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By the Cayley-Hamilton theorem, the unitary 2× 2 matrix U satisfies its
characteristic equation U

2 + (trU)U + (detU)I = 0; thus,
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Using this relation, we obtain

V
2 = 1

trU±2
√
detU

(U ±
√
detUI)2

= 1
trU±

√
detU

(U2 + (detU)I ± 2
√
detU U)

= 1
trU±2

√
detU

(trU ± 2
√
detU)U = U

It remains to show that V is a unitary matrix. Recall that the unitary matrix
U can be diagonalized by a base change with some unitary matrix P , say
diag(λ1, λ2) = PUP

†. Then P diagonalizes V as well, so PV P
† = diag(a, b).

Since
diag(λ1, λ2) = PUP

† = (PV P
†)(PV P

†) = diag(a2, b2),

it follows that a =
√
λ1 and b =

√
λ2 are complex numbers of absolute value

1. Therefore, diag(a, b) is a unitary matrix and we can conclude that V =
P

†diag(a, b)P is a unitary matrix as well.

Theorem 2 A unitary gate controlled by two control bits can be expressed
in terms of singly controlled quantum gates as follows:

U

=
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where V is a 2× 2 unitary matrix such that U = V
2.

Proof. The gate on the left hand side acts on basis states in the following way:

|00� ⊗ |x� �→ |00� ⊗ |x�
|01� ⊗ |x� �→ |01� ⊗ |x�
|10� ⊗ |x� �→ |10� ⊗ |x�
|11� ⊗ |x� �→ |11� ⊗ U |x�

for x ∈ {0, 1}. The five gates in circuit on the right hand side act on the basis
states as follows:

|00� ⊗ |x��→|00� ⊗ |x� �→|00� ⊗ |x� �→|00� ⊗ |x� �→|00� ⊗ |x� �→|00� ⊗ |x�
|01� ⊗ |x��→|01� ⊗ V |x��→|01� ⊗ V |x��→|01� ⊗ V

†
V |x��→|01� ⊗ |x� �→|01� ⊗ |x�

|10� ⊗ |x��→|10� ⊗ |x� �→|11� ⊗ |x� �→|11� ⊗ V
†|x� �→|10� ⊗ V

†|x��→|10� ⊗ |x�
|11� ⊗ |x��→|11� ⊗ V |x��→|10� ⊗ V |x��→|10� ⊗ V |x� �→|11� ⊗ V |x� �→|11� ⊗ V

2|x�


