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Abstract. Recovery of three dimensional (3D) shape and motion of non-static scenes from a monocular video
sequence is important for applications like robot navigation and human computer interaction. If every point in the
scene randomly moves, it is impossible to recover the non-rigid shapes. In practice, many non-rigid objects, e.g. the
human face under various expressions, deform with certain structures. Their shapes can be regarded as a weighted
combination of certain shape bases. Shape and motion recovery under such situations has attracted much interest.
Previous work on this problem (Bregler, C., Hertzmann, A., and Biermann, H. 2000. In Proc. Int. Conf. Computer
Vision and Pattern Recognition; Brand, M. 2001. In Proc. Int. Conf. Computer Vision and Pattern Recognition;
Torresani, L., Yang, D., Alexander, G., and Bregler, C. 2001. In Proc. Int. Conf. Computer Vision and Pattern
Recognition) utilized only orthonormality constraints on the camera rotations (rotation constraints). This paper
proves that using only the rotation constraints results in ambiguous and invalid solutions. The ambiguity arises
from the fact that the shape bases are not unique. An arbitrary linear transformation of the bases produces another
set of eligible bases. To eliminate the ambiguity, we propose a set of novel constraints, basis constraints, which
uniquely determine the shape bases. We prove that, under the weak-perspective projection model, enforcing both
the basis and the rotation constraints leads to a closed-form solution to the problem of non-rigid shape and motion
recovery. The accuracy and robustness of our closed-form solution is evaluated quantitatively on synthetic data and
qualitatively on real video sequences.

Keywords: non-rigid structure from motion, shape bases, rotation constraint, ambiguity, basis constraints,
closed-form solution

1. Introduction and Zisserman, 2000; Mahamud and Hebert, 2000).

However, most biological objects and natural scenes

Many years of work in structure from motion have
led to significant successes in recovery of 3D shapes
and motion estimates from 2D monocular videos.
Many reliable methods have been proposed for
reconstruction of static scenes (Tomasi and Kanade,
1992; Zhang et al., 1995; Triggs, 1996; Hartley

vary their shapes: expressive faces, people walking
beside buildings, etc. Recovering the structure and
motion of these non-rigid objects is a challenging
task. The effects of rigid motion, i.e. 3D rotation
and translation, and non-rigid shape deformation,
e.g. stretching, are coupled together in the image
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measurements. While it is impossible to reconstruct
the shape if the scene deforms arbitrarily, in practice,
many non-rigid objects, e.g. the human face under
various expressions, deform with a class of structures.

One class of solutions model non-rigid object
shapes as weighted combinations of certain shape
bases that are pre-learned by off-line training (Bascle
and Blake, 1998; Blanz and Vetter, 1999; Brand and
Bhotika, 2001; Gokturk et al., 2001). For instance,
the geometry of a face is represented as a weighted
combination of shape bases that correspond to various
facial deformations. Then the recovery of shape and
motion is simply a model fitting problem. However,
in many applications, e.g. reconstruction of a scene
consisting of a moving car and a static building, the
shape bases of the dynamic structure are difficult to
obtain before reconstruction.

Several approaches have been proposed to solve the
problem without a prior model (Bregler et al., 2000;
Torresani et al., 2001; Brand, 2001). Instead, they treat
the model, i.e. shape bases, as part of the unknowns to
be computed. They try to recover not only the non-rigid
shape and motion, but also the shape model. This class
of approaches so far has utilized only the orthonor-
mality constraints on camera rotations (rotation con-
straints) to solve the problem. However, as shown in
this paper, enforcing only the rotation constraints leads
to ambiguous and invalid solutions. These approaches
thus cannot guarantee the desired solution. They have
to either require a priori knowledge on shape and mo-
tion, e.g. constant speed (Han and Kanade, 2001), or
need non-linear optimization that involves large num-
ber of variables and hence requires a good initial esti-
mate (Torresani et al., 2001; Brand, 2001).

Intuitively, the above ambiguity arises from the non-
uniqueness of the shape bases: an arbitrary linear trans-
formation of a set of shape bases yields a new set of
eligible bases. Once the bases are determined uniquely,
the ambiguity is eliminated. Therefore, instead of im-
posing only the rotation constraints, we identify and
introduce another set of constraints on the shape bases
(basis constraints), which implicitly determine the
bases uniquely. This paper proves that, under the weak-
perspective projection model, when both the basis and
rotation constraints are imposed, a linear closed-form
solution to the problem of non-rigid shape and motion
recovery is achieved. Accordingly we develop a factor-
ization method that applies both the metric constraints
to compute the closed-form solution for the non-rigid
shape, motion, and shape bases.

2. Previous Work

Recovering 3D object structure and motion from 2D
image sequences has a rich history. Various approaches
have been proposed for different applications. The dis-
cussion in this section will focus on the factorization
techniques, which are most closely related to our work.

The factorization method was originally proposed
by Tomasi and Kanade (1992). First it applies the rank
constraint to factorize a set of feature locations tracked
across the entire sequence. Then it uses the orthonor-
mality constraints on the rotation matrices to recover
the scene structure and camera rotations in one step.
This approach works under the orthographic projec-
tion model. Poelman and Kanade (1997) extended it to
work under the weak perspective and para-perspective
projection models. Triggs (1996) generalized the fac-
torization method to the recovery of scene geometry
and camera motion under the perspective projection
model. These methods work for static scenes.

