read session, but not jointly foexample of a generalized tree with four vertices is shown in
multiple sessions. We assume that the network uses standéigl 1 (a). We let the source,..,; be the root of tre&z. The
lock/unlock mechanisms to prevent concurrent read and writencepts of leaf, parent, child, ancestor and descendant are
(update) operations. We also assume that the entire schataBined for the vertices in the same way as in classic graph
— how data are encoded, transmitted and stored — are detbeory. We call each edge from a parent to a childoavn
mined beforehand, and the cost for vertices to remember itliigk, and call each edge from a child to a parentugmnlink
negligible compared to the cost for constantly transmitting anmile call the transmission of data from,,; to other vertices
storing the file data. Note that undirected networks can aladen the file is updated thde update operationand call the
be incorporated into this problem by replacing an undirectéhnsmission of data from certain vertices to a ventex V'
edge with two directed edges of opposite directions. that is retrieving the file thédile read operation by.

Il. OPTIMAL DATA ASSIGNMENT WITHFILE SPLITTING



We shall prove that file splitting is sufficient for achieving « Assume that part of the memory slots Gf have been
optimality. That is, by just transmitting and storing truthful assigned file segments. For each file segmegntve use
pieces of the file, the same minimum cost can be obtained A; to denote the set of memory slots that are assigned
as by any optimal solution that uses coding. In particular, if p;. If A; # 0, then for any vertexs, we usepu(p;,v)
there is an optimal solution based on coding that transmits to denote the memory slot id; that is the generically

Cupdate(u, v) bits over each down linku, v) in the file update closest tov. Then, (1) if A; # 0 and A; # 0, d(p; —
operation and store®g,,..(v) bits in each vertex, there v) < d(p; — v) iff d(p(pi,v) — v) < d(u(p;,v) — v);
exists a solution based only on file splitting that transmits at  (2) if A; # 0 and A; = 0, thend(p; — v) < d(p; — v);
most (actually, equal tof,,qqtc(u,v) bits over each down (@) if A, = A; =0, thend(p;, — v) < d(p; — v) iff
link (u,v) in the file update operation, stords,,,..(v) bits 1<j.

in each vertex), and incurs no more (actually, the same) cost There is again no need to assign concrete values to the
for each file read operation than the optimal solution based gBneric distance that is defined above.

coding does. (Clearly, an optimal solution does notusénks  For ; memory slots that belong to a subtrég, if i >

in thg file upt_date operation, because a vertex cannot get gny , .. (v), then we say that thosé memory slots arele-

new information from its descendants during the operatiorpndent because the data stored in them must be redundant,
In the following, we present such a file splitting scheme.  even if coding is used for both data transmission and storage.
A. Notations and Basic Properties (Note fthat all ;[he im;]qrrr?ation_ storedlyi)n th‘err(le)mory slotts
o _ came from vertex, which receives onlyD., 4. (v) Segments
We assume that the file is split it equally long file from the source.) More generally, we call a set of memory slots

segments, and that a file segment is the minimum unit for %I endenif it contains a subset that ependentotherwise
transmission and storage operations. Note that a file seg 'ﬁset isindependent '

can be made as short as just one bit, so no generality is IOStGiven a set of memory slotd, we define itsdimensionto
However, it is p_revailing practice _in network appli_cations ¢ e the maximum number of in'dependent memory slots that
operate at th_e file segment level instead of th_e bit level. Xist in A. It indicates the maximum amount of information
denote the file segments b, ps, -, pc. With a small 070 n possibly get by reading the data storeddirwhen

mod|f|cat|on Of. terms, we require that at .m(ﬁ&”d“te(u’ v) coding is used. (Note that coding-based schemes include file
file segments (in stead of bits) are transmitted over each doy

