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Abstract

A fundamental problem in geometry processing is that of expressingnaipside a convex polyhedron as a
combination of the vertices of the polyhedron. Instances of this probise @ften in mesh parameterization and
3D deformation. A related problem is to express a vector lying in a conves asra non-negative combination
of edge rays of this cone. This problem also arises in many applicatiafsasiplanar graph embedding and
spherical parameterization. In this paper, we presenhaed geometric constructiofor building these weighted

combinations using the notion of polar duals. We show that our method yeddnple geometric construction
for Wachspress's barycentric coordinates, as well as for construcfiolin de Verdiére matrices from convex
polyhedra—a critical step in Lovasz's method with applications to pararnzetsons.

Categories and Subject Descript@ascording to ACM CCS) 1.3.5 [Computer Graphics]: Geometric algorithms,
languages and systems

1. Introduction coordinatedy; for an interior pointx can be intuitively ex-
pressed as the ratio of tvelumeof a simplex, formed by

x and the opposite face of, divided by the volume oP

(see gure3 for an example on a triangle). However, this
simple geometric construction can not be extended beyond
simplicies since the opposite face to a vertex is no longer

Expressing a point as a weighted combination of other points
is a fundamental problem in geometry processing. For exam-
ple, free-form deformationsSP86 Cogq9Q MJ96 KOO03]

represent points in space as af ne combinations of ver-
tices of a control mesh. When the user modi es the po-

sition of the vertices of the control mesh, points are well-de ned.
deformed using those afne combinations. Other ap-  As an alternative, Wachspres#/gc7g proposed a con-
plications such as boundary interpolatiodS|V03 use struction of barycentric coordinates for convex polygons in

these weighted combinations to extend boundary func- 2D, which was later re ned by 1JD89] and [MLBDO02].
tions to the interior of the object. Mesh parameteriza- The coordinates are well behaved in the interior of the
tion [HGOO DMA02, KLS03, KOO3, FHOg also requires  polygons and have a direct geometric interpretation in
points as weighted combinations of other points, sometimes 2D as ratios of areas. Unfortunately, the generalization
with the added restriction that the weights are positive. In of Wachspress's construction toD3and higher dimen-
particular, given a convex polytode with verticesy;, we sions War96 WSHDO4 is harder to understand geo-
wish to write an interior poink as a convex combination metrically due to the presence of non-simplicial vertices

8 bvi=x whereb 0 and § b= 1 (i..e., yertices whose valence is larger than the dimen-

i i sionality of the embedded space). Other researchers have
also proposed alternative forms of barycentric coordi-
nates that can be extended onto non-convex polytopes in
2D [MDO03, Flo03 Hor04] and D [FKRO05, JSWO0§.

The weightsh; are often called théarycentric coordinates
of point x on polytopeP. Constructing such coordinates is
often not a trivial task.

Background on Barycentric Coordinates If P is a simplex Vector as Convex Sum of VectorsA problem closely re-
(e.g., atriangle in R or a tetrahedra in[3), the barycentric lated to building weighted combination of points is express-
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Figure 1: Bounded and unbounded convex polyhedraamd3 dimensions (shaded gray) with their corresponding polar duals

(shaded blue).

ing a vector as a weighted combination of containing vec-
tors. In particular, given a convex polyhedral cone bounded
by a set of one-dimensional rays pointing in the directions
rj, we wish to write a vectov lying in the cone as a non-
negative linear combination of these vectors:

o
acjrj=v where c; O
i

To the best of our knowledge, this vector problem has
never been considered in isolation. However, a solution to
this problem is proposed as part of a construction by Lo-
vasz Lov01]] for building a special type of weighted adja-
cency matrix called a Colin de Verdiére matrix (CdV) from a
convex polyhedron. These matrices play a key role in planar
graph embedding and spherical parameterizat®a $03.
Unfortunately, Lovasz's construction is rather abstract and
lacks a simple geometric interpretation.

