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Abstract.  The results in this paper show that coNP is contained in
NP with 1 bit of advice (denoted NP=1) if and only if the Polynomial
Hierarchy (PH) collapsesto D”, the secondlevel of the Boolean Hierarchy
(BH). Previous work showed that BH C DP == coNP C NP=poly. The
stronger assumption that PH C D” in the new result allows the length
of the advice function to be reduced to a single bit and also makes the
conversetrue. The one-bit casecan be generalizedto any constant k:

PH C BH,rx <= coNP C NP=k

where BH .. denotesthe 2"-th level of BH and NP=k denotes the class
NP with k-bit advice functions.

1 Introduction

The results in this paper are motivated in part by the seard for a total upward
collapseof the Polynomial Hierarchy (PH) under the assumptionthat one query
to NP is just as powerful astwo queries| i.e., the assumption that PNPIU =
PR”l Kadin was rst to show that if PNP = PYP[ then the PH collapses
to . Changand Kadin improved the collapseof PH to the Boolean Hierarchy
over 5 [12]. This was further improved by Beigel, Chang and Ogihara to a
classjust above & [3]. Most recertly Fortnow, Pavan and Sengupta, building
on Buhrman and Fortnow [4], pushedthe collapsebelow the & level and showed
that PNPIU = NP implies that PH S5 [13]. Separately Chang and Kadin
noted that PNP1 = PPl implies that PNPIOUog n]  pNP] [11]. This was
further improved by Buhrman and Fortnow to PNP PNPIU [4]. Since S5
ZPPNP [7], we have the following situation:

PPl = pyPlP =) pH ZPPP:
pNPIL] = pthth[Zl =) pNP  pNP[1].

* Supported in part by the University of Maryland Institute for Advanced Computer
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This is almost a complete upward collapseof PH down to PNP[1 except for the
\gap" betweenPN? and ZPP"" . Closing this gap might be done with a proof
that PNPI = pNPIE =) 7ppNP PNP However, the possibility remains for
lessdirect approaches.

The question we ask in this paper is: under what conditions could we get a
total collapseof PH below P{}'P 12 we show that

PH DP () coNP NP=l:

Here, the NP=1 is NP with one bit of advice and the classDP consistsof those
languagegthat canbe expressedasthe di erence of two NP languages.Note that

PNPI pP PP and that the proofs of most of the upward collapseresults
involving PNP1 and PP actually start with the argumert that PNPI =

Pt'fp 2 implies that DP is closedunder complemeriation. Previous results have
shown that under the weaker assumption that the Boolean Hierarchy collapses
to D, coNP  NP=poly [16]. In cortrast, the results in this paper make the
stronger assumption that PH collapsesto DP. The stronger assumption allows
us to reducethe advice to just onebit and also allows us to prove the converse.
Our results also generalizeto the k-bit case.We are able to show that:

PH BHx () CcONP NP=k:

2 Preliminaries

We usethe standard de nition and notation for complexity classeswith advice
(a.k.a., non-uniform complexity) [17]. An important considerationin the de ni-
tion below is that the advice function dependsonly on the length of x and not
on x itself.

Denition 1. Let L bealanguageandf : N! f0;1g be an advice function.
Then, wede ne L=f = fx | hx; f (jxj)i 2 Lg. For acomplexity classC and a class
of functions F, C=F = fL=f jL 2 Cf 2 Fg. Thus, NP/p oly denotesthe class
of languagesrecognizedby NP machineswith advice functions f wherejf (n)j is
bounded by a polynomial in n. For this paper, we will considerthe classesNP/1

and NP=k where the NP machines have, respectively, one-bit and k-bit advice
functions (i.e., jf (n)j = 1 and jf (n)j = k).

The Boolean Hierarchy is a generalization of the classDP de ned by Pa-
padimitriou and Yannakakis [20]. For constart k, the kth level of the Boolean
Hierarchy can be de ned simply as nesteddi erences of NP languages|5, 6].

De nition 2. Starting with BH; = NP and BL; = SAT, we de ne the kth
level of the Boolean Hierarchy and its complete languagesby:

BHy+1 = f Li L2j L12 NP and L22 BHy g
CoBHy =f LjL2BHxg



BLok = f hxq;:ii;Xokd j IXa;iiiXok 11 2 BLog 1 and xgx 2 SAT g
Blok+r = F IXq;iir; Xoken 1] gt Xoki 2 BLok OF Xok+1 2 SAT ¢
coBLy = f hxq;:ii; Xkl j IXq;piii; Xkl 62BLy @:
S
Thus,BLg is | -completefor BH [5,6]. We let BH = ,i:l BHy. Also, for
historical convertion, we let DP = BH,, co-D” = coBH,, SAT " SAT = BL, and
SAT _SAT = coBL,.

The complexity of the BooleanHierarchy is closelyrelated to the complexity
of the bounded query classeswvhich we now de ne.

De nition 3. Let q(n) be a polynomial-time computable function. We use
PSATIA(M] to denotethe setof languagesrecognizedby deterministic polynomial-
time Turing machines which on inputs of length n ask at most g(n) queriesto
SAT, the canonical F, -completelanguagefor NP. When the queriesare made

in parallel, we usethe notation P ™ we will usePSAT and PSAT when the
machines are allowed polynomial many queries.

The connection betweenthe BooleanHierarchy and bounded queriesto SAT
is rich and varied. We askthe readerto consult the literature for a full accourting
[1{6, 8{10,12,14{16, 18,21{23]. For this paper, we make useof the following facts
about the Boolean Hierarchy and bounded queriesto SAT.

P ¢ U BH(\ coBH( BH[ coBH P! [2,18]
PSATIK = pSATR" 11 5 55 o3}

BHy = coBHx =) BH = BH¢ [5,6]
BHx = coBHx =) SAT 2 NP=poly [16]

3 Proof of Main Theorem

In this section we will prove the main result, the 1-bit case.The proof for the
general caseis deferred to the next section. We prove the main result in two
parts, one for eac direction of the if and only if.

Theorem 1. coNP NP=1=) PH DP.

Pro of: We prove this direction in two steps:
coNP NP=1 =) 5 pSAT @
cONP NP=1 =) PSAT DP: 2)

Toprove(l), letU bea [ -completelanguagefor 5 with the usual padding
properties and which can be written as:

U=fhgyij9Py9(8P2)ly° y » R(xYy%2)]g



for some polynomial-time computable relation R. Since coNP 2 NP=1 by as-
sumption, we can construct an NP/1 machine Ny that recognizesU using stan-
dard oracle replacemen techniques. We only needto note that by padding, all
the oraclesquerieswe replacehave the samelength. Thus, only onebit of advice
is neededfor the ertire computation.

Next, we construct a PSAT machine Dy which recognizesU without any
advice bits. On input hx;yi, Dy looks for y2_., the largest y° y suc that
(82)[R(x; ¥% 2)]. Dy nds y2,, using binary searh and queriesto Ny, which
can be answeredby SAT if Dy had the advice bit for Ny . (The sameadvice bit
can be usedfor all the queriesto Ny during one binary seard.) SinceDy does
not have the advice bit, it simply tries both 0 and 1. Let yJ and y9 be the two
valuesproduced by the two trials. Then

hgyi2U () (8°2)[R(XYyS;2)] _ (8°2)[R(X; yY; 2)]: ®)

Dy can verify the right hand side of (3) with its SAT oracle. Thus, 5 PSAT
and we have established(1).

To prove that (2) also holds, we show that coNP NP=1 implies that
LexMaxSa t, de ned below, is in DP.

LexMaxSa t =
f ' ] the lexically largest satisfying assignmem of ' endswith 1 g:

SinceLexMaxSa t is P -complete for PSAT [19], we have PSAT  DP. Note
that 5 PSAT =) PH PSAT. Thusby (1) we have PH DP.

Using the assumptionthat coNP  NP=1, we can construct an NP=1 machine
N us that given' outputs mnax, the lexically largest satisfying assignmen for
' . When Nys is giventhe correct advice bit, all of its computation paths that
producean output (henceforth, the output paths) will output max. If Nyus has
the wrong advice bit, it might output di erent valueson di erent output paths
or it might not have any output paths. We program N ys to explicitly ched
that every string it outputs is at least a satisfying assignmen of ' . This will be
useful below when we needto considerthe behavior of N ys given the wrong
advice.

We de ne two NP languagesA; and A, and claim that LexMaxSa t =
A1 A, . First, we let

A1 =f" jNius (; 0)or Nuws (; 1) outputs a value that endswith 1 g:

Recallthat in our notation N us ('; 0) and Ny us ('; 1) represens the computa-
tions of N s given advice bit 0 and 1, respectively.

The languageA; is de ned by an NP machine Na,. On input ' , Na, looks
for a computation path of N ys ('; 0) and a computation path of N s ('; 1)
that output di erent satisfying assignmets for ' . Call theseassignmens ; and

2 and w.o.l.0.g. assumethat 1 < 2. Na,(' ) acceptsif 1 endswith a 1 and
> endswith a 0.

Clearly, A; and A, are NP languages.To seethat LexMaxSa t = A; Ay,

rst supposethat ' 2 LexMaxSa t. Sinceone of N ys (; 0) and Nyus (; 1)



hasthe correct advice bit, one of them must output ax . Since max endswith
1," 2 A;. Onthe other hand,' cannot bein A; by maximality of max. Thus,
"2LlexMaxSat =) ' 2A; A,

Conversely supposethat ' 62.exMaxSa t. Then, the largest satisfying as-
signmert endswith a 0. So,the computation with the correct advicebit will never
output a value ending with a 1. Thus,' 2 A; only in the casethat the compu-
tation with the wrong advice bit outputs avalue < qx and endswith a 1.
However, in this case,’ isalsoin A,. Thus,' 62exMaxSat =) ' 62A; A,.

In the next theorem, we show that PH  DP =) coNP  NP=1 using the
hard/easy argumert which wasusedto show that DP = co-D implies a collapse
of PH [16]. Supposethat DP = co-D”. Then SATASAT F SAT_ SAT via some
polynomial-time reduction h. Using the reduction h, we de ne a hard string:

De nition 4. SupposeSAT~ SAT P SAT _SAT via somepolynomial-time re-
duction h. Then, a string H is called a hard string for length n, if jHj = n,

H 2 SAT andfor all x, jxj = n, hx; Hi 77 hG1; Goi with G, 62SAT. If F 2 SAT,
jFj = n and F is not a hard string for length n, then we say that F is an easy
string.

Suppose that we were given a hard string H for length n. Then the NP
procedurebelow acceptsa formula F of length n if and only if F 2 SAT.

PROCEDURE Hard(F): Compute h(F;H) = hG;; G.i. Guessa truth
assignmen to the variablesin G;. Acceptif satises G;.

On the other hand, if there are no hard strings for length n | i.e., all formulas
in SAT " are easy| we alsohave an NP procedurefor SAT | "

PROCEDURE Easy(F): Guessa string x with jxj = jFj. Compute
h(x; F) = hG1;G,i. Guessa truth assignmen  to the variables of G,.
Accept if satis es G».

The correctnessof ProceduresHard and Easy follows directly from the de ni-
tions of SAT A SAT, SAT _ SAT and hard strings [16]. Sincea polynomial advice
function can provide an NP machine with a hard string for eac length n or with
the advicethat all stringsin SAT " areeasyDP = co-D° =) coNP  NP=poly.
For this paper, we want to show that PH DP =) coNP  NP=1 which is both
a stronger hypothesis and a strong consequenceHence, we needto exploit the
assumptionthat PH  DP.

Theorem 2. PH DP =) coNP NP=L

Pro of: Supposethat PH  DP. Then, DP = co-D” via some F, -reduction h.
Now, x a length n and consideronly inputs strings ' of length n. Our goal is
to nd a hard string for length n or determine that there are no hard strings



for length n. Then we can use Procedure Hard or Easy to acceptif and only if
' 2 SAT.
Note that the lexically smallest hard string for length n can be found by a

NP
pNP machine, becausethe set of hard strings is in coNP. SincePH  DP,
the languageHardBits  de ned below is alsoin DP.