. : ; : Splitting as a special case). Similar to vectors in linear space,
g?(l)(re(:l,)v) n (th)e f{;leesuepdr?;; p(ei;aggg dagg ;2:; Ei/?/ghl(;/sf?grthe maximum set of mdependgnt_ memory slotsdircan be
/store(V) TI€ S€Q >): found in a greedy way. Also, similar to vectors, we have the
the optimal solution given those two constraints. following observation
We define a termD,pqqie(v), as follows: ifv € V has '
a parentu, then Dypqate (V) = Cupdate (u, v); Otherwise,v is  Lemma 3.1. If a set of memory slots has dimensionthen
the rootv,.:, and we letD,,,qq.e(v) = K. For each vertex with any coding-based solution, the data stored in them contains
v € V, T, denotes the subtree ¢f rooted atv. We denote no more than - ”7’ bits of information. (HereLjKﬂ is the
theleast common ancestor verticesu andv by LC A(u,v). number of bits in a file segment.) In particular, if only file
The distance from € V to v € V is the length of the path splitting is used, then there are at mosifferent file segments
from u to v and is denoted by(u — v). stored in those memory slots.

Since every vertex is to storeD;o..(v) file segments, we e defineB, (i) to be the set of memory slots generically
think of v as havingD;or (v) memory-slotsone for each file ¢|osest to vertex. That is,| B, (i)| =  and for anys; € B, (i)
segment. We definer asw = 3., ¢y Dstore(v), that s, the ang g, ¢ B, (i), d(s; — v) < d(sp — v).
total number of memory-slots in the trée We usehost(s) to
denote the vertex that a memory stdbvelongs to. We label all B. Algorithm for Assigning File Segments

the memory-slots i assy, sz, -+ -, s following this rule: e shall present an algorithm that stor&s,,.(v) file
if 6(host(si) = vroot) < 6(host(s;) — vroot), theNi <j.  segments in each vertexand has the property thatu € V,

For a memory slot; and a vertex), we define thegeneric the number of distinct file segments stored in the memory
distance froms; to v, d(s; — v), as follows: slots inT,, is at MostD,pqac(u). With such an assignment

o V s, s; and vertexv, d(s; — v) < d(s; — v) if of file segments, at mosD,q.:.(u) file segments need to
and only if “0(host(s;) — v) < §(host(s;) — v)” or reachu € V in the file update operation, so file splitting is
“0(host(s;) — v) = 0(host(s;) — v) andi < j.” sufficient for its implementation.

There is no need to assign concrete values to genericThe algorithm assigns file segments to memory slots one
distance. All we need is the ability to compare the generiiy one. To decide which file segment is to be assigned to
distance from two memory slots to a vertex.difs; — v) < memory slots;, the algorithm checks if there is a subtree
d(s; — v), we say thats; is generically closer tw thans; T, containings; that has already been assigndg,qqt.(v)
is. distinct file segments. If so, only those file segments serve as

For a file segmenp; and a vertex, we define thegeneric candidates, and the algorithm chooses the generically furthest
distance fromp; to v, d(p; — v), as follows: one for s;; otherwise, the algorithm chooses the generically



furthest file segment among all th€ file segments. It will host(s;)) = d(host(sq) — host(s;)). S0d(s, — host(s;)) <

be proved that such an assignment has the nice property W@, — host(s;)).

anyv € V can find K distinct file segments in th& closest ~ We now assume that, is not in the subtree rooted at

independent memory slots, which is the best possible. LCA(v, host(s;)). Sinces, € B,(j) ands, ¢ B,(j), we
Algorithm 1. [Data Assignment for Tre&€ = (V, E)] have d(s, — v) < d(s; — v). Both v and s; are in

1.V v €V, let A, denote the set of file segments that havifie subtree rooted a&iCA(v, host(si)), and boths, ands,
are out of that subtree, so it is simple to see that again,

been assigned to memory slots’ip. Initially, A, = 0.
2 fori—1to w do ‘ d(sp — host(s;)) < d(sq — host(s;)). O

{ 2.1 Checkthe vertices in the path frdmst(s;) 10 vroot  Lemma 3.4. With the file segment assignment output by Algo-
in Order, Starting Wltfhost(sl) If v is the first vertex we find rithm 1, for anyv € V and anﬁ’ j, the number of different file
such thaf Ay | = Dupaate(v), assign tos; the file segment € segments assigned to the memory slot§sift < i} N B, (j)
A, such thatd(r — host(s;)) = mazgea,d(0 — host(s;)).  equals the dimension @&, |t < i} N B, (j).
If no suchw is found, assign ta; the file segment such that Proof: We prove this lemma by induction anfor i =
d(1 — host(s:)) = maz1<;<xd(p; — host(si)). 1,2,--- ,w. Wheni = 1, the lemma clearly holds. That serves