Contributions In this paper we present a single, simple ge-
ometric construction for solving both weighted combination
problems. The construction is based on applying Stokes'
Theorem Fle77 to the polar dualGru67 of a convex poly-
hedron. Our geometric construction offers the following in-
sights:

Applied to a bounded convex polyhedron, the construc-
tion yields a simple, intuitive formula for Wachspress co-
ordinates as theatios of volume®f certain dual polyhe-
dra, nicely extending the usual notion of barycentric co-
ordinates in a simplex.

Applied to a convex polyhedral cone, this method pro-
vides an explicit construction for expressing an interior
vector as a non-negative combination of the edge rays of
the cone.

This vector construction also yields a simple geometric
explanation of Lovasz's method for building CdV matri-
ces from a convex polyhedron.

2. Dual-based Geometric Construction of Coordinates

To simplify our exposition, we present our construction in
3D (including both 2D and 3D examples). However, our ge-
ometric construction extends to arbitrary dimension with-
out dif culty. A convex polyhedronP is the intersection of

a nite set of half-spaces iR®. Such a polyhedron may
be bounded or unbounded as shown in gurdn the un-
bounded case, the polyhedron (or polygon) includes un-
bounded edges that form rays.

V.

Figure 2: The dual (shaded blue) of a convex pentagon
(shaded grey) with various geometric properties highlighted.

De nitions The polar dual of a convex polyhedron that
contains the origin is itself a convex polyhedron of the form

d[P] = fyjy z 18z2 Pg:

Figure 1 shows the polar duals of various convex polygons
in 2D and polyhedra in 3D. Observe thatHfis bounded,
the duald[P] contains the origin in its interior. On the other
hand, if the polyhedrof® is unbounded, the origin lies on
the boundary ofi[P].

Polar duals have a number of useful propert@sup7.
For our purposes, the most interesting property is that each
vertexv; of P corresponds to a face dfP] whose outward
normal isv; and whose distance from the originﬂ%. Con-
versely, each face df with outward normahy corresponds
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to a vertex ofd[P] at Iocationnrk‘—kv wherev is any vertex on
the face: this face and its associated vertex are saiddadle

to each other. Figur2 illustrates these properties.

Unbounded Polyhedra Note that if the polyhedrorP is

bounded, this mapping between verticesPoand faces of

d[P] is one-to-one. However, whehis unboundegdthe ver-

tices of P are dual to only a subset of the facesdj]. In

this case, the remaining facesdjP] contain the origin and

are dual to thainbounded raysjrof P. These rays are un-

bounded edges where two bounding planes met. Speci cally,

the rays'; (treated as vectors along the ray) are the outward Figure 3: The simplicial formula for pis the ratio of the

normals to these dual faces. The unbounded pentagon in g- shaded area to the area of the triangle (left), but does not

ureland its polar dual illustrate this point. extend beyond simplicies. Barycentric coordinates for a pen-
tagon via partitioning of its dual (right). The coordinate b

Main Result We now state our fundamental theorem relat- for v; is the ratio of the dark area to the entire shaded dual.

ing the vertices; and the rays; of P.

Theorem Consider a convex polyhedrdh containing

the origin with vertices; and rays . Then,

v r and then de ne the coordinatégsto be of the formw;=a; w;.
o i o ]
+

ai‘ a'jvij b'jrjj =0 @) At this point, we can now apply equatidnto construct
) ] suitable weightsv;. To construct the appropriate polar dual,
wherea, is the area of the face dual win d[P] andb; we translaté® such that the point is now at the origin. The
is the area of the face dual tpin d[P]. vertices of the translated polyhedrén x are nowvi  X.

SinceP xis bounded and has no rays, equatioyields

Proof: According to Stokes' theorent[e77, the inte- 3
weights of the form

gral of the outwards unit normal over any closed surface is

zero. When applied td[P], the integral becomes the sum of _ a4
2 . w; =

the area of each planar face multiplied by the corresponding

outward unit normal, which is exactly the left-hand side of

the equation.

- - (2)
MoX
where thea; are the areas of the faces dual to the vertices
Vi X

In the remaining parts of the paper, we consider two ap-
plications of this theorem. In the next section, we express
a point in the interior of a convex polyhedron as a convex 3.1. Geometric Interpretation
combination of its vertices yielding a geometric interpreta- o )
tion of Wachspress's coordinates in arbitrary dimension. In Like the simplicial formula from gures (left), this expres-
the subsequent section, we express a vector lying in a con- Sion has an elegant geometr!c mterpretat_lo_n in terms of ra-
vex polyhedral cone as a linear combination of the rays of 10S of volumes. Howeyer, unllke.the simplicial formula, our
the cone and utilize this construction to deduce a geometric formula has a natural interpretation that extends to arbitrary

formulation of Lovasz's method for building a CdV matrix ~ Polytopes. To illustrate this point, consider a convex poly-
from a convex polyhedron. topeP with vertexv; (see gure3, right). The face dual to

vi x forms a pyramid whose apex is the origin. The vol-
ume of this dual pyramid is proportional to the area of its
basea; times its height. Now, the height of the pyramid is
A common problem in applications such as parameterization simply the distance of the face dualo x from the origin,
and deformation is to express a poibn the interior of ~ thatis 5. Therefore, the weight; is proportional to the
convex polyhedroi® as a convex combination of the vertices  volume of the pyramid dual tg  x.

v; of P. Givenx 2 P, our task is to nd a set of non-negative
coordinatedy; (depending orx) such thak satis es

3. Points as Convex Combination of Vertices

Since the pyramids dual to the vertiogs x form a dis-

o joint partition of d[P  x], the sum of the weightd;w; is
abvi=x proportional to the volume ad[P  x]. Therefore, the coor-

i dinatesb; are simply theratio of the volumeof the pyramid

In solving this problem, a standard approach is to compute a dual tov; x divided by the volume of the dual & x.

set of associated weightg that satisfy the relation Figure 3 shows an example of this construction applied to
a pentagon compared with the simplicial volume-based for-
awv x=o0 mEIa 9 P P
i .
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3.2. Relation to Wachspress Coordinates

Here we show that the; de ned in equation2 using the
polar duals are in fact the weights associated with the clas-
sic Wachspress coordinates for convex polygdnsBD02]

and polyhedra\VSHDO04.

In 2D, the weighty; has a simple explicit formula. Given
a convex polygon with verticeg, let n; be an outward nor-

mal to the edg€vi;vi+1). Now, the vertexy; X is dual to
the edge id[P  X] with endpointsni Fi(Vil 2 and m (\?ii R

Therefore, the weighty; is the area of the triangle formed

rij. Compared to the point problem, the vector problem has
received relatively little attention. Nonetheless, applications
involving this type of problem often arise irD3parameter-
ization [HGOO, DMAO02, KLS03, KO03] where a point on a
non-planar surface needs to be expresses as linear combina-
tion of neighboring points on the surface. Here we restrict
our discussions to convex surfaces, and will explore an in-
teresting link to CdV matrices for convex meshes.

4.1. Building Vector Coordinates

by this dual edge and the origin. This area can be expressedproblem Statement To formally state our problem, con-

as a determinant of the form
Det[n; 1;ni]

R R VI T

X))’

If we chose length of the normal vectarto be the length
of the edge(vi;Vi+ 1), this formula reduces to the standard
one given in MLBDO02]

_ Detfvi+1 Vi;vi 1 Vil :

Detlvi 1 x;vi XDetlvi XVit1 X

Wi

3.3. Relation to Warren's Coordinates

In 3D, we can compute the weight associated with a ver-
tex v; of the polyhedrorP as well. Ifv; x has valence,
letng;ny;:::ng be normals to the faces containing; (enu-
merating in cyclic order). Each of the facesPf xis dual
to avertex od[P  X] that bounds the face dual®p x. In
particular, these vertices have the fogm'\jf—)o.

Now, the weightw; is proportional to the volume of the
pyramid spanned bg vectors emanating from the origin to
these points. Speci cally,

Ny . R ...
M XNV X

w; = 3Vol[ I3

X)
To compute this volume explicitly, we suggest triangu-

lating the face dual te; x and using this 2D triangula-

tion to induce a 3D tetrahedralization on the correspond-

ing pyramid dual tov; x. Given a triangle with vertices

™ (3.1 5 (3,2 5 &3 5 the corresponding tetrahedron

has a volume

gDetlny; n;ng] |
O 1n (vi %)
This determinant expression in conjunction with equaion

agrees with the formulas for arbitrary valence vertices given
in [WSHDO04.

4. Vectors as Linear Combination of Edges

The previous section considered the problem of writing a
point as a convex combination of enclosing vertices. In this
section, we consider the related problem of writing a vec-
tor v as a non-negative linear combination of enclosing rays

sider a convex polyhedral corieformed by taking the in-
tersection ofd halfspaces whose bounding planes contain
the origin (the polyhedral cone on the right of gufeis

an example). This cone is bounded thyays of the form
ri;ro;:::rq. Now, given a vectov in P, we wish to construct

a set of non-negative weightis andw such that

(4)

o
apjrj:wm
J

Our Construction To apply equatiorl, we translate® so
thatv lies at the origin. The translated polyhed®n v has
asingle vertex vandd raysr;. According to equatiod

\"

o i at

by -
&P

®)

wherea is the area of the face dual tovin d[P v] and the
b; are the areas of the faces dual to the ngysComparing
equatiord and5, we obtain the desired weights

b2
jrij’ v

As observed in the previous section, thweis simply the

Wachspress weight associated with the vevtex

M (6)

To derive an explicit formula for areds, we let the ray
be the intersection of two planes with outward nornmgls;
andnj. The dual of this ray is a triangular face dff V]

. n 1 nj ..
whose vertices arg=, and the origin. Therefore, the

[RY
areabj is simply

bi = 3ini 1 njj
T L (v oy (v %)
(Note thatn 2D, the areds are simply; j('yj 5

4.2. Geometric Construction of CdV Matrices

Equationd4 and6 present a geometrically simple method for
expressing a vector inside a convex cone as a non-negative
linear combination of the cone's rays. We can now apply
this method to reformulate Lovasz's constructidroy01]

for building a weighted adjacency matrix corresponding to
the edge graph induced by a convex polyhedron.
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Lovasz's Construction Given a bounded convex polyhe-
dronP containing the origin withn verticesv; 2 V and edges
(vi;vj) 2 E, Lovasz constructs am nsymmetric matrixv
with the following properties:

Mij = 0if (vi;vj) ZE,
Mij > 0if (vi;vj) 2 Eandi 6 |,
MV = 0 whereV is a matrix whosé'" row isvj.

EssentiallyM is a weighted adjacency matrix associated
with the genus zero graplv; E) whose nullspace includes
V. The importance of this construction lies in the fact that
Lovasz then shows thM is a special type matrix known as
a Colin de Verdiére (CdV) matrix. Such matrices are guar-
anteed to have a speci c spectral structure. In particular, a
CdV matrixM associated with a genus zero graph has a sin-

gle positive eigenvalue, three eigenvalues at zero and the re-

maining eigenvalue all being strictly negative. These spectral
properties mak& well-suited for 3D mesh ltering similar

to that used in Fourier analysi$qu93. In particular, CdV
matrices play a key role in spherical parameterization as dis-
cussed inGGS03.

Reuvisiting the Construction Our goal in this section is to
give a much simpler version of Lovasz's constructionl¥br
by applying the method of sectiagh Givenv;, consider the
polyhedral cone formed by those halfspace$ dhat meet
atv;. The rays of this cone simply correspond to those edges
(vi;vj) that are incident on;: So, we can apply the method
of section4 to express the vectorv; as a weighted linear
combination of the vectorg; Vi, i.e;

a Hj(vi vi)=wi( w) (7)
(vi;vj)2E

wherew; is the Wachspress weight associated with the ver-
texv; and the weightgyj satisfy equatioré. Collecting the
coef cient of v; yields an equivalent equation of the form

a wpv=0  ©®
(vi:vj)2E

o
a  Wjvi+t(w
(vi:vj)2E

Based on this equation, we can now de e directly in
terms ofy;j andw;, i.e;

Mij = W (16 ])
Mii = w; a Hij :
(vivj)2E

Note thatMjj > O for (vj;vj) 2 E sincey;j > 0, Mjj is sym-
metric sincgyj = Wji andMV = 0 by equatior8.

In 2D, the entries oM have a simple expression in terms
of areas similar to that oMLBDO2]. If P is a convex poly-
gon with verticesry, vo, 111, Vo, M is a symmetric tridiagonal

¢ The Eurographics Association 2005.

matrix whosea!" row has non-zero entries of the form

_ 1
M = Detlvi 1;Vi+1]
"7 Deflvi 1;vi]Det[vi;Vis1]’
1
M;-i = —
BT Detlviivie 1]

Geometric Interpretation Observe that Lovasz's construc-
tion has an elegant interpretation in terms of polar duals.
Given a convex polyhedroR, one computes the polar dual
d[P] and partitions this dual into pyramids with respect to the
origin (as shown in gureSright). Each external face offP]

has outward normak. Each internal face in the partition has
anormal parallel to an edds;; v;) of P. To compute théth
row of M, one simply applies Stokes' theorem to the pyra-
mid dual tov;. Since the weightg;; andy;; depend only on
the length of the edog;; v;) and the area of the internal face
shared by the pyramids dual¥pandvj, the resulting matrix

M is symmetric.

5. Conclusions

Using Stokes' theorem and polar duals of convex polyhe-
dra, we have constructed a method for representing points
in terms of vertices of a bounded convex polyhedron and
vectors in terms of vectors corresponding to edges of an un-
bounded convex polyhedron. We then applied this technique
to generating barycentric coordinates for convex polytopes
as ratios of volumes. Our vector construction yielded a sim-
ple geometric derivation for Lovasz's method for construct-
ing CdV matrices.

The heightened intuition presented in our paper of the ge-
ometry at play in basic graphics tools such as barycentric
coordinates suggests both theoretical and practical conse-
guences. It may rst have interesting rami cations in the
study of parameterizations thanks to the connection with
CdV matrices. But a number of applications could also di-
rectly bene t, such as ray interpolation, or light eld radi-
ance interpolation (where a 5D sampled eld needs proper
local reconstruction) for rendering purposes. We also plan to
explore the usefulness of this construction to the de nition
of basis function for discrete differential forms on arbitrary
meshesDKTO5] as used in Geometry Processing, Electro-
Magnetism, and Mechanics.

References

[Cog90] CoQUILLART S.: Extended free-form deforma-
tion: a sculpturing tool for 3d geometric modeling. In
Proceedings of ACM SIGGRAPH990), pp. 187-1961

[DKTO5] DESBRUNM., KANSO E., TONG Y.: Discrete
differential forms for computational scienceChapter
in ACM SIGGRAPH '0®iscrete Differential Geometry
Courses Notef005). 5



T. Ju, S. Schaefer, J. Warren, M. Desbrun / A Geometric Coctidn of Coordinates for Convex Polyhedra using Polar Bual

[DMAO2] DESBRUN M., MEYER M., ALLIEZ P.: In-
trinsic Parameterizations of Surface Mesh&omputer
Graphics Forum 213 (2002), 209-2181, 4

[FHO5] FLOATER M. S., HORMANN K.: Surface parame-
terization: a tutorial and survey. kdvances in Multires-
olution for Geometric ModellingDodgson N. A., Floater
M. S., Sabin M. A., (Eds.), Mathematics and Visualiza-
tion. 2005, pp. 157-1861

[FKRO5] FLOATER M., Kos G., REIMERS M.: Mean
value coordinates in 3dlo appear in CAG¥2005). 1

[Fle77] R.EMING W. (Ed.): Functions of Several Vari-
ables Second edition. Springer-Verlag, 1972, 3

[FIo03] FLOATER M. S.: Mean value coordinate€om-
put. Aided Geom. Des. 20 (2003), 19-27.1

[GGS03] GoTsMAN C., GU X., SHEFFER A.: Fun-

[MLBD02] MEYER M., LEE H., BARR A., DESBRUN
M.: Generalized Barycentric Coordinates for Irregular
Polygons.Journal of Graphics Tools,71 (2002), 13-22.
1,4,5

[SP86] SEDERBERGT. W., PARRY S. R.: Free-form de-
formation of solid geometric models. Proceedings of
ACM SIGGRAPH1986), pp. 151-1601

[Tau95] TauBIN G.: A signal processing approach to fair
surface designComputer Graphics Proceeding$995),
351-358.5

[Wac75] WACHSPRESSE.: A Rational Finite Element Ba-
sis Academic Press, New York, 1974

[War96] WARREN J.: Barycentric Coordinates for Con-
vex Polytopes. Advances in Computational Mathematics
6 (1996), 97-108.1

damentals of spherical parameterization for 3d meshes. [WSHD04] WARREN J., SCHAEFER S., HIRANI A.,

ACM Trans. Graph. 223 (2003), 358-3632, 5

[Gru67] GRUNBAUM B.: Convex PolytopesJohn Wiley
& Sons, 1967.2

[HGOO] HORMANN K., GREINERG.: MIPS: An Ef cient
Global Parametrization Method. I@urve and Surface
Design: Saint-Malo 19992000), Laurent P.-J., Sablon-
niére P., Schumaker L. L., (Eds.), Vanderbilt University
Press, pp. 153-1621, 4

[Hor04] HORMANN K.: Barycentric Coordinates for Ar-
bitrary Polygons in the PlaneTech. rep., Clausthal Uni-
versity of Technology, September 2004. http://www.in.tu-
clausthal.de/ hormann/papers/barycentric.ptf.

[JSWO05] 1 T., SCHAEFERS., WARREN J.: Mean value
coordinates for closed triangular meshek appear in
ACM SIGGRAPH Proceedingdugust 2005). 1

[KLS03] KHODAKOVSKY A., LITKE N., SCHROEDER
P.: Globally smooth parameterizations with low distor-
tion. ACM Trans. Graph. 223 (2003), 350-3571, 4

[KO03] KoBAvasH! K. G., OoTsuBo K.: "t-ffd: free-
form deformation by using triangular mesh". Pnoceed-
ings of the ACM Symposium on Solid Modeling and Ap-
plications(2003), pp. 226-2341, 4

[LD89] Loop C., DEROSE T.: A multisided general-
ization of Bézier surfaces ACM Trans. on Graphics 8
(1989), 204-234.1

[LovO1l] LovAszL.: Steinitz representations of polyhedra
and the colin de verdiere numbg&r.Comb. Theory, Ser. B
82,2 (2001), 223-2362, 4

[MD0O3] MaLscH E., DASGUPTA G.: Algebraic con-
struction of smooth interpolants on polygonal domains. In
Proceedings of the 5th International Mathematica Sympo-
sium(London, 2003).1

[MJ96] MACCRACKEN R., oY K. I.: Free-form defor-
mations with lattices of arbitrary topology. Rroceedings
of ACM SIGGRAPH1996), pp. 181-1881

DESBRUNM.: Barycentric Coordinates for Convex Sets
Tech. rep., Rice University, 20041, 4

¢ The Eurographics Association 2005.