The factorization technique has been extended to
the non-rigid cases (Costeira and Kanade, 1998; Han
and Kanade, 2000; Wolf and Shashua, 2001; Kanatani,
2001; Wolf and Shashua, 2002; Vidal and Soatto, 2002;
Zelnik-Manor and Irani, 2003; Sugaya and Kanatani,
2004; Vidal and Hartley, 2004). Costeira and Kanade
(1998) proposed a method to reconstruct the structure
of multiple independently moving objects under the
weak-perspective camera model. This method first
separates the objects according to their respective
factorization characteristics and then individually
recovers their shapes using the original factorization
technique. The similar reconstruction problem was
also studied in Kanatani (2001), Zelnik-Manor and
Irani (2003), and Sugaya and Kanatani (2004). Wolf
and Shashua (2001) derived a geometrical constraint,
called the segmentation matrix, to reconstruct a scene
containing two independently moving objects from
two perspective views. Vidal and his colleagues (Vidal
et al.,, 2002; Vidal and Hartley, 2004) generalized
this approach for reconstructing dynamic scenes
containing multiple independently moving objects. In
cases where the dynamic scenes consist of both static
objects and objects moving straight along respective
directions, Han and Kanade (2000) proposed a
weak-perspective reconstruction method that achieves
a closed-form solution, under the assumption of con-
stant moving velocities. A more generalized solution
to reconstructing the shapes that deform at constant
velocity is presented in Wolf and Shashua (2002).
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Bregler and his colleagues (Bregler et al., 2000) for
the first time incorporated the basis representation of
non-rigid shapes into the reconstruction process. By
analyzing the low rank of the image measurements,
they proposed a factorization-based method that
enforces the orthonormality constraints on camera
rotations to reconstruct the non-rigid shape and
motion. Torresani and his colleagues (Torresani et al.,
2001) extended the method in Bregler et al. (2000) to
a trilinear optimization approach. At each step, two
of the three types of unknowns, bases, coefficients,
and rotations, are fixed and the remaining one is
updated. The method in Bregler et al. (2000) is used
to initialize the optimization process. Brand (2001)
proposed a similar non-linear optimization method
that uses an extension of the method in Bregler et
al. (2000) for initialization. All the three methods
enforce the rotation constraints alone and thus cannot
guarantee the optimal solution. Note that because both
of the non-linear optimization methods involve a large
number of variables, e.g. the number of coefficients
equals the product of the number of the images and
the number of the shape bases, their performances
greatly rely on the quality of the initial estimates.

3. Problem Statement

Given 2D locations of P feature points across F frames,
{(v,v)§p|f =1,...,F,p=1,..., P}, our goal is
to recover the motion of the non-rigid object relative
to the camera, including rotations {R¢|f =1,..., F}
and translations {ts| f =1, ..., F'},andits 3D deform-
ing shapes {(x,y,z)§p|f =1,....F,p=1,...,P}.
Throughout this paper, we assume:

— the deforming shapes can be represented as weighted
combinations of shape bases;

— the 3D structure and the camera motion are non-
degenerate;

— the camera projection model is the weak-perspective
projection model.

We follow the representation of Blanz and Vetter
(1999) and Bregler et al. (2000). The non-rigid shapes
are represented as weighted combinations of K shape
bases {B;,i = 1, ..., K}. The bases are 3 x P matrices
controlling the deformation of P points. Then the 3D
coordinate of the point p at the frame fis

X =(x,y,z)j§p = ziKzlcfibip
f:l,...,F,p:l,...,P (1)

where by, is the p;, column of B; and ¢ is its combi-
nation coefficient at the frame f. The image coordinate
of Xy, under the weak perspective projection model is

Xpp =, 0)f, =s;Rp - Xpp+t) (2

where Ry stands for the first two rows of the f}, camera
rotation and t; = [t7.t fy]T is its translation relative to
the world origin. sy is the scalar of the weak perspective
projection.

Replacing Xy, using Eq. (1) and absorbing sy into ¢y,
and t;, we have

b,
XfI,:(CflRf...Cf[(Rf)~ +tf 3)

bk,

Suppose the image coordinates of all P feature points
across F' frames are known. We form a 2F x P mea-
surement matrix W by stacking all image coordinates.
Then W = MB + T[11...1], where M is a 2F x 3K
scaled rotation matrix, B is a 3K x P bases matrix, and
Tis a2F x 1 translation vector,

ciiRy ... cig Ry
M = ,
cpiRE ... crxk RE
bii ... bip
B=|: : |, T=(¢...&) @
bk ... bxp

As in Han and Kanade (2000) and Bregler et al.
(2000), since all points on the shape share the same
translation, we position the world origin at the scene
center and compute the translation vector by aver-
aging the image projections of all points. This step
does not introduce ambiguities, provided that the cor-
respondences of all the points across all the images are
given, i.e. there are no missing data. We then subtract it
from W and obtain the registered measurement matrix
W = MB.

Under the non-degenerate cases, the 2F x 3K
scaled rotation matrix M and the 3K x P shape
bases matrix B are both of full rank, respectively
min{2F, 3K} and min{3K, P}. Their product, W, is
of rank min{3K, 2F, P}. In practice, the frame num-
ber F and point number P are usually much larger than
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the basis number K such that 2F > 3K and P > 3K.
Thus the rank of W is 3K and K is determined by
K = w We then factorize W into the product of
a2F x 3K matrix M and a 3K x P matrix B, using
Singular Value Decomposition (SVD). This decompo-
sition is only determined up to a non-singular 3K x 3K
linear transformation. The true scaled rotation matrix
M and bases matrix B are of the form,

M=M-G, B=G'-B (5)
where the non-singular 3K x 3K matrix G is called
the corrective transformation matrix. Once G is deter-
mined, M and B are obtained and thus the rotations,
shape bases, and combination coefficients are recov-
ered.

All the procedures above, except obtaining G, are
standard and well-understood (Blanz and Vetter, 1999;
Bregler et al., 2000). The problem of nonrigid shape
and motion recovery is now reduced to: given the mea-
surement matrix W, how can we compute the corrective
transformation matrix G?

4. Metric Constraints

G is made up of K triple-columns, denoted as g, k =
1,..., K. Each of them is a 3K x 3 matrix. They are
independent on each other because G is non-singular.
According to Egs. (4, 5), g satisfies,

cu Ry
Mg = (6)
CriRF
Then,
Mgigi M"

C%leRIT ClkCQleR; . ClkCFleR;
clkc'gkRleT C%kRzR%- . CZkCFkRZRIZ
ClkCFkRFRlT CszFkRFRZT C%kRFR£

@)

We denote g;g! by Ok, a 3K x 3K symmetric matrix.
Once Q; is determined, g; can be computed using SVD.
To compute Qy, two types of metric constraints are
available and should be imposed: rotation constraints

and basis constraints. While using only the rotation
constraints (Bregler et al., 2000; Brand, 2001) leads to
ambiguous and invalid solutions, enforcing both sets
of constraints results in a linear closed-form solution
for Q.

4.1. Rotation Constraints

The orthonormality constraints on the rotation matrices
are one of the most powerful metric constraints and
they have been used in reconstructing the shape and
motion for static objects (Tomasi and Kanade, 1992;
Poelman and Kanade, 1997), multiple moving objects
(Costeira and Kanade, 1998; Han and Kanade, 2000),
and non-rigid deforming objects (Bregler et al., 2000;
Torresani et al., 2001; Brand, 2001).
According to Eq. (7), we have,

"~ T T . .
Myi—12i QkMy;_yp;=cikckRiR;, i, j=1,...F

®)

where Mo;_1.; represents the iy, bi-row of M. Due to
orthonormality of the rotation matrices, we have,
~ =T 2 .
My 12 QkMzi_l:z,‘ = Cik12><2, i=1,....,F (9
where I, is a 2x2 identity matrix. The two diago-
nal elements of Eq. (9) yield one linear constraints on
Oy, since ¢ is unknown. The two off-diagonal con-
straints are identical, because Qy is symmetric. For all
F frames, we obtain 2F linear constraints as follows,

My QiMy;_ — My QM =0, i=1,....F

(10)
My QiM}, =0, i=1,....F (11)

We consider the entries of Q. as variables and neglect
the nonlinear constraints implicitly embedded in the
formation of Q; = gkgkr, where g; has only 9K free
entries. Since Q; is symmetric, it contains (9[(2#
independent variables. It appears that, when enough
images are given, i.e. 2F > w, the rotation con-
straints in Egs. (10, 11) should be sufficient to deter-
mine Q; via the linear least-square method. However, it
is not true in general. We will show that most of the ro-
tation constraints are redundant and they are inherently
insufficient to resolve Q.
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4.2. Why are Rotation Constraints Not Sufficient?

Under specific assumptions like static scene or constant
speed of deformation, the orthonormality constraints
are sufficient to reconstruct the 3D shapes and camera
rotations (Tomasi and Kanade, 1992; Han and Kanade,
2000). In general cases, however, no matter how many
images or feature points are given, the solution of the
rotation constraints in Egs. (10, 11) is inherently am-
biguous.

Definitionl. A3K x3K symmetric matrix Y is called
a block-skew-symmetric matrix, if all the diagonal 3
x 3 blocks are zero matrices and each off-diagonal 3
x 3 block is a skew symmetric matrix.

0 Yijt  Yij2
Yij=\|-yijir 0  yp|= —Y,-§=YJ~T,~, i #]
—vij2 —Yij3 0

(12)
Yii =03><37 i’ j=15"'7K (13)
Each off-diagonal block consists of 3 independent el-
ements. Because Y is skew-symmetric and has KE-D
independent off-diagonal blocks, it includes w
independent elements.

Definition2. A3K x3K symmetric matrix Zis called
a block-scaled-identity matrix, if each 3 x 3 block is a
scaled identity matrix, i.e. Z;; = A;;I3.3, where A;; is
the only variable.

Because Z is symmetric, the total number of variables
in Z equals the number of independent blocks, w

Theorem 1. The general solution of the rotation con-
straints in Eqs. (10, 11) is GH,GT, where G is the
desired corrective transformation matrix, and Hy is
the summation of an arbitrary block-skew-symmetric
matrix and an arbitrary block-scaled-identity matrix,
given a minimum of & 2;' K images containing different
(non-proportional) shapes and another & 2; K
with non-degenerate (non-planar) rotations.

images

Proof: Let us denote Q; as the general solution
of Egs. (10, 11). Since G is a non-singular square
matrix, Qk can be represented as GHGT, where
H, = G’IQkG’T. We then prove that H; must be

the summation of a block-skew-symmetric matrix and
a block-scaled-identity matrix.
According to Egs. (5, 9),

crloxa = Mai10i QMo
= Mai12:GHG" M3,
= Maj_10i HiM3; 1o, i=1,...,F
(14)

H, consists of K23 x 3 blocks, denoted as
Hipn,m,n =1, ..., K.Combining Egs. (4) and (14),
we have,

Ri Zrl,f:l (cl‘zmHkmm +2y{(:m+1cimcin (Hkmn +H](Tmn))R1T

=cihy, i=1,...,F (15)
Denote the 3 x 3 symmetric matrix 2,2,,: 1(c1-2m Himm +
=K i iCimCin(Himn + HL,)) by Ty Then Eq. (15)
becomes R;I'jxR] = c}Ih,» be its homogeneous so-
lution, i.e. R,«f‘,»kRiT = 0,42. So we are looking for
a symmetric matrix I';; in the null space of the map
X — R,-XR,.T. Because the two rows of the 2 x 3
matrix R; are orthonormal, we have,

Fie = rfidu + 8}ria (16)

where 7;3 is a unitary 1 x 3 vector that are orthogonal
to both rows of R;. §;; is an arbitrary 1x 3 vector, indi-
cating the null space of the map X — R;XR! has 3
degrees of freedom. I';; = c,»zk13X3 is a particular solu-
tion of R;T';xRT = ¢%I5x2. Thus the general solution
of Eq. (15) is,

Tt (G Homm + Sz i1CimCin (Himn + Hyy )

=Ty =cils +ouly, i=1,...,F (17)

where «; is an arbitrary scalar.

Letus denote N = KzT”{ Each image yields a set of
N coefficients (C,-zl , Ci1Ci2y +« ., Ci1CiK 6‘1-22, Ci2Ci3y v v vy
CiK—1CiK » clzk) in Eq. (17). We call them the quadratic-
form coefficients. The quadratic-form coefficients as-
sociated with images with non-proportional shapes are
generally independent. In our test, the samples of ran-
domly generated N different (non-proportional) shapes
always yield independent N sets of quadratic-form co-
efficients. Thus given N images with different (non-

proportional) shapes, the associated N quadratic-form
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coefficient sets span the space of the quadratic-form co-
efficient in Eq. (17). The linear combinations of these
N sets compose the quadratic-form coefficients asso-
ciated with any other images. Since Hy,,,, and Hy,,
are common in all images, for any additional image
Jj=1,..., F,T'jis described as follows,

Cj = =N T
2 5 N 2 =
= Cilaxs ol e = Z)0 A (cilsxs + ol i)
= ol = S wlenT i) (18)

where ;. is the combination weights. We substitute
1:_/1( and T by Eq. (16) and absorb o and ay into
3 and &y respectively due to their arbitrary values.
Eq. (18) is then rewritten as,

ridic+80ris — L e (rfs8u + i) =0 (19)

Due to symmetry, Eq. (19) yields 6 linear constraints on
S, =1,..., N and §j that in total include 3N 4 3
variables. These constraints depend on the rotations
in the images. Given x additional images with non-
degenerate (non-planar) rotations, we obtain 6x differ-
ent linear constraints and 3N + 3x free variables. When
6x > (B3N + 3x), i.e. x > N, these constraints lead to
a unique solution, 6 = 6;; =0,/ =1,...,N,j =
1, ..., x. Therefore, given a minimum of N images
with non-degenerate rotations together with the N im-
ages containing different shapes, Eq. (17) can be rewrit-
ten as follows,

Cip = Z;5:1 (CizmHkmm + z“1€<=m+1Cimci” (Hkmn +Hk7;7m))
=i, i=1,...,2N 20)

Eq. (20) completely depend on the coefficients. Ac-
cording to Eq. (18, 20), for any image j = 2N +
L....,F, Ty = N il = E¥ et =
c?kl3x3. Therefore Eq. (20) is satisfied for all F im-
ages. Denote (Hyy, + H,(Tmn) by Opun. Because the
right side of Eq. (20) is a scaled identity matrix, for
each off-diagonal element 4{__and 67  we achieve

kmn kmn>
the following linear equation,

K 2 10 K 0 _
Em:l (Cimhkmm + En=m+lcimci"9kmn) - 0’

i=1,...,F (I

Using the N given images containing different shapes,
Eq. (21) leads to a non-singular linear equation set

on hy, . and 67 . The right sides of the equations are

zeros. Thus the solution is a zero vector, i.e. the off-
diagonal elements of H,,,, and O, are all zeros. Sim-
ilarly, we can derive the constraint as Eq. (21) on the
difference between any two diagonal elements. There-
fore the difference is zero, i.e. the diagonal elements
are all equivalent. We thus have,

Himm = MmmIzxz, m=1,...,K (22)
Himn + HkTmn = Atmnlaxsz, m=1,..., K,
n=m+1,....,K (23)

where Ap, and Ay, are arbitrary scalars. According
to Eq. (22), the diagonal block Hy,,,, is a scaled iden-
tity matrix. Due to Eq. (23), Hmy — 2213 x 3 =
~(Hinn — *5215x3)" 6. Hynn — #2133 is skew-
symmetric. Thus the off-diagonal block Hy,, equals
the summation of a scaled identity block, “2”’" I5,3, and
a skew-symmetric block, Hym, — 22213,3. Since Ay
and Ay, are arbitrary, the entire matrix Hy is the sum-
mation of an arbitrary block-skew-symmetric matrix
and an arbitrary block-scaled-identity matrix, given a
minimum of N images with non-degenerate rotations
together with N images containing different shapes, in

total 2N = K?+K images. O

Let Y} denote the block-skew-symmetric matrix and
Z denote the block-scaled-identity matrix in Hy. Since
Y, and Z; respectively contain 3K (12< =D and ¥ (1(2+1) in-
dependent elements, H; include 2K?—K free elements,
i.e. the solution of the rotation constraints has 2K*>—K
degrees of freedom. Inrigid cases, i.e. K = 1, the degree
of freedom is 1 (2*12-1=1), meaning that the solution
is unique up to a scale, as suggested in (Tomasi and
Kanade, 1992).

For non-rigid objects, i.e. K > 1, the rotation con-
straints result in an ambiguous solution space. For the
many combinations of Z; and Y} of which H;, are posi-
tive semi-definite, §; = G+/H; lead to the ambiguous
solutions. Of course the space contains invalid solu-
tions as well. Specifically, for those combinations of
which Hy is not positive semi-definite, v/Hy is indef-
inite and g, = G /H; refer to the invalid solutions.
Such combinations indeed exist in the space. For exam-
ple, when the block-scaled-identity matrix Z; is zero,
H). equals the block-skew-symmetric matrix Y}, which
is not positive semi-definite.
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4.3. Basis Constraints

The only difference between non-rigid and rigid situa-
tions is that the non-rigid shape is a weighted combi-
nation of certain shape bases. The rotation constraints
are sufficient for recovering the rigid shapes, but they
cannot determine a unique set of shape bases in the
non-rigid cases. Instead any non-singular linear trans-
formation applied on the bases leads to another set
of eligible bases. Intuitively, the non-uniqueness of the
bases results in the ambiguity of the solution by enforc-
ing the rotation constraints alone. We thus introduce the
basis constraints that determine a unique basis set and
resolve the ambiguity.

Because the deformable shapes lie in a K-basis lin-
ear space, any K independent shapes in the space form
an eligible bases set, i.e. an arbitrary shape in the space
can be uniquely represented as a linear combination of
these K independent shapes. Note that these indepen-
dent bases are not necessarily orthogonal. We measure
the independence of the K shapes using the condition
number of the matrix that stacks the 3D coordinates of
the shapes like the measurement matrix W. The condi-
tion number is infinitely big, if any of the K shapes is
dependent on the other shapes, i.e. it can be described
as a linear combination of the other shapes. If the K
shapes are orthonormal, i.e. completely independent
and equally dominant, the condition number achieves
its minimum, 1. Between 1 and infinity, a smaller con-
dition number means that the shapes are more indepen-
dent and more equally dominant. The registered image
measurements of these K shapes in W are,

W RO ...0 S
W 0 Ry... 0 S,
=1 . . . . . (24)
Wk 0 O ...Rg Sk
where W; and S;,i = 1,...,K are respectively the

image measurements and the 3D coordinates of the K
shapes. On the right side of Eq. (24), since the matrix
composed of the rotations is orthonormal, the project-
ing process does not change the singular values of the
3D coordinate matrix. Therefore, the condition number
of the measurement matrix has the same power as that
of the 3D coordinate matrix to represent the indepen-
dence of the K shapes. Accordingly we compute the
condition number of the measurement matrix in each
group of K images and identify a group of K images

with the smallest condition number. The 3D shapes in
these K images are specified as the shape bases. Note
that so far we have not recovered the bases explicitly,
but decided in which frames they are located. This in-
formation implicitly determines a unique set of bases.
We denote the selected frames as the first K images
in the sequence. The corresponding coefficients are,

i=1,....K
Koi#zj (@25

ci =1,

C,‘j=0, i,j=1,...

Let © denote the set, {(i, )i = 1,...,K;i #k;j =
1,..., F}. According to Egs. (8, 25), we have,

i . |, i=j=k
Mt @i =100 G e 20
(L ==k
My QiM,; = o (27)
0, (,))eQ

My 1 QiM;; =0,
M2iQkM§j_1 = Oa

(i, j)eQori=j=k (28)
(i, j)eQori=j=k (29)

These 4F(K—1) linear constraints are called the basis
constraints.

5. A Closed-Form Solution

Due to Theorem 1, enforcing the rotation constraints on
Oy leads to the ambiguous solution GH,G” . H; con-
sists of K23 x 3 blocks, Hipn, m.n = 1, ..., K. Himn
contains four independent entries as follows,

h hy hs
Himp = | —h2 h hy 30)
—hy —hs M

Lemma 1. Hy,, is a zero matrix if,
RinmnRjT = 02><2 (31)

where R; and R; are non-degenerate 2 x 3 rotation
matrices.

Proof: First we prove that the rank of Hy,,, is at most
2. Due to the orthonormality of rotation matrices, from
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Eq. (31), we have,

ik
Hkmn = V,-T33ik + 8§krj3 = (r,g (SJT]() (rl.3> (32)
J

where 7;3 and ;3 respectively are the cross products
of the two rows of R; and those of R;. §; and &, are
arbitrary 1 x 3 vectors. Because both matrices on the
right side of Eq. (32) are at most of rank 2, the rank of
Hy,, s at most 2.

Next, we prove h; = 0. Since Hy,, is 3 X 3 ma-
trix of rank 2, its determinant, hl(Z?:l hf) , equals 0.
Therefore hy =0, i.e. Hy,,;, is a skew-symmetric matrix.

