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Superdense Coding

Recall that a quantum bit can store not more than a single 
classical bit. 

With a little bit of help, one can get around this limitation.

We claim that if Alice and Bob share an EPR pair, then Alice can 
send two classical bits to Bob by sending a single quantum bit. 
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The Protocol (1)

Alice and Bob share an entangled pair in the state

2-1/2 ( |00> + |11> )    [Alice MSB, Bob LSB]

If Alice want to send two bits, then she applies the following gate:

 

00 I 2-1/2 ( |00> + |11> )   
01 X 2-1/2 ( |01> + |10> )   
10 Z 2-1/2 ( |00> - |11> )   
11 ZX 2-1/2 ( |01> - |10> )   
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The Protocol (2)

After applying her gate, Alice send her qubit to Bob. 

Bob performs a Bell measurement:
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might not be aware of that, and the least two qubits are in the state (3.1).

Therefore, the system is initially in the state

(a|0�+ b|1�)⊗ (
1√
2
|00�+ 1√

2
|11�). (3.2)

We assume that Alice and Bob are located far apart. They can apply op-

erations locally on the qubits in their possession and communicate over the

phone. The teleportation is surprisingly simple. Alice applies a controlled-not

operation Λ2,1(X), and a Hadamard gate to the most significant bit. Then

she measures her quantum bits, and tells Bob what kind of gate he should

apply to his quantum bit.
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corrections

The controlled-not gate Λ2,1(X) transforms the state (3.2) to

a|0� ⊗ (
1√
2
|00�+ 1√

2
|11�) + b|1� ⊗ (

1√
2
|10�+ 1√

2
|01�).

Applying the Hadamard gate on the most significant qubit yields the state

a(
1√
2
|0�+ 1√

2
|1�)⊗ (

1√
2
|00�+ 1√

2
|11�)

+ b(
1√
2
|0� − 1√

2
|1�)⊗ (

1√
2
|10�+ 1√

2
|01�).

The bilinear relations of the tensor product allow this state to be rewritten as

follows:

a(
1
2 |000�+

1
2 |011�+

1
2 |100�+

1
2 |111�)

+b(
1
2 |001�+

1
2 |010� −

1
2 |101� −

1
2 |110�).

We collect the terms with the same two most significant qubits, and use the

bilinear relations of the tensor product to express this state in yet another,

but still equivalent, form:

1

2

�
|00� ⊗ (a|0�+ b|1�) + |01� ⊗ (a|1�+ b|0�)

+|10� ⊗ (a|0� − b|1�) + |11� ⊗ (a|1� − b|0�)
�
.
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