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Abstract. Exponential algorithms, i.e. algorithms of complexity O(cn)
for some c > 1, seem to be unavoidable in the case of NP-complete
problems (unless P=NP), especially if the problem in question needs to
be solved exactly and not approximately. If the constant c is close to 1
such algorithms have practical importance. Deterministic algorithms of
exponential complexity usually involve some kind of backtracking. The
analysis of such backtracking algorithms in terms of solving recurrence
equations is quite well understood. The purpose of the current paper is to
show cases in which the constant c could be significantly reduced, and to
point out that there are some randomized exponential-time algorithms
which use randomization in some new ways. Most of our examples refer
to the 3-SAT problem, i.e. the problem of determining satisfiability of
formulas in conjunctive normal form with at most 3 literals per clause.

1 Why Exponential-Time Algorithms?

Unless P=NP, exponential (or at least non-polynomial) algorithms are unavoid-
able for NP-complete problems such as SAT or 3-SAT. This is especially so if
the problem in question needs to be solved or decided exactly, and when there
is no use of any type of approximation algorithm.

Having accepted that we have to deal with exponential-time algorithms only,
it makes sense to improve the relative efficiency of our algorithms by reducing
the value of the base constant c in the exponential time bound O(cn). New
algorithms which are able to reduce the constant c can mean an tremendous
improvement. Moving from an algorithm with complexity O(cn) to another,
better one, with complexity O(dn) where d =

√
c means that, within the same

given time limit, the input size that can be solved by the new algorithm, doubles.
In concrete terms, improving the brute-force algorithm for 3-SAT of complexity
O(2n) (where n is the number of Boolean variables) to another one of complexity
O(1.324n) (as it was indeed the case within the last years [14, 17, 10]). This
improvement allows to increase the number of tractable Boolean variables by a
factor of more than 2.4 .

Another motivating example are SAT-solvers which are extremely useful
general-purpose programs which are operating in worst-case exponential-time.

V. Diekert and B. Durand (Eds.): STACS 2005, LNCS 3404, pp. 36–43, 2005.
c© Springer-Verlag Berlin Heidelberg 2005



Algorithmics in Exponential Time 37

2 Backtracking

Most deterministic exponential-time algorithms use some version of backtrack-
ing. For example, one can try out all potential 2n many assignments for a Boolean
formula in n variables in a backtracking manner. In each level of the recursive
backtrack tree one more variable is assigned one of the two Boolean values true
or false. This direct approach leads to the recursion T (n) ≤ 2 · T (n − 1), giving
the complexity T (n) = O(2n).

More sophisticated approaches can reduce the number of variables in the
recursive procedure calls not only from n to n − 1, but to n − 2, n − 3, etc. The
3-SAT algorithm of Monien and Speckenmeyer [11], for example, first chooses
a shortest clause in the formula which, in the worst case, has 3 literals, say
x, y, z. The first recursive call of the procedure assigns x = 1 and simplifies
the formula accordingly. If this recursive call is not successful (no satisfying
assignment is found), then the partial assignment (x = 0, y = 1) is tried next.
If again unsuccessful, the last recursive call is done with respect to the partial
assignment (x = 0, y = 0, z = 1). This leads to the recursion T (n) ≤ T (n− 1) +
T (n − 2) + T (n − 3) with the solution T (n) = O(1.84n).

This algorithm has been trimmed even more in [11]. Using the concept of au-
tark partial assignments, the new recursive tree structure leads to the equations
T (n) ≤ T ′(n − 1) + T ′(n − 2) + T ′(n − 3), T ′(n) ≤ max{T (n − 1), T ′(n − 1) +
T ′(n − 2)} having the solution T (n) = O(1.619n).

Consider as another example the problem of 3-coloring a given graph with
n vertices. The very naive approach to solve this problem is to assign to each
vertex independently one of the 3 colors and try all cases in brute-force manner.
This leads to an O(3n) algorithm. The next (still) naive approach is to start in
a backtracking way with a first node, assign it color 1, then backtrack through
all its neighbors and try out all 2 remaining colors. Continue recursively by
considering the neighbor vertices which have not been colored yet and try both
remaining possibilities. This leads to a O(2n) algorithm. The next option is to
notice that one of the 3 colors cannot occur more often than

(
n

n/3

)
many times.

Hence, we systematically assign color 1 to at most
(

n
n/3

)
vertices in the graph.

These are
n/3∑
i=0

(
n

i

)
≤ 2h(1/3)n ≤ 1.89n

many posssibilities (where h is the entropy function [2].) In all those cases where
there is no edge between any two vertices with color 1, the remaining graph
needs to be 2-colored. Whether this is possible can be determined in polynomial
time. Therefore, this procedure has complexity O(1.89n).