Finally we prove h, = hs = hy = 0. Denote the rows
of R; and R; as r;y, rp, j1, and rjp respectively. Since
h; = 0, we can rewrite Eq. (31) as follows,

i1 (h xrp)

( (hxrj) r )

=02 (33)
rio-(hxrj) rip-(hxrjp)
where h = (—hy, h3 — h;). Equation (33) means that
the vector h is located in the intersection of the four
planes determined by (r;1, 1 1), (i1, ' j2), (ri2, 7' j1), and
(ri2, 7j2). Since R; and R; are non-degenerate rotation
matrices, 71, I'i2, 7ji, and 7 do not lie in the same
plane, hence the four planes intersect at the origin, i.e.
h = (—hy, h3 —hy) = 0y « 3. Therefore Hy,,, is a zero
matrix. O

Using Lemma 1, we derive the following theorem,

Theorem 2. Enforcing both the basis constraints and
the rotation constraints results in a closed-form solu-
tion of Qx, given a minimum of K';K images containing
different (non-proportional) shapes together with an-
other & 2; K images with non-degenerate (non-planar)
rotations.

Proof: According to Theorem 1, given a minimum
of X 2+K images containing different shapes and an-
other © ; K images with non-degenerate rotations, us-
ing the rotation constraints we achieve the ambiguous
solution of Oy = GH; GT, where G is the desired cor-
rective transformation matrix and H; is the summation
of an arbitrary block-skew-symmetric matrix and an
arbitrary block-scaled-identity matrix.
Due to the basis constraints, replacing Qy in Eq. (26—
29) with GH, G7,

Moy—1:0:GH G My

= M2k—l:2kaM27;<_];2k =L (34)

M2i—1:2iGHkGTM2Tj_1;2j = M2i—l:2inM2Tj_1;2j
K,j=1,...,F, i#k
(35)

=02><27 i=19"'1

From Eq. (4), we have,

T K
M2i—l:2iHl<M2j_|;2j =X

K .
m=1 z:n:lCim‘jnRiI'IkmnRjT s

i,j=1,....,F  (36)

where Hjy,, is the 3x3 block of H;. According to
Eq. (29),

Moi—10iHiMaj 105 = RiHiR;", i, j=1,...,K

(37)

Combining Egs. (34, 35) and (37), we have,
RiHyu Ryr = Inyo (38)
RiHjRir =000, i,j=1,....,K, i #k (39

According to Eq. (22), the k,, diagonal block of H,
Hkkk, equals )\kkkl’%x'% Thus by Eq (38) )‘«kkk =1 and
Hux = Iz « 3. We denote K of the K? +K given im-
ages with non-degenerate rotations as the first K im-
ages in the sequence. Due to Lemma 1 and Eq. (39),
Hyj,i,j=1,...,K,i # k, are zero matrices. Since
H) is symmetric, the other blocks in Hy, Hy;;,i =
k,j=1,...,K, j # k, are also zero matrices. Thus,

GHG" = (g1...gx)H(g1 ... 8x)"

= (0...gk...0)(g1...gK)T
= g8 = Ok (40)

i.e. a closed-form solution of the desired Q; has been
achieved. g

According to Theorem 2, we compute Q; =
gkgkr, k =1,...,K, by solving the linear equations,
Egs. (10-11, 26-29), via the least square methods.
We then recover g; by decomposing Q; via SVD.
The decomposition of Q; is up to an arbitrary 3x3
orthonormal transformation @, since (gx ) (gr Pr)T
also equals Q. This ambiguity arises from the fact that
g1, ..., 8k are estimated independently under differ-
ent coordinate systems. To resolve the ambiguity, we
need to transform g, ..., gx to be under a common
reference coordinate system.
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Figure 1. A static cube and 3 points moving along straight lines. (a) Input image. (b) Ground truth 3D shape and camera trajectory. (c)
Reconstruction by the closed-form solution. (d) Reconstruction by the method in Bregler et al. (2000). (e) Reconstruction by the method in
Brand (2001) after 4000 iterations. (f) Reconstruction by the tri-linear method (Torresani et al., 2001) after 4000 iterations.

100 100
—e- Relative errors on motion —e— Relative errors on motion

_ 9%0F o Relative errors on shape __90F -9 Relative errors on shape
2 g0 Relative errors on image measurement 2 sol " Relative errors on image measurement
5 5
] o 70
c c
2 60 2 60
2 g
7 S0 7 50
g 40 g 40
« « ¢
e 30 ¢ 30 e
2 2 PP e S et S
£ E $0 00 00000 0@
= 20 = 20
[+ 4 « =

10 1 e
NN i
10 11 12 13 14 15 16 M 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Frame Number Frame Number

(a) ()

100

—&— Relative errors on motion
90| ¢ Relative errors on shape
ol Relative errors on image measurement

Tr

309

b
Qg PSRNV S SN S SR SO S0 SR A

20

Relative Reconstruction Error (%)
2

104

-y
b = e o = = A i = R = = e

0

1 2 3 4 5 6 7 8 9 10 11 12 13 14
Frame Number

(c)

15 16

Relative Reconstruction Error (%)

—&— Relative errors on motion
90 .4 Relative errors on shape
Y | ke Relative errors on image measurement

R T SR TN SERY - SN SHNY, SEOOF SO G P SR S S SRS

o965 o o o o o o o—o—0—"F
1 2 3 4 5 6 7 &8 9 10 11 12 13 14 15 16
Frame Number

(d)

Figure 2. The relative errors on reconstruction of a static cube and 3 points moving along straight lines. (a) By the closed-form solution. (b)
By the method in Bregler et al. (2000). (c) By the method in Bregler et al. (2000) after 4000 iterations. (d) By the trilinear method (Torresani
et al., 2001) after 4000 iterations. The scaling of the error axis is [0,100%]. Note that our method achieved zero reconstruction errors.
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Due to Eq. (6), My _12igx = cixRi,i = 1,..., F.
Because the rotation matrix Rl is orthonormal, i.e.
IRl = 1, we have R; = iﬁ The sign of R;
determines which orientations are in front of the cam-
era. It can be either positive or negative, determined by
the reference coordinate system. Since g, ..., g are
estimated independently, they lead to respective rota-
tion sets, each two of which are differentuptoa3 x 3
orthonormal transformation. We choose one set of the
rotations to specify the reference coordinate system.
Then the signs of the other sets of rotations are deter-
mined in such a way that these rotations are consistent
with the corresponding references. Finally the orthog-
onal Procrustes method (Schonemann, 1966) is applied
to compute the orthonormal transformations from the
rotation sets to the reference. One of the reviewers
pointed out that, computing such transformation ®; is
equivalent to computing a homography at infinity. For
details, please refer to Hartley and Zisserman (2000).

The transformed g1, . . . , gx form the desired correc-
tive transformation G. The coefficients are then com-
puted by Eq. (6), and the shape bases are recovered by
Eq. (5). Their combinations reconstruct the non-rigid
3D shapes.

Note that one could derive the similar basis and ro-
tation constraints directly on Q = GG”, where G is
the entire corrective transformation matrix, instead of
Or = & g,{, where g is the ky, triple-column of G.
It is easy to show that enforcing these constraints also
results in a linear closed-form solution of Q. How-
ever, the decomposition of Q to recover G is up to a
3K x3K orthonormal ambiguity transformation. Elim-
inating this ambiguity alone is as hard as the original
problem of determining G.

6. Performance Evaluation

The performance of the closed-form solution was eval-
uated in a number of experiments.

6.1. Comparison with Three Previous Methods

We first compared the solution with three related meth-
ods (Bregler et al., 2000, Brand, 2001, Torresani et al.,
2001) in a simple noiseless setting. Figure 1 shows a
scene consisting of a static cube and 3 moving points.
The measurement included 10 points: 7 visible ver-
tices of the cube and 3 moving points. The 3 points
moved along the three axes simultaneously at varying

speed. This setting involved K = 2 shape bases, one
for the static cube and another for the linear motions.
While the points were moving, the camera was rotat-
ing around the scene. A sequence of 16 frames were
captured. One of them is shown in Fig. 1(a) and (b)
demonstrates the ground truth shape in this frame and
the ground truth camera trajectory from the first frame
till this frame. The three orthogonal green bars show
the present camera pose and the red bars display the
camera poses in the previous frames. Figure 1(c) to
(f) show the structures and camera trajectories recon-
structed using the closed-form solution, the method
in Bregler et al. (2000), the method in Brand (2001),
and the tri-linear method (Torresani et al., 2001), re-
spectively. While the closed-form solution achieved
the exact reconstruction with zero error, all the three
previous methods resulted in apparent errors, even for
such a simple noiseless setting.

Figure 2 demonstrates the reconstruction errors of
the four methods on camera rotations, shapes, and im-
age measurements. The error was computed as the per-
centage relative to the ground truth, "Remn‘wﬁ}"ﬁ:grﬂmH
Note that because the space of rotations is a manifold,
a better error measurement for rotations 1srthe Rieman-
nian distance, d(R;, R;) = acos (%) However
it is measured in degrees. For consistency, we used
the relative percentage for all the three reconstruction
eITors.

6.2. Quantitative Evaluation on Synthetic Data

Our approach was then quantitatively evaluated on the
synthetic data. We evaluated the accuracy and robust-
ness on three factors: deformation strength, number of
shape bases, and noise level. The deformation strength
shows how close to rigid the shape is. It is represented
by the mean power ratio between each two bases, i.e.
mean; (%H”HBB‘“))) Larger ratio means weaker de-
formation, i.e. the shape is closer to rigid. The number
of shape bases represents the flexibility of the shape. A
bigger basis number means that the shape is more flexi-
ble. Assuming a Gaussian white noise, we represent the
noise strength level by the ratio between the Frobenius
norm of the noise and the measurement, i.e. %
In general, when noise exists, a weaker deformation
leads to better performance, because some deforma-
tion mode is more dominant and the noise relative to
the dominant basis is weaker; a bigger basis number re-
sults in poorer performance, because the noise relative
to each individual basis is stronger.
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(a) & (b) Reconstruction errors on rotations and shapes under different levels of noise and deformation strength. (c) & (d)

Reconstruction errors on rotations and shapes under different levels of noise and various basis numbers. Each curve respectively refers to a

noise level. The scaling of the error axis is [0, 20%].

Figure 3(a) and (b) show the performance of our al-
gorithm under various deformation strength and noise
levels on a two bases setting. The power ratios were
respectively 20 21 . and28. Four levels of Gaussian
white noise were imposed. Their strength levels were
0, 5, 10, and 20% respectively. We tested a number of
trials on each setting and computed the average recon-
struction errors on the rotations and 3D shapes. The
errors were measured by the relative percentage as in
Section 6.1. Figure 3(c) and (d) show the performance
of our method under different numbers of shape bases
and noise levels. The basis number was 2, 3, ..., and
10 respectively. The bases had equal powers and thus
none of them was dominant. The same noise as in the
last experiment was imposed.