2.2 For every vertex in the path fromhost(s;) 10 vreor,  as the base case. Now assume that the lemma holds for any
let A, — A, U{r}. i <I. (1 <I<w.)We shall prove that it also holds when
i=1.

o _ ) ) ) Let ¢ = I. If the dimension of{s:|t < i} N B,(j) equals
I‘I;r;e above algorithm has time complex®(|V'|*+@|V|+ he dimension of{s;t < i — 1} N B,(5), by the induction
w .

assumption and Lemma 3.1, the number of different file seg-
C. Optimality of Algorithm 1 ments assigned ts; |t < i}NB,(j) must equal the dimension
nPf {silt <i—1} N B,(j), so the lemma holds. In the rest of

In this subsection, we shall prove this following theore ; hat the di : . )
which shows that Algorithm 1 minimizes the file read cost fhe proof, we assume that the dimensior{oflt < i}N B, (j)
[t <i—1}NB,(j). The

all vertices simultaneously, even when compared to optimé? one more _than th_e d|m_en3|pn i ;
solutions based on coding. assumption immediately implies that € B, (j), and that the

dimension of{s;|t <i— 1} N B,(j) is less thank.
Theorem 3.2. With the file segment assignment output by |et's recall Algorithm 1. Consider the moment when Algo-
Algorithm 1, for every vertexv € V, the K generically rithm 1 is to assign a file segment g The algorithm checks
closest independent memory slots are assigtiedifferent file  the vertices in the path fromwst (s;) t0 v,.0; in order, starting
segments. with host(s;). There are two cases.

We first present two lemmas. o Cases 1. The algorithm finds no vertexin the path
such that the subtre&, has been assigned,,qqte(v)
different file segment§o it assigns ta; the file segment
that is generically furthest thost(s;). At that moment,
only memory slots in{s;|t < i} have been assigned
file segments, and Lemma 3.3 shows that any memory
slot in both{s:|t < i} and B,(j) is generically closer

Lemma 3.3. If s; € B,(j), then any memory slot ifis;|t <
i} N By(j) is generically closer tdost(s;) than any memory
slotin{s;|t < i} — B,(j) is.

Proof: Lets, € {s;|t < i} be a memory slot in the sub-
tree rooted atLC' A(v, host(s;)). Sincer < i, §(host(s,) —
Vroot) < O(host(s;)) —  Vroot), SO d(host(s,) —

LCA(v, host(s;))) < d(host(s;) — LCA(v, host(s;))). So
d(host(sy) — v) < d(host(s,) — LCA(v,host(s;))) +
§(LC A(v, host(s;)) — v) < d(host(s;) — v). Sod(s, —
v) < d(s; — v). s; € By(j), s0s, € By(j). Let s, be any
memory slot in{s,|t < i} — B,(j). Then we know thas, is
not in the subtree rooted &tC A(v, host(s;)).

Let s, be any memory slot ifs,|t < i} N B,(j). We shall
prove thatd(s, — host(s;)) < d(sq — host(s;)). First we
assume thas, is in the subtree rooted dtCA(v, host(s;)).
Then §(host(s,) — LCA(v,host(s;))) < d(host(s;) —
LCA(v, host(s;))). Sinces; € B,(j), ¢ > ¢ and s,
B,(j), we must haved(host(s,) — v) > 0(host(s;
v), which leads tod(host(s;) — LCA(v,host(s;)
d(host(s;) — LCA(v,host(s;))). So d(host(sp)
host(s;)) < 6(host(sp,) —  LCA(v,host(s;)))
S(LCA(v, host(s;)) —  host(s;)) < d(host(s;)
LCA(v, host(s;))) + 6(LCA(v, host(s;)) — host(s;))
d(host(sq) — LCA(v, host(s;))) + 6(LCA(v, host(s;))

Inl+1viIiw

to host(s;) than any memory slot ins;|¢t < i} but
not in B,(j). Memory slots in{s:|t < i — 1} N B,(j)
are assigned less thak different file segments, so the
file segment that is generically furthest frdmst(s;) —
which is now assigned te; — must be outside the set
{s¢]t <i—1} N B,(j). So we can see that the lemma
holds here.