3 Local Search

Local Search starts with a given assignment. If this assignment is not yet a
solution (i.e. a satisfying assignment in case of the SAT problem), the actual
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assignment is modified. These modifications are typically very local, for example,
a 1 bit flip is performed (one variable which has the actual value true is set
to false, or vice versa). These modifications (or ”mutations” in evolutionary
algorithms terminology) are either done in a random or some deterministic,
systematic fashion. The better algorithms of this kind use in some sense the
(mis-)behavior of the actual assignment on the input to get some kind of ”hint”
what modification might be useful and will probably lead in the right direction.
”Leading in the right direction” can be quantified in terms of the Hamming
distance between the actual assignment and some fixed solution assignment (i.e.
satisfying assignment).

In [16, 7, 8] a deterministic backtracking-like recursive procedure
search(F,a,d) is used for solving 3-SAT. This procedure returns true, if
there exists a satisfying assignment a∗ for the Boolean formula F which is
within Hamming distance at most d from the given initial assignment a. The
Hamming distance between two bit vectors of equal length is the number of
bits in which they differ. This procedure search works as follows. First it checks
whether one of the trivial cases occurs. If for example a already satisfies F
(leading to the returned value true), or else, if d = 0 (leading to the returned
value false). If these cases do not occur, then a does not satisfy F and d > 0.
Since a does not satisfy F there is a clause C in F which is not satisfied by
a. All ≤ 3 literals in C are set to false by a. Under the satisfying assignment
a∗ that we are looking for, at least one of these literals must be set to true.
Hence, if we flip the value of one of the variables in C, we make the Hamming
distance between a and a∗ smaller by 1. Therefore, we perform 3 recursive calls,
in each recursive call one of the bits in the assignment a which corresponds to
a variable in C is flipped. Further, the parameter d is reduced to d − 1. It is
clear that this procedure needs time T (d) ≤ 3 · T (d − 1), hence T (d) = O(3d)
(ignoring polynomial factors). Now we have to discuss the question, how the
initial assignments a come about. The easiest case is that we take just two
initial assignments 0n and 1n and set d = n/2. This gives us already a very
simple 3-SAT algorithm of complexity O(3n/2) = O(1.74n).

Next we push this further, and choose the initial assignments systematically
from some precomputed list L = {a1, a2, a3, . . . , at} where t is an exponential
function in n, the number of variables. This list L, together with some suitable
chosen Hamming distance d, should be a so called covering code [6], i.e. every bit
vector of length n should be within Hamming distance at most d to at least one
ai ∈ L. It turns out that the optimal choice for d is n/4, and t = 1.14n (together
with an appropriate choice of the ai). This gives the overall complexity bound
t · 3d = 1.14n · 3n/4 = 1.5n.

In [7, 8] it is shown how the procedure search can be further modified such
that the complexity of searching up to Hamming distance d can be estimated as
T (d) ≤ 6 · T (d − 2) + 6 · T (d − 3) with the solution T (d) = O(2.85d). Using this
bound and modifying the choices of d and t to d = 0.26n and t = 1.13n gives
the overall complexity bound t · 2.85d = 1.13n · 2.850.26n = 1.481n. (This was
recently improved to 1.473n [5].)
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4 Randomization: Reducing to a Polynomial-Time Case

Up to now, we have considered deterministic strategies which are able to reduce
the exponential constant c as compared to the direct brute-force strategy (which
usually means that the constant is c = 2). Randomization can help in various
ways to improve such algorithms. Many randomized algorithms are superior to
their deterministic competitors.

Often, NP-complete problems have versions which are efficiently solvable (like
2-SAT or 2-colorability). A random choice can reduce a difficult problem to an
easy one if some of the parameters (values of variables) are chosen and assigned at
random. Of course, by assigning some variable or problem parameter at random
in a wrong way, we might loose the chance of finding any solution afterwards.
Such random restrictions have to be repeated a certain number of times. The
repetition number is determined by the reciprocal of the success probability of
one such random restriction. Of course, this repetition number has to be taken
into account within the overall complexity estimation. In other words, if we have
some randomized algorithm which has complexity t and success probability p
(both depending on n), then this algorithm needs to be repeated c · p−1 many
times to achieve an error probability of at most (1 − p)c/p ≤ e−c so that the
overall complexity becomes c · t · p−1.

As an example, in [4] a method for solving the 3-coloring problem is de-
scribed. For each of the n vertices decide at random which one of the 3
colors should not be placed on this vertex. Each of these random decision
can be wrong with probability 1/3, and all decisions are consistent with
a potential 3-coloring with probability p = (2/3)n. Given such an assign-
ment of 2 possible colors to each of the n vertices of a graph, it is pos-
sible to decide whether such a coloring exists in polynomial time, e.g. by
reducing the problem to a 2-SAT problem which can be solved in poly-
nomial time [1]. That is, in this case t is a polynomial in n, and the
overall complexity for solving 3-coloring becomes some polynomial times
(3/2)n.

5 Randomization: Permuting the Evaluation Order

In some cases, the complexity of an algorithm can depend very much on the order
in which the variables (or the possible values of the variables) are processed. To
escape the worst case input situations, it might be a good idea to choose the
order in a random way. A nice example of this strategy can be found in [15]:
A game tree evaluation can be considered as evaluating a quantified Boolean
formula of the form

∃x1 ∀x2 ∃x3 ∀x4 . . . Qnxn F (x1, x2, . . . , xn)

Each variable xi can take the possible values true or false. It is standard to
evaluate such expressions in a backtracking manner. The recursion tree can be
interpreted as an AND-OR tree. Evaluating an OR (or existential quantifier)
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can turn out to be rather quickly done if the first subtree returns the value true.
In this case there is no need to evaluate the second subtree; the result will be
the truth value true. Obviously, we do not know beforehand which (if any) of
the two subtrees might return true. Now let us decide at random which of the
two arguments to evaluate first. If one of the subtrees has value true, then with
probability at least 1/2 we select this subtree first and the evaluation of the OR
is fast. Even in the case that both subtrees have the truth value false, there
is some advantage, namely, in the AND-level (or universal quantifier) which is
immediately following, we know now that the result value is false, which means
that at least one argument is false. Again (by dual reasoning) this is a good
situation when evaluating an AND. This leads to the following recursion for
the expected number of recursive calls: T (n) ≤ S(n − 1) + 1

2 · T (n − 1), S(n) =
2·T (n−1), giving the complexity bounds T (n) = O(1.69n) and S(n) = O(1.69n).

Another such random permuting idea can be found in the 3-SAT algorithm
of Paturi et al [13, 14]. Here the variable order is chosen at random. Now, given a
particular order of the Boolean variables, one variable after the other (according
to that order) is assigned a truth value. In the regular case, this is done at
random (with probability 1/2 this choice might be wrong and will not lead to a
satisfying assignment), or after having substituted the partial assignment so far
into the formula (and simplified) it sometimes turns out that the next variable
to be assigned according to the order forms a unit clause in the (remaining)
formula. In this case the variable is assigned such that this unit clause becomes
true. Assuming that the previous random choices were correct, this deterministic
setting of the variable is also correct. It turns out, that in this (simple version of
the) algorithm, on the average, taken over all n! permutations of the variables,
just 2n/3 many random choices are needed. Consequently, the probability for
finding a satisfying assignment this way is 2−2n/3, and the overall complexity
bound is O(22n/3) = O(1.58n).

Intuitively, one might say that after substituting those partial assignments
into the formula, the (resulting) formula occasionally gives a 1-bit ”hint” what
the next assignment should be. In the second paper [14] the authors show that it
is possible to do some preprocessing with the formula F which is transformed to
F ′, a formula having more clauses, but the same number of variables, and being
equivalent to the original formula F . The advantage of using F ′ instead of F is
that F ′ is likely to give more such 1-bit hints, on the average, and therefore, more
random bits can be saved. The analysis in [14] shows that this is an O(1.36n)
algorithm for 3-SAT.

6 Randomized Local Search

We already discussed a way of performing a deterministic local search, starting
from some initial assignment a, to find out whether there is a satisfying assign-
ment a∗ within Hamming distance at most d from a. Instead of flipping each
value of the 3 variables systematically in a backtracking fashion as described in
Section 3, we now just choose one these variables at random and flip its value.
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(This idea appears already in the randomized O(n2) 2-SAT algorithm of Pa-
padimitriou [12]. Applying and analyzing this principle in the context of 3-SAT
was done in [17, 18].) Of course, the probability of choosing the correct variable
to flip can be as low as 1/3. Therefore, the probability of finding a satisfying
assignment which is by Hamming distance d away from the initial assignment, is
just (1/3)d. But now we modify this approach by letting the flipping process last
for 3d steps instead of just d steps. Even if we have d ”mistakes” (within the 3d
steps) by flipping variables which have already the correct value, there is still a
chance that we correct these mistakes (by another d steps) and further on do the
necessary corrections (by another d steps) to make the assignment equal to the
satisfying assignment a∗. There are

(3d
d

)
possibilities of this situation happening,

and each of these has probability (2/3)d · (1/3)2d, resulting in a success prob-
ability of

(3d
d

) · (2/3)d · (1/3)2d = (1/2)d (up to some small polynomial factor).
Compare with the (1/3)d from above. This means, if we just select a random
initial assignment and then perform a random local search (as described) for 3n
steps, we get a success probability (probability of finding a satisfying assignment
- if one exists) of E[(1/2)D]. Here D is the random variable that indicates the
Hamming distance of the initial assignment to some fixed satisfying assignment.