HardBits = fh1";0i j there are no hard strings for length ng
[ tha";ii j the ith bit of the lexically smallesthard string

for length n is 1g:

SinceDFP PtStAT[Z] , HardBits is recognizedby somePtStAT @ machine M HB -
Now, considerthe following n+ 1 computations of M g : Mg (1"; 0), My (1"; 1),
Mus (1";2), ...Myg (1"; n). If we are given the accept/reject resultsof all n+ 1
computations, then we can recover the lexically smallest hard string for length
n or conclude that there are no hard strings for length n. Let W be the set
of oracle queries made to SAT in these n + 1 computations. Without loss of
generality we assumethat the querieshave the samelength m. In the remainder
of the proof we construct an NP=1 machine that can determine the satis abilit y
of the formulas in W. The one-bit of advice for our NP/1 computation is O if
all the strings in W\ SAT are easyand 1 if W cortains at least one hard string
for length m. Note that the set W dependsonly on j' j and not on' itself, so
the one bit of advice is indeed the samefor all inputs of length n. Our NP/1
computation is divided into two casesdepending on the advice. Putting the two
casestogether givesus coNP  NP=1.

Casel: all strings in W\ SAT are easy. We construct an NP machine N, that
acceptsif and only if the original input ' of length n is unsatis able. N¢ rst
constructs the set W by simulating Myg. Then, for eact string w in W, N
either guessesa satisfying assignmen for w or usesProcedure Easy to verify
that w is unsatis able. The only computation branchesof N, that survive this
step are the onesthat have correctly guessedhe satis abilit y of eathh w2 W.
Next, N simulates eac of the n + 1 computations of Mg for HardBits

SinceN, hasthe answersto ead oracle query, the simulations can be completed
and N can reconstruct the lexically smallesthard string for length n or deter-
mine that there are no hard strings for length n. Then N useseither Procedure
Hard or Easy and acceptsthe original input ' if and only if ' 2 SAT.

Case2: W contains at least one hard string. Our advantage in this caseis that
we can look for a hard string for length m just amongthe 2n + 2 strings in
W instead of all 2™ strings of length m. We construct an NP machine Ny, which
nondeterministically placesead string w 2 W into three sets:Wsat, Weasy and
Whard . The intention is that Wsat hasall the strings in W\ SAT, Weasy hasall
the easystringsin W\ SAT and Wyo,q hasthe remaining strings, the hard strings
in W\ SAT. As in the previous case,Ny can verify that the strings in Wsat
are satis able and that the strings in Weasy are easy However, N, will not be



able to verify that the strings in Whaq are unsatis able and hard. Fortunately,
we only needto know that the strings in Wyaq are unsatis able. That would be
enoughto simulate the n + 1 computations of Mg for HardBits

Tochedk that Wharg  SAT, Ny, takesead string x in Wharq , assumedor the
momert that x is indeed hard and usesx to ched that every string w in Wharg
is unsatis able. That is, for eac pair of strings w;x in Whaq, Ny computes
h(w;x) = hG;; Gi and guesses satisfying assignmen for G;. If N, succeeds
for every pair (w; x) then we say that Wh4g has beenveri ed.

Now, supposethat somecomputation branch of N, hasveri ed Wsat, Weasy
and Wharg . SinceW cortains at least one hard string z, N,, must have placed z
in Wharg . Then z would have beenusedto test that every w 2 Whgq is indeed
unsatis able. Sincez really is a hard string, we are assuredthat Wpag  SAT.
Thus, we can claim that Wsat = W \ SAT. Furthermore, some computation
branch of N, guessedWsat, Weasy and Whaq to be exactly the satis able, easy
and hard strings in W. Therefore, at least one computation branch of N, has
veri ed its Wsat, Weasy and Wharg and hasdetermined the satis abilit y of every
string in W.

As in the previous case,since N, knows the answer to every oracle query
in the n + 1 computations of Myg for HardBits , N, can recover the lexically
smallesthard string for length n and useit to nondeterministically recognizethe
unsatis abilit y of the original input ' .

