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f(0)⊕ f(1), the sum of f(0) and f(1) modulo 2. The goal is to solve this task
with a minimal number of calls to the black box.

The classical solution to this problem requires two calls to the black box,
since the function might be constant or not. In the quantum version, you are
given an implementation of f as a quantum circuit on two quantum bits,

|x1� ⊗ |x0� �→ |x1� ⊗ |x0 ⊕ f(x1)�, (3.4)

with x1, x0 ∈ F2 = {0, 1}. The quantum version can be solved with a single
call to the black box. The problem and its solution were suggested by Deutsch
in 1985; it is historically one of the first quantum algorithms.

Exercise 3.4 Give implementations of the quantum circuit (3.4) for the con-
stant functions (a) f(0) = f(1) = 0, and (b) f(0) = f(1) = 1, as well as for
the balanced functions (c) f(0) = 0, f(1) = 1, and (d) f(0) = 1, f(1) = 0.

Let B denote the unitary map on C4 determined by (3.4). We will derive
the solution in some small steps. It is clear that we have to take advantage
of the superposition principle to evaluate the boolean function simultaneously
for both possible input arguments. The solution to Deutsch’s problem uses
an additional trick, which allows us to encode the value of f(x) into a phase
factor. Suppose that the least significant bit is in the state 1/
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for all x1 ∈ {0, 1}. If the value of f(x1) is zero, then the input state remains
invariant; otherwise, B affects a change of sign. Explicitly,
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We can now use the superposition principle. If we choose 1/
√
2(|0�+ |1�) for

the most significant qubit, then we obtain the result 1/
√
2(v0 + v1) since the

black box B is linear. To put this in a different way, we get
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((−1)f(0)|0�+ (−1)f(1)|1�)⊗ (|0� − |1�).

The goal was to discriminate between functions, which satisfy f(0)⊕f(1) = 0,
and functions satisfying f(0)⊕ f(1) = 1. The previous state is equivalent to
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(|0�+ |1�)⊗ (|0� − |1�) if f(0)⊕ f(1) = 0,

±1
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(|0� − |1�)⊗ (|0� − |1�) if f(0)⊕ f(1) = 1.