If we produce the initial assignment absolutely at random – without referring
to the input formula F – then this expectation becomes E[(1/2)X1+...+Xn ] =∏n

i=1 E[(1/2)Xi ] = (3/4)n. Here the Xi are 0-1-valued random variables which
indicate whether there is a difference in the i-th bit. Therefore, we get the com-
plexity bound O((4/3)n) (ignoring polynomial factors).

In the paper by Iwama and Tamaki [10] this random walk algorithm is com-
bined with the O(1.36n)-algorithm [14] from above. Both algorithms work on the
same random initial assignment. This results in the fastest algorithm for 3-SAT
known so far with a complexity bound of O(1.324n) (where ”fastest” refers to
the fact that there is a rigorous proof for the upper bound – of course there are
numerous other algorithms in the SAT-solver scene using all kind of heuristics
and different approaches. Doing performance test on benchmark formulas and
random formulas is, of course, serious and important research, but usually leaves
us without a proven worst-case upper bound.)

The same principle strategy can be applied to the 3-colorability problem.
First, guess an initial coloring at random. Whenever there is an edge with its
both vertices of the same color, select one of the vertices at random and change
its color to one of the two remaining colors at random. Repeat this ”repair”
process for 3n steps. The probability of success for one such run turns out to be
(2/3)n. Therefore the complexity bound is O(1.5n) (ignoring polynomial factors),
when the basis algorithm is repeated this number of times.

7 Randomization with Biased Coins

In the algorithm of the last section, we used the structure of the formula to lead
the search process. But on the other hand, when producing the initial assignment
we ignored the input formula completely. The question is now whether the input
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formula can be used to lead the stochastic choice of the initial assignment. We
present some ideas from [3, 9].

The first thing we do is to collect as many mutually variable-disjoint clauses
having 3 literals of as possible, by some greedy strategy. Suppose the number
m of clauses collected this way is small (say m < 0.1469n). Then we can cycle
through all potential 7m assignments of these variables. After plugging in these
partial assignments, the rest of the formula becomes a 2-CNF formula, and its
satisfiability can be determined in polynomial time. Hence, in this case, we stay
below the total complexity O(1.331n).

If the number of mutually disjoint clauses is larger than 0.1469n, then we
assign each of the 3 literals of these clauses at random an initial assignment
in a particular biased way: with probability 3p exactly one of the 3 literals is
assigned the value true (where each of the 3 literals gets the same chance p),
With probability 3q we assign exactly two of the 3 literals in the clause the value
true. With probability 1 − 3p − 3q assign all three literals the value true. Good
values for p and q will be determined later.

Supposing that the satisfying assignment a∗ assigns the three literals x, y, z
the values 1, 0, 0, we get that the Hamming distance between the initial assign-
ment a and a∗, as a random variable, can have the value 0 (with probability p),
the value 1 (with probability 2q), the value 2 (with probability 1 − p − 3q), and
the value 3 (with probability q). Hence, the expectation of the random variable
(1/2)D where D is the Hamming distance on these 3 variables, is

1 · (p) +
1
2

· (2q) +
1
4

· (1 − p − 3q) +
1
8

· q = (1/4 + 3p/4 + 3q/8)

For a satisfying assignment which assigns to x, y, z the values 1, 1, 0 or the
values 1, 1, 1 similar calculations can be done. If the number m of of mutually
disjoint clauses splits into m = m1 +m2 +m3 where mi is the number of clauses
which have exactly i literals true under assignment a∗, we get for the overall
expectation of (1/2)Hamming-distance, and hence for the success probability, the
term

(1/4 + 3p/4 + 3q/8)m1 · (1/2 − 3p/8)m2 · (1 − 9p/4 − 3q/2)m3 · (3/4)n−3m

Now, either we determine p and q in such a way that all three exponential
bases become identical (giving p = 4/21 and q = 2/21), or we compute for each
of the (polynomially many!) choices for m1, m2, m3 individually a good choice
for p and q which minimizes the complexity. The latter strategy is somewhat
better, both are close to O(1.331n).
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