4 Generalizations

In this sectionwe generalizethe main theorem and show that PH  BHsx ()
coNP  NP=k. Recall that BH,. is the 2¢th level of the Boolean Hierarchy and
that DP = BH,, sothe precedingtheoremsare special casesof the onesin this
section. As before, we prove ead direction separately:

Theorem 3. coNP NP=k=) PH BH,:.

Pro of: The rst step of the proof of Theorem 1 shoved that coNP  NP=1 =)
PH PSAT. This stepgeneralizedo k bits of advicein a straightforward manner.
The PSAT machine Dy for the 5-completelanguageU simply hasto try all 2

possibleadvice strings. Dy on input hx; yi obtains 2¢ candidatesy;::: ;ygk for
y0.ax - FOr eadh y? it cheds whether (8Pz)[R(x; y%; z)] using its NP oracle. Then,
hx;yi 2 U if and only if (8°z)[R(x; y%z)] for somei, 1 i 2K,

Next, we show that LexMaxSa t 2 BH,. which completesthe proof, since
LexMaxSa t is [ -complete for PSAT. As in Theorem 1, we use an NP=k
machine N s Wwhich, given the right advice, outputs the largest satisfying as-
signmert  max Of its input formula ' . We will consider 2¢ computation trees

advice string).

Given the correct advice, N ys will output nax on all of its output paths.
Given the wrong advice, N ys might output one or more incorrect values or
have no output paths. Recallthat we had previously rigged N ys sothat it only



outputs satisfying assignmets of ' evenwhen it is given the wrong advice. Our
objective is to construct 2 NP languagesA;:::A,. sud that

"2LlexMaxSat () ' 2A1 (A ( As) )

We use the mind-change technique which was usedto show that PSATIK] =

PSAT[2 1 [2,22,23]. We construct 2¢ NP machinesNa,;:::;Na,, . Oninput '
Na, doesthe following:

PROCEDURE A (')

1. Guessi dierent advice strings 1;:::; ; 2 f0;1g¥ in any possible
order.
2. Foreadhj,1 j i, guessacomputation path of Nyws ('; ) that

producesan output. Call this output string ;.

3. Verify that 1< ,< < i in lexical ordering.

4. Verify that the last bit of ; isa 1l andthat foreachj,1 | <,
the last bit of ; is dierent from the last bit of ;1.

5. Accept if Steps2, 3 and 4 succeed.

When Nja, accepts,we think of 1 < , < i as a sequenceof mind
changes.Now supposethat the longest sequenceof mind changesis 1< 5 <

< . Then, the last bit of - must be the sameasthe last bit of ax. This
is true if © = 2%, since then all advice strings in f0; 1g* were usedin Step 2,
including the correct advice which produces max. Sinceevery ; is satis able,

max Must equal . If * 6 2 then appending max to the end of the sequence

would create a longer sequenceof mind changescontradicting the maximality of
“. Appending max Wwould be possiblesinceN s outputs max giventhe correct
advice.

Let A; be the set of formulas' acceptedby Na, andlet A = A; (A2
( A,:) ). Weclaimthat ' 2 LexMaxSa t if andonly if' 2 A. Let * be
the largesti such that ' 2 A; or Oif nosud i exists.Note that ' 2 A if and only
if * is odd becauseA; A; A,r. Now supposethat ' 2 LexMaxSa t.
Then, the last bit of qax is1,s0' 2 A;and™ 1.Let 1< 5»< < - be
a mind changesequencegound by N4, oninput ' . As we argued above, the last
bit of - must be the sameas the last bit of a2« which is a 1. Since 1 ends
with 1 and the j's must alternate betweenending with 1 and ending with 0,
must be odd. Thus,' 2 A.

Conversely supposethat * 2 A. Then, ® must be odd. Again, looking at the
mind changesequence, 1 < ;< < -, weconcludethat - must end with
1 and thus ax must end with 1. Therefore,' 2 LexMaxSa t .

In the next proof, we extend the hard/easy argumert in the previous section
to shav that PH BH,x =) coNP NP=k. A key elemen of the proof is the
generalization of a hard string to a hard sequencq12].

Denition 5. Fory = hy;:::;ysi, let ¥R = hys;:::;y1i bethe reversal of the
sequencelet | and ij be the projection functions suc that ;(¥) = y; and
i () = tyisiinygi.



De nition 6. Supposethat BL, P coBL, via a polynomial-time reduction h.
ForO s r 1,let =r s. Then, x = hxy;:::;Xsi is a hard sequene for
length n with respect to h, if the following hold:

1. foreachi,1 i s,x 2f0;1g".
2. foreahi,1 i s, X2 SAT.
3. forall ug;:::;u 2 f0;1g9", let & = hug;:::;ui and
let hvy;:ii;vsi = a1y (N(e;%R)). Then, v 2 SAT, forall1 i s.

We refer to s asthe order of the hard sequence¢ and for notational convenience,
we de ne the empty sequenceto be a hard sequenceof order 0. Furthermore,
givena hard sequences, we say that a string w is easy with respectto x if jwj = n

and there exists ug;:::;u- 1 2 f0;1g" such that ~(h(uy;:::;u 1;w;%R)) 2
SAT. We say that a hard sequencex is a maximal hard sequene, if for all
w 2 f0;1g", hxy;:::;Xs; Wi is not a hard sequence A maximum hard sequence

is a hard sequencevith maximum order amongall the hard sequencesor length
n.

As with hard strings, a hard sequencex allows an NP machine to verify
that a string w is unsatis able when w is easy with respect to x. It follows
directly from the de nitions of BL, and coBL,, that if % is a hard sequenceand

“(h(ug;::;us 1w %R)) 2 SAT for any ug;:::;u 1 2 f0;1g", then w must
be unsatis able [12]. Since every string of length n in SAT must be easywith
respect to a maximum hard sequencefor length n, nding a maximum hard
sequencewill allow us to recognizeSAT " with an NP madhine.

Theorem 4. PH BH,: =) coNP NP=k.

Pro of: Supposethat PH  BH.,«. Then, BL,x P coBL,« via somepolynomial-
time reduction h. Fix a length n and consider only input strings ' of length
n. Our goalis to nd a maximum hard sequencex for length n using an NP
machine with k bits of advice. Since' must be easywith with respect to x, we
get an NP procedurethat acceptsif and only if ' 2 SAT.

NP
Since the set of hard sequencesds in coNP, a PNP™" madine can use bi-
nary seart to nd the lexically smallest maximum hard sequencefor length
n. Moreover, since PH  BH,«, the languageHardBits de ned below can be

recognizedby a PtStAT[Zk] machine Mg .
HardBits = th1";0i j the maximum hard sequenceor length n has order Og
[ th1";ii j the ith bit of the lexically smallest maximum

hard sequencefor length n is 1g:

Running Myg on 25n+ 1input strings will allow usto recover a maximum hard
sequenceor length n. As before, we assumethat all the queriesmade by M g
in these computations have a xed length m. Let W be the set of these length
m queries. There are at most 22¢n + 2¥ strings in W.



Let HARD (m; W) be the set of hard sequencedor length m where every
componert of the hard sequenceis a string from W. Since the number of all
possiblesequences: 2¢(22¢n + 2¢)2° jHARD (m; W)j is polynomially bounded.
Furthermore, HARD (m; W) dependsonly on j' j and not on ' itself. Thus, we
can de ne ak-bit advice function that providesthe maximum order of the hard
sequencesn HARD (m; W). Call this value z.

We construct an NP=k machine N for SAT asfollows. On input x and given
advicez, N rst guesseswo setsWsat and H. The set Wsat is a subsetof W.
If N guessesWsat correctly, then Wsat would be exactly W\ SAT. The set
H is a set of sequencesvith ~ z componerts where eadh componert is a string
in W. One correct guessfor H is the set HARD (m; W). There may be other
correct guessedor H .

N veri es Wsat and H asfollows. For each w 2 Wsat, N guesses satisfying
assignmen for w. It remains possiblethat somew 2 W Wgat is satis able.