Cases 2.u is the first vertex that the algorithm finds
in the path such that the subtrég, has been assigned
Dypdate(u) different file segmentsSo the algorithm as-
signs tos; the file segment in the following way: among
the Dpaaie(u) file segments that have been assigned
to T,, select the one that is generically furthest from
host(s;).

Define F as F = {w|w is a vertex in the path from
host(s;) 10 vyeer, T has been assigned,,qqie(w)
different file segments at the moment right befereis
assigned a file segmeht.F' # ) sinceu € F. Yw €



F, we partition theD,,qq:c(w) different file segments Theorem 4.1. For the joint storage and transmission problem
assigned toT, into two setsP, and @Q,, where P, for generalized tree networks, file splitting is sufficient for
contains those segments that have also been assigneddbieving optimality.

B, (j) N {s|t <i—1}n{memory slots inl,}, andQ,, In a solution based on file splitting, the total cost is the
contains the rest. summation of the individual cost of updating, storing and
Yw € F, ass; is in Ty, the dimension of s;|t < ¢} N retrieving each single bit in the file. If vertices do not have
B,(j) is one more than the dimension ¢§;|t < i — constraints on their memory sizes, we can apply the same

1} N B,(j), the dimension ofB, (j) N {s:|t <i—1} N solution for the bit associated with the minimum cost to all
{memory slots irl, } must be less tha®,, 4. (w). SO the bits without increasing the total cost. Therefore,

Qu # 0.

. Theorem 4.2. For the joint storage and transmission problem
We now use contradiction to prove thét € F', there | : ; .
for generalized tree networks, if vertices do not have constraints

"S a file segment IQ,, that is n.ot assigned t@.‘st“ — __on their memory sizes, there exists an optimal solution that
i—1}NB,(j). Assume no such file segment exists. There

. : R _ always transmits and stores the file as a whole piece.
is a set of memory slots ifi,, with indices smaller than o i v
that are assigned file segments@y,. Let s, be the one  The knowledge on the optimality of file splitting can help

among those memory slots with the smallest index. (Thag reduce the complexity of finding a solution. Especially,
is,  is the smallest.) Since, ¢ B, (j), it is not difficult When the file is transmitted and stored as a whole, the problem

to see thaw is a descendant ab. All the memory slots reduces to the traditional file assignment problem and can be
inY = B,(j) N {s:|t <i—1} — {memory slots inT},} solved in low degree polynomial time [7]. Also, file splitting
have indices smaller tham; and for the memory slots "@moves the complexity of encoding and decoding.

not in Ty, those inY are the generically closest to V. CONCLUSIONS

v, host(s;) and host(s,). By our assumption, the file We h rudied a ioint st dt I bl
segment assigned tq. is also assigned to memory slots q € have Sthu tlet a JO'S storagfe and _ratnsm|ssL|gn pr(l)t_ en:,
in Y. B,(j) N {s:]t < i — 1} has less thark different and shown that it can be transformed into an multicas

file segments, sa must have an ancestar' € F, and problem. We have constructively proved that for generalized

while s, was assigned its file segment, it was assign&]ee Itnetc\i/vorks, ?Le Sp“ttm? IS dsuth'eg.t for ogﬂmallt);. The
the generically furthest one among thoEare (') results deepen the current understanding on the performance

file segments that had already been assigned’jc- _bettweetn dc_Odf'.n%. a”dﬁ_”F) iOd'?jga As IUtll.Jre dw?rk’ 't\;]ve afre
and all thoseD,pq0:. (w') Segments are also assigned yinterested in finding efficient and decentralized algorithms for

Bu(j)N{s:|t < i—1}. Now replaces with «’ and repeat general networks and study the robustness of the solutions.

the above argument, and a contradiction will appear. REFERENCES
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