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Abstract

While stereo matching was originally formulated as the
recovery of 3D shape from a pair of images, it is now gen-
erally recognized that using more than two images can dra-
matically improve the quality of the reconstruction. Unfor-
tunately, as moreimages are added, the preval ence of semi-
occluded regions (pixels visible in some but not all images)
also increases. In this paper, we propose some novel tech-
niques to deal with this problem. Our first idea is to use
a combination of shiftable windows and a dynamically se-
lected subset of the neighboring images to do the matches.
Our second ideaisto explicitly label occluded pixelswithin
a global energy minimization framework, and to reason
about visibility within this framework so that only truly vis-
ible pixels are matched. Experimental results show a dra-
matic improvement using the first idea over conventional
multibaseline stereo, especially when used in conjunction
with a global energy minimization technique. Theseresults
also show that explicit occlusion labeling and visibility rea-
soning do help, but not significantly, if the spatial and tem-
poral selectionis applied first.

1 Introduction

One of the classic research problemsin computer vision
isthat of stereo, i.e., thereconstruction of three-dimensional
shape from two or more intensity images. Such recon-
struction has many practical applications, including robot
navigation, object recognition, and more recently, realistic
scene visualization (image-based rendering).

Why is stereo so difficult? Even if we disregard non-
rigid effects such as specularities, reflections, and trans-
parencies, we still have to deal with depth discontinuities,
which cause occlusions and disocclusions, and with lack
of texture in images. Depth discontinuities cause objects
to appear and disappear at different viewpoints, thus con-
founding the matching processat or near object boundaries.
The lack of texture, meanwhile, results in ambiguities in
depth assignments caused by the presence of multiple good
matches.

1.1 Previouswork

A substantial amount of work has been done on stereo; a
survey on stereo methods can be found in [10]. Stereo can
generally be described in terms of the following compo-
nents: matching criterion, aggregation method, and winner
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selection [21, 26]. (Dueto space limitations, we only cite
the most recent or relevant references.)

The matching criterion is used as a means of measuring
the similarity of pixels or regions across different images.
A typical error measure is the RGB or intensity difference
between images (these differences can be squared, or robust
measures can be used). Some methods compute subpixel
disparities by computing the analytic minimum of the lo-
cal error surface or using gradient-based techniques [15].
Birchfield and Tomasi [3] measure pixel dissimilarity by
taking theminimum difference between apixel inoneimage
and the interpolated intensity function in the other image.

The aggregation method refers to the manner in which
the error function over the search space is computed or
accumulated. The most direct way isto apply search win-
dows of a fixed size over a prescribed disparity space for
multiple cameras [19]. Others use adaptive windows [18],
shiftable windows [6, 27], or multiple masks [17]. An-
other set of methods accumulates votes in 3D space, e.g.,
the space sweep approach [9] and voxel coloring and its
variants [22, 25, 14].

Oncetheinitia or aggregated matching costs have been
computed, a decision must be made as to the correct dis-
parity assignment for each pixel d(z, y). Loca methodsdo
this at each pixel independently, typicaly by picking the
disparity with the minimum aggregated value. Coopera-
tive/competitive algorithms can be used toiteratively decide
on the best assignments [29].

Dynamic programming can be used for computing
depths associated with edge features or genera intensity
similarity matches. These approaches can take advantage
of one-dimensional ordering constraints aong the epipolar
line to handle depth discontinuities and unmatched regions
[2, 6]. However, thesetechniquesarelimited to two frames.

Fully global methods attempt to find a disparity sur-
face d(x,y) that minimizes some smoothness or regular-
ity property in addition to producing good matches. Such
approaches include Markov Random Field optimization
with simulated annealing [1], nonlinear diffusion of sup-
port at different disparity hypotheses [21], graph cut meth-
0ds[20, 11, 7], and the use of graph cutsin conjuction with
planar surfacefitting [4].

While occlusions are usualy only explicitly handled
in the dynamic programming approaches (where semi-
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Figure 1: Overview of our stereo approach.

occluded regions are labelled explicitly), some techniques
have been developed for reasoning about occlusions in a
multiple-image setting. These approaches include using
multiple matching templates [17], voxel coloring and its
variants [22, 25, 14], estimating a depth map per image
[24], and graph cuts with the enforcement of unique corre-
spondences [13].

Inthispaper, we present two complementary approaches
to better deal with occlusions in multi-view stereo match-
ing. The first approach (Section 3) uses not only spatialy
adaptive windows, but also selects atemporal subset of the
frames to match at each pixel. The second approach (Sec-
tion 4) uses a global (MRF) minimization approach based
on graph cutsthat explicitly modelsoccluded regionswith a
special label. 1t also reasonsabout occlusionsby selectively
freezing good matching points, and erasing these from the
set of pixels that must be matched at depths further back.
Both approaches can be combined into a single system, as
shown in Figure 1.

2 Problem formulation

Inamulti-view stereo problem, we aregiven acollection
of images {I;(z,y),k = 0... K} and associated camera
matrices {Py,k = 0... K}. Iy(z,y) isthe reference im-
age for which we wish to compute a disparity map d(z, y)
such that pixelsin Iy(x,y) project to their corresponding
locations in the other images when the correct disparity is
selected.

In the classic forward-facing multi-baseline stereo con-
figuration [19], the camera matrices are such that disparity
(inverse depth) varieslinearly with horizontal pixel motion,

fk(x’%d) :Ik(x+bkd(x’y)ay)7 (1)

where fk(x, y,d) isimage I;, warped by the disparity map
d(x,y). Inamoregeneral (plane sweep) multi-view setting
[9, 25], each disparity corresponds to some plane equation
in3-D. Hence, thewarping necessary to bring pixelsat some
disparity d into registration with the referenceimage can be
represented by a homography Hy,(d),

jk(xayvd) :Hk(d)ojk(xvy)a (2)

where the homography can be computed directly from the
cameramatrices P, and P, and the value of d [25]. Inthis

paper, we assume the latter generalized multi-view config-
uration, since it allows us to reconstruct depth maps from
arbitrary collections of images.

Given the collection images warped at all candidate dis-
parities, we can compute an initial raw (unaggregated)
matching cost

Brae(,9,4,%) = p (Io(w,9) = Ie(z,5.d)) . (3

where p(-) issome (potentially) robust measure of the color
or intensity difference between the reference and warped
image (see, e.g., [21, 26] for some comparative results with
different robust metrics). In this paper, we use a simple
squared color differencein our experiments.

The task of stereo reconstruction is then to compute a
disparity function d(z, y) such that the raw matching costs
are low for al images (or at least the subset where a given
pixel isvisible), while also producing a“reasonable” (e.g.,
piecewise smooth) surface. Since the raw matching costs
are very noisy, some kind of spatial aggregation or opti-
mizationisnecessary. Thetwo main approaches used today
are local methods, which only look in a neighborhood of
a pixel before making a decision, and global optimization
methods.

3 Local techniques

The simplest aggregation method is the classic sum of
sum of squared distances (SSSD) formula, which simply
aggregates the raw matching score over all frames

ESSSD (.’E, Y, d) = Z Z Eraw(ua v, d» k)7 (4)

k#0 (u,v)EW(z,y)

whereW(z, y) isann x n squarewindow centered at (z, y).
Thiscan readily be seen as equival ent to aconvolution with
a3-dimensional box filter.

After the aggregated errors have been computed, local
techniques choose the disparity with the minimum SSSD
error, which measures the degree of photoconsistency at a
hypothesized depth. The best match can also be assigned a
local confidence computed using the variance (across dis-
parity) of the SSSD error function within the vicinity of the
best match [16].

While window-based techniques work well in textured
regions and away from depth discontinuities or occlusions,
they runinto problemsin other cases. Figure 2 showshow a
symmetric (centered) window may lead to erroneous match-
ing in such regions. Two ways of dealing with this problem
are spatially shiftable windows and temporal selection.

3.1 Spatially shiftable windows

Theideaof spatially shiftablewindowsisan old onethat
has recently had aresurgencein popularity [17, 6, 27]. The
basic idea is to try several windows that include the pixel
we aretrying to match, not just the window centered at that
pixel (Figure 3).! Thisapproach canimprove the matching

1When using square windows, finding the best matching shifted win-
dow can be computed by passing amin-filter over the original SSD scores.
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Figure2: A simplethree-image sequence (the middleimage
isthe reference image), with a frontal gray square (marked
F), and a stationary background. Regions B, C, D, and E
are partially occluded. A regular SSD algorithmwill make
mistakes when matching pixels in these regions (e.g. the
window centered on the black pixel in region B), and also
in windows straddling depth discontinuities (the window
centered on the white pixel in region F).
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Figure 3: Shiftable windows help mitigate the problems in
partially occluded regions and near depth discontinuities.
The shifted window centered on the white pixel in region F
now matches correctly in all frames. The shifted window
centered on the black pixel in region B now matches cor-
rectly in the left image. Temporal selection is required to
disable matching this window in the right image.

of foreground objects near depth discontinuities (so long
as the object is not too thin), and also handle background
regionsthat are being disoccluded rather than occluded (the
black pixel in the middle and left image of Figure 3).

To illustrate the effect of shiftable windows, consider
the flower garden sequence shown in Figure 6. The effect
of using spatially shiftable windows over al 11 framesis
shown in Figure 7(b) for a5 x 5 window size. As can
be seen, there are differences, but they are not dramatic.
The errors seen can be attributed to ignoring the effects of
occlusions and disocclusions.

3.2 Temporal selection

Rather than summing the match errors over al the
frames, a better approach would be to pick only the frames
where the pixels are visible. Of course, thisis not possible
in general without resorting to the kind of visibility reason-
ing present in volumetric[22, 25, 14] or multiple depth map
[24] approaches, and also in the multiple mask approach of
[17]. However, often a semi-occluded region in the ref-
erence image will only be occluded in the predecessor or
successor frames, i.e., for acameramoving along a contin-
uous path, objects that are occluded along the path in one
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Figure 4: The spatio-temporal diagram (epipolar planeim-
age) corresponding to the previousfigure. Thethreeimages
(middle, left, right) are slicesthrough this EPI volume. The
gpatially and temporally shifted window around the black
pixel is indicated by the rectangle, showing the the right
image is not being used in matching.
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Figure5: Error profilesfor three pointsin referenceimage.
A: point seen all the time, B: point occluded about half the
time, C: occluding point. Left: Reference image, Right:
Error graph at respective optimal depths with respect to
the frame number (frame #6 is the reference).

direction tend to be seen along the reverse direction. (A
similar idea has recently been applied to optic flow compu-
tation [23].) Figure 3 shows this behavior. The black pixel
inregion B and its surrounding (shifted) square region can
be matched in the left image but not the right image. Fig-
ure 4 show thissame phenomenon in aspatio-temporal slice
(epipolar plane image). It can readily be seen that tempo-
ral selection is equivalent to shifting the window in time as
well asin space.

Temporal selection as a means of handling occlusions
and disocclusions can beillustrated by considering selected
error profiles depicted in Figure 5. Points such asA, which
can be observed at all viewpoints, work without shiftable
windows and temporal selection. PointssuchasC, whichis
an occluding point, work better with shiftable windows but
do not require temporal selection. Points such as B, how-
ever, whichisoccludedin afraction of theviewpoints, work
best with both shiftable windows and temporal selection.

Rather than just picking the preceding or succeeding
frames (one-sided matching), amore general variant would
beto pick the best 50% of all imagesavailable. Inthiscase,
we compute the local SSD error for each frame separately,
and then sum up the lowest values. This kind of approach
can better deal with objects that are intermittently visible,



Figure 6: Middle (reference) images from the three test sequences: 11-image flower garden sequence; 5-image Symposium
seguence, courtesy of Dayton Taylor; 5-image sequence, courtesy of the University of Tsukuba.
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Figure 7: Local (5 x 5 window-based) results for flower garden sequence: (a) non-spatially perturbed (centered) window,
(b) spatially perturbed window, (c) using best 5 of 10 neighboring frames, (d) using better half sequence.
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Figure 8: Local (5 x 5 window-based) results for the other two sequences: (a) and (c) non-spatially perturbed (centered)
window; (b) and (d) using better half sequence.
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Figure 9: Final results of incremental window size algorithm run on all three sequences. See the supplementary materials
for intermediate (partial) results.



i.e., a“picket fence’” phenomenon.

We have experimented with both variants, and found that
they have comparable performance. Figure 7(c—d) shows
the results on the flower garden sequence, while Figure 8
shows results on the other two sequences. (See our sup-
plementary materials for higher quality versions of these
images.) Asyou can see, using temporal selection yields
a dramatic improvement in results, especially near depth
discontinuities (occlusion boundaries) such as the edges of
thetree.

3.3 Adaptivewindow size

If apurely window-based techniqueisto be used, area-
sonable way to handle untextured areas would be to use
variable window sizes. We have implemented anovel vari-
able window size approach that works as follows.

Instead of simply selecting the best depth at each pixel
for afixed (initial) window size, only afraction (currently
15%) of the depths computed are committed based on their
reliability. The reliability (or local confidence) assigned
to each depth is the local variance of the error function
around that depth. The higher the variance, the higher the
perceived reliability. At every new iteration, the processis
repeated with a larger window size over the uncommitted
pixels. After 12 iterations, any undecided pixels are forced
to commit. By using the error variance as a measure of
depth reliability, we ensurethat larger regions of textureless
surfaces get to be handled by larger windows.

Our approach bears some resemblanceto the recent pro-
posal by Zhang and Shan [28], which starts with point
matches and grows matching regions around these points.
In our approach, however, there is no requirement to grow
existing regions; instead, the most confident pixelsaresim-
ply selected at each iteration. Our idea of variable window
sizes is dso similar to [18]. However, we adopt a high-
est confidencefirst approach [8] to choosing awindow size
rather than testing at each pixel location al the windows
sizesin order to select an optimal size.

Results of using the incremental sel ection approach can
beseen inFigure9. Whileit generaly interpolates across
texturel essregionsreasonably well, determining the correct
fraction of pixels to commit at each iteration requires a
heuristic decision (i.e., it may be scene dependent).

4 Global techniques

The second general approach to dealing with ambigu-
ity in stereo correspondence isto optimize a global energy
function. Typically, such afunction consists of two terms,

Eglobal(d(xa y)) = Egata + Esmooth- (5)

The value of the disparity field d(x, y) that minimizes this
global energy is chosen as the desired solution.?

2Because of the tight connection between this kind of global energy
and thelog-likelihood of a Bayesian model using Markov Random Fields,
these methods are also often called Bayesian or MRF methods [2, 7].

The data term Eg4., is just a summation of the local
(aggregated or unaggregated) matching costs, e.g.,

Baata = Y, Bsssp(x,y,d(z,y)). (6)
(z.y)

Because a smoothness term is used, spatial aggregation is
usually not used, i.e., the window W (z,y) in the SSSD
termisasingle pixel (but see, e.g., [6] for aglobal method
that starts with awindow-based cost measure).

The smoothness term E,00t1n Measures the piecewise-
smoothness in the disparity field,

= Y st eldr,y) —dz+1,y) ()
(z,9)
+ sy ,0(d(z,y) — d(z,y + 1)).

The smoothness potential ¢(-) can be asimple quadratic, a
delta function, a truncated quadratic, or some other robust
function of the disparity differences[5, 7]. The smoothness
strengths sﬁy and s}, , can be spatially varying. The MRF
formulation used by [7] makes sﬁ)y and s}, , monotonic
functionsof thelocal intensity gradient, which greatly helps
in forcing disparity discontinuities to be coincident with
intensity discontinuities.

If the vertical smoothness term is ignored, the global
minimization can be decomposed into an independent set
of 1-D optimizations, for which efficient dynamic program-
ming algorithms exist [2, 6]. Many different algorithms
have al so been devel oped for minimizing thefull 2-D global
energy function, eg., [1, 21, 7].

In this section, we propose two extensions to the graph
cut formulation introduced by [7] in order to better han-
dle the partia occlusions that occur in multi-view stereo:
explicit occluded pixel labeling, and visibility computation.
4.1 Explicit occluded pixel labeling

When using aglobal optimization framework, pixelsthat
do not have good matches in other images will till be as-
signed somedisparity. Such pixelsareoften associated with
a high local matching cost, and can be detected in a post-
processing phase. However, occluded pixels also tend to
occur in contiguous regions, so it makes sense to include
thisinformationwithinthe smoothnessfunction (i.e., within
the MRF formulation).

Our solution to this problem is to include an additional
label that indicates pixels that are either outliers or poten-
tially occluded. A fixed penalty isassociated with adopting
thislabel, as opposed to the local matching cost associated
with some other disparity label. (In our current implemen-
tation, thispenalty isset at 18 intensity levels.) The penalty
should be set to be somewhat higher that the largest value
observed for correctly matching pixels. The smoothness
term for thislabel isadeltafunction, i.e., afixed penalty is
paid for every non-occluded pixel that borders an occluded
one.

Esmooth
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Figure 10: Effect of using the undefined label for 11-frame flower garden sequence (64 depth levels, no visibility terms, using
best frames): (a) Reference image is 1st image, (b) Reference image is 6th image, () Reference image is 11th image. The
undefined label is black, while the intensities for the rest are bumped up for visual clarity.

Examples of using such alabel can be seenin Figure 10.
Unfortunately, thisapproach sometimesfailsto correctly la-
bel pixelsin occluded texturel essregions (sincethese pixels
may still match correctly at the frontal depth). In addition,
the optimal occluded label penalty setting depends on the
amount of contrast in a given scene.

4.2 Visibility reasoning

An idea that has proven to be very effective in dealing
with occlusionsin volumetric [22, 25, 14] or multiple depth
map [24] approachesisthat of visibility reasoning. Once a
pixel has been matched at one disparity level, it is possible
to “erase” that pixel from consideration when considering
possible matchesat disparitiesfurther back. Thisisthemost
principled way to reason about visibility and partial occlu-
sions in multi-view stereo. However, since the algorithms
cited above make independent decisions between pixels or
frames, their results may not be optimal.

To incorporate visibility into the global optimization
framework, we compute a visibility function similar to the
one presented in [25]. The visibility function v(z, y, d, k)
can be computed as afunction of the disparity assignments
at layers closer than d. Let o(z,y,d’) = 6(d',d(z,y))
be the opacity (or indicator) function, i.e.,, a binary im-
age of those pixels assigned to level d’. The shadow
s(z,y,d', d, k) that this opacity casts relative to camera k
onto another level d can be derived from the homographies
that map between disparitiesd’ and d

s(a,y,d',d,k) = (Hp(d)H; ' (d)) 0 o,y d)  (8)

(we can, for instance, use bilinear resampling to get “soft”
shadows, indicative of partial visibility). The visibility of
a pixel (z,y) a disparity d relative to camera k can be
computed as

U(IL’,y,d,k’) = H(1*$($7y7d/,d,k))‘ (9)
d’'<d
Finally, the raw matching cost (3) can then be replaced by

Eis(x,y,d, k) = v(z,y,d, k)p (Io(a:, y) — fk(x,y, d)) .
(10)

Theabovevisibility-modul ated matching scorethuspro-
vides a principled way to compute the goodness of a par-
ticular disparity map d(z,y) while explicitly taking into
account occlusions and partia visibility. For any given
labeling d(x,y), we can compute the opacities, shadows,
and visihilities, and then sum up the visibility-modulated
matching scores (10) to abtain the final global energy (5).
Unfortunately, it is not obvious how to minimize such a
complicated energy function.

One possibility would be to start with all pixels visi-
ble, and to then run the usua graph-cut algorithm. From
theinitial d(x, y) solution, we could recompute visibilities,
and then re-optimize the modified energy function. Unfor-
tunately, this process may not converge, since the energy
function is being modified from iteration to iteration, and
the visibilities assumed for oneiteration may be undone by
are-assignment of labelsin that iteration.

The alternative we have come up with (inspired by
Chou’s Highest Confidence First algorithm [8]) is to pro-
gressively commit the best-matching depths (i.e., freeze
their labels) and apply graph cut on the remaining pix-
els. This approach is related to the voxel coloring work
[22], wherevoxels aretagged from front to back. However,
in our approach, the best 15% of the pixels (based on the
current visibility-modulated matching score (10)) whose
depthshave been computed by the graph cut arefrozen. The
visibility function and matching costs are then recomputed,
which may affect costs at more distal voxels. Within each
iteration, graph-cut labeling effectively takes into account
neighboring pixels' preferencesand triesto makethedispar-
ity function piecewise-smooth, whereas the voxel coloring
approach only uses per-pixel photo-consistency. After 12
iterations, the remaining uncommitted pixels are frozen at
their best value.

Figure 11 shows the results of adding visibility reason-
ing to the graph cut a gorithm when starting with all frames
as the data cost (no temporal selection). As can be seen
by comparing the first two columns, the improvement is
significant. (See our supplementary materials for higher
quality versions of these images, as well as additional ex-
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Figure 11: Effect of applying incremental visibility-based graph cuts: (a,d,g) results using all frames; (b,eh) results using
all frames and visibility; (c,f,i) results using best half sequence and no visibility. (There is no significant improvement in
adding visibility reasoning when starting with the best half sequence (or best frames) data term.)

perimental results)) Surprisingly, the addition of visibility
computation to the graph cut did not produce significant
improvementsto our algorithm when the original matching
costs were computed using a shiftable window and tem-
poral selection.  (The third column of Figure 11 shows
the results of regular graph cuts combined with temporal
selection using the best half sequence. The results are a-
most identical when visibility reasoning is added.) This
suggests that the shiftable window, and especialy temporal
selection, handled the occlusion problem well.

5 Discussion

In this section, we summarize our experimental results
applied to the image sequences shown in Figure 6. Due to
space limitations, we only present a brief sampling from
the larger set of experiments we have run. Please see the

accompanying supplementary material Web pages and our
longer technical report [12] for a more complete set of re-
sults.

Figures 7 and 8 show some results using spatially
shiftable windows optionally combined with temporal se-
lection, followed by asimplewinner-take-all. Theeffectsof
temporal selection are more dramatric than spatial shifting,
and yield their biggest improvements near depth discon-
tinuities. Large textureless regions are still not recovered
well.

Using incremental window sizes (Figure 9) helpsfill in
more reasonabl e disparity valuesin textureless regions, but
till does not do that well in some areas such as the sky
in the Symposium sequence and the upper right corner of
the U. Tsukuba sequence. Global optimization techniques
generally outperform thisidea.



Adding an extraoccluded pixel label to global optimiza-
tion helps find regions that are visible in only one image,
such as the start and end frames for a multi-view sequence
(Figure 10). This should help the most when only a small
number of framesis available (e.g., in classical two-frame
matching).

Finally, visibility reasoningisagood way to obtain better
results near depth discontinuities when the complete set of
images is used as input to the data cost term (Figure 11).
Reasoning about which pixels are occluded alows us to
iteratively re-compute a better data term. However, to our
surprise, this idea does not seem to help much if temporal
selection has already been applied to heuristically reject
possibly occluded pixels, at least not on the data sets we
have currently tried.

6 Conclusions

In this paper, we have presented several new ideas for
improving the results of multi-view stereo correspondence
algorithms. Our particular emphasis has been on better
dealing with pixels and regions that are occluded in some
images but not in others. Some of our ideas, such as tem-
poral selection, can be applied at the initial matching cost
stage. Other ideas, such as outlier/invisible pixel labeling
and visibility reasoning, can be used to enhance the perfor-
mance of global optimization techniques such as graph cut
algorithms.

Of al the ideas we have developed, using temporal se-
lection (using only a subset of al frames for computing
the matching cost), followed by a regular graph cut global
optimization, seems to yield the best results for the least
computational effort. It will beinteresting to see how these
ideas generalize to other versions of multi-view stereo re-
construction, such as the extraction of multiple layers and
volumetric reconstruction techniques.
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