Next, wetry to verify that eac sequencer = hy1;:::;ysi 2 H isahard sequence
First, eadh y; must be an elemen of W  WsaT, sincethe componerts of a hard
sequencemust be unsatis able. Also, for each ¥ = hy;;:::;ysi 2 H and eath

w2 W  Wsar, if hy;wi 62H, then w should be easywith respect to y. This
can be con rmed using the following NP procedure:

3. Compute the formula G = (h(uy;:::;u 1w yR)).
4. Guessa satisfying assignmen for G.

Clearly, if Wsat = W\ SAT and H = HARD (m; W), then ewery veri ca-
tion step will succeed.We claim that if Wsar and H pass every veri cation
step, then Wsat = W\ SAT. (Note: we do not claim that H must also equal
HARD (m; W).)

Supposethat H passesevery verication step. Let y¥ = hyy;:::;ysi be any
hard sequencdrom HARD (m; W). We claim that ¥ must bein H. Supposenot.
W.o0.l.0.g. we can assumethat the empty sequencds in H. Thus there existsii,
0 i< s,sucdthat hyg;:::;yii 2 H but hyg;:::;y+1i 62H. Then, yj+1 should

would not have passedevery veri cation, which is a contradiction. Therefore,
HARD (m; W) H.

Next, we claim that Wsat = W\ SAT. Fix astring w 2 W  Wsar and
let ¥ be a hard sequencein H of order z (the maximum order given by the
advice function). We know that such a hard sequenceexists since z was given
by the advice function and we have just shovn that HARD (m; W) H. Since
h¢; wi 62H, N must have succeededn the procedurecall EasyTest(¢; w). Then,
there exists ug;:::;u- 1 2 £0;1g™ such that ~(h(ug;:::;u 1;w;%R)) 2 SAT,



where * = 2¢ z. By the de nitions of BL,+ and coBL,x, this is enough to
imply that w 2 SAT. Thus, every string w2 W Wsat must be unsatis able.
Since every string in Wsat was already con rmed to be satis able, it follows
that Wsar = W\ SAT.

Finally, some computation path of N will guessthe correct Wsat and a
correct H which passesevery veri cation step. On such a path, N knows the
elemerns of W\ SAT. Thus, N can carry out the simulations of Mg and recover
the lexically smallest hard sequencefor length n. Using this hard sequence,
N can then accept the original input ' if and only if ' 2 SAT. Therefore,
coNP  NP=k.

5 Discussion

The results in this paper show a tight connection between the number of bits
of advice that an NP machine needsto recognizeSAT and the collapse of the
Polynomial Hierarchy. On a technical level, this connectionis borne out by the
mind changetechnique and the hard/easy argumert. We needexactly k bits to
encade the order of the maximum hard sequencegivena |, -reduction h from
BL,x to coBL,x and 2 mind changesis exactly what we needto recognizea 5
languageassumingcoNP 2 NP=k. In comparison,Changand Kadin showed that
if BH BH,. then an NPN? machine could recognizea £-complete language,
if it is giventhe order of the maximum hard sequenceasadvice[12, Lemma4.4].
Sincethis advice can alsobe encaded in k bits, this previous result shoved that
BH BH,.=) PH NP =k

Our new results are obtained not only by strengthening the hypothesis to
PH  BH,: but also through improvemerts in the hard/easy argument. The
technique used by Chang and Kadin required an existertial seard for a hard
sequenceghencerequiring an NPNP machine). The current technique involvesa
seard for the hard string or hard sequencdn a polynomial sizeddomain. This
technique was rst introduced by Hemaspaandra,Hemaspaandraand Hempel
[14] and further re ned by Buhrman and Fortnow [4] and by Chang [9].

Onedirection of our results holds true when we considernon-constart advice
length. It is fairly easyto extend Theorem 3 to showv that coNP  NP=log =)
PH PNP . However, the techniques used in Theorem 4 assumesa constart
number of queriesand cannot be usedto show the converse.It remainsan open
question whether coNP  NP=log () PH PN\P,
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