In both experiments, when the noise level was 0%,
the closed-form solution recovered the exact rotations
and shapes with zero error. When there was noise, it
achieved reasonable accuracy, e.g. the maximum re-
construction error was less than 15% when the noise

level was 20%. As we expected, under the same noise
level, the performance was better when the power ra-
tio was larger and poorer when the basis number was
bigger. Note that in all the experiments, the condition
number of the linear system consisting of both basis
constraints and rotation constraints had order of mag-
nitude O(10) to O(10%), even if the basis number was
big and the deformation was strong. It suggests that
our closed-form solution is numerically stable.

6.3. Qualitative Evaluation on Real
Video Sequences

Finally we examined our approach qualitatively on a
number of real video sequences. One example is shown
in Fig. 4. The sequence was taken of an indoor scene
by a handhold camera. Three objects, a car, a plane,
and a toy person, moved along fixed directions and at
varying speeds. The rest of the scene was static. The
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(f)

Figure 4. Reconstruction of three moving objects in the static background. (a) & (d) Two input images with marked features. (b) & (e)
Reconstruction by the closed-form solution. The yellow lines show the recovered trajectories from the beginning of the sequence until the
present frames. (c) & (f) Reconstruction by the method in Brand (2001). The yellow-circled area shows that the plane, which should be on top
of the slope, was mistakenly located underneath the slope.

(b) ©

(d) (e) (f)
Figure 5. Reconstruction of shapes of human faces carrying expressions. (a) & (d) Input images. (b) & (e) Reconstructed 3D face appearances
in novel poses. (c) & (f) Shape wireframes demonstrating the recovered facial deformations such as mouth opening and eye closure.

car and the person moved on the floor and the plane images were used for reconstruction. Two of the them
moved along a slope. The scene structure is composed are shown in Fig. 4(a) and (d).
of two bases, one for the static objects and another for The rank of W is estimated in such a way that 99%

the linear motions. 32 feature points tracked across 18 of the energy of W remains after the factorization using
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the rank constraint. The number of the bases is thus de-
termined by K = w Then the camera rotations
and dynamic scene structures were reconstructed us-
ing the proposed method. With the recovered shapes,
we could view the scene appearance from any novel
directions. An example is shown in Fig. 4(b) and (e).
The wireframes show the scene shapes and the yellow
lines show the trajectories of the moving objects from
the beginning of the sequence until the present frames.
The reconstruction was consistent with our observa-
tion, e.g. the plane moved linearly on top of the slope.
Figure 4(c) and (f) show the reconstruction using the
method in Brand (2001). The recovered shapes of the
boxes were distorted and the plane was incorrectly lo-
cated underneath the slope, as shown in the yellow
circles. Note that occlusion was not taken into account
when rendering these images. Thus in the regions that
should be occluded, e.g. the area behind the slope, the
stretched texture of the occluding objects appeared.

Human faces are highly non-rigid objects and 3D
face shapes can be regarded as weighted combinations
of certain shape bases that refer to various facial ex-
pressions. Thus our approach is capable of reconstruct-
ing the deformable 3D face shapes from the 2D image
sequence. One example is shown in Fig. 5. The se-
quence consisted of 236 images that contained facial
expressions like eye blinking and mouth opening. 60
feature points were tracked using an efficient 2D Ac-
tive Appearance Model (AAM) method (Baker and
Matthews, 2001). Figure 5(a) and (d) display two of
the input images with marked feature points. After
reconstructing the shapes and poses, we could view
the 3D face appearances in any novel poses. Two ex-
amples are shown respectively in Fig. 5(b) and (e).
Their corresponding 3D shape wireframes, as shown
in Fig. 5(c) and (f), exhibit the recovered facial de-
formations such as mouth opening and eye closure.
Note that the feature correspondences in these experi-
ments were noisy, especially for those features on the
sides of the face. The reconstruction performance of
our approach demonstrates its robustness to the image
noise.

7. Conclusion and Discussion

This paper proposes a linear closed-form solution to
the problem of non-rigid shape and motion recovery
from a single-camera video. In particular, we have
proven that enforcing only the rotation constraints re-
sults in ambiguous and invalid solutions. We thus in-

troduce the basis constraints to resolve this ambiguity.
We have also proven that imposing both the linear con-
straints leads to a unique reconstruction of the non-rigid
shape and motion. The performance of our algorithm
is demonstrated by experiments on both simulated data
and real video data. Our algorithm has also been suc-
cessfully applied to separate the local deformations
from the global rotations and translations in the 3D
motion capture data (Chai et al., 2003).

Currently our approach does not consider the degen-
erate deformations. A shape basis is degenerate, if its
rank is either 1 or 2, i.e. it limits the shape deformation
within a 2D plane. Such planar deformations occur in
structures like dynamic scenes or expressive human
faces. For example, when a scene consists of several
buildings and one car moving straight along a street,
the shape basis referring to the rank-1 car translation
is degenerate. It is conceivable that, in such degen-
erate cases, the basis constraints cannot completely
resolve the ambiguity of the rotation constraints. We
are now exploring how to extend the current method
to reconstructing the shapes involving degenerate de-
formations. Another limitation of our approach is that
we assume the weak perspective projection model. It
would be interesting to see how the proposed solution
could be extended to the full perspective projection
model.
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