Non-uniform Subdivision for B-splines of Arbitrary Degree
S. Schaefer, R. Goldman
We present an eﬃcient algorithm for subdividing non-uniform B-splines of arbitrary
degree in a manner similar to the Lane-Riesenfeld subdivision algorithm for uniform Bsplines of arbitrary degree. Our algorithm consists of doubling the control points followed
by d rounds of non-uniform averaging similar to the d rounds of uniform averaging in the
Lane-Riesenfeld algorithm for uniform B-splines of degree d. However, unlike the LaneRiesenfeld algorithm which follows most directly from the continuous convolution formula
for the uniform B-spline basis functions, our algorithm follows naturally from blossoming.
We show that our knot insertion method is simpler and more eﬃcient than previous knot
insertion algorithms for non-uniform B-splines.
1. Introduction
Subdivision curves and surfaces are ubiquitous in Computer Graphics and Geometric
Modeling. Subdivