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If we apply the Hadamard gate on the most significant qubit, then we get






±|0� ⊗ 1√
2
(|0� − |1�) if f(0)⊕ f(1) = 0,

±|1� ⊗ 1√
2
(|0� − |1�) if f(0)⊕ f(1) = 1.

We measure the most significant qubit now. If the function in the black box
satisfies f(0) ⊕ f(1) = 0, then we will observe 0 with certainty. If f satisfies
f(0)⊕f(1) = 1, then we will observe 1. Note that the algorithm is completely
deterministic. We can summarize the algorithm that we have developed as
follows:
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The reader should pause here for a moment and retrace each step in the
circuit diagram. The first two Hadamard gates prepare the superposition of
the input and the state which allows the encoding of the value of f(x) into a
phase factor.

§3 Hidden Subgroup Problems

Deutsch’s problem is an instance of a hidden subgroup problem. The hidden
subgroup problem is often considered as the Holy Grail of quantum computing
and has inspired a considerable amount of research. We need some terminology
before we can state this problem. Recall that a group is a non-empty set G
with a composition operation ◦ : G×G → G, such that

G1 ((x ◦ y) ◦ z) = (x ◦ (y ◦ z)) holds for all x, y, z ∈ G;

G2 there exists an element e ∈ G such that e ◦ x = x ◦ e = x for all x ∈ G;

G3 for each x ∈ G, there exists an x
−1 ∈ G such x ◦ x−1 = x

−1 ◦ x = e.

Axiom G1 states that the composition is associative, and G2 that there exists
an identity (or neutral) element. Note that this identity element is uniquely
determined. The axiom G3 states that each element x in G has an inverse
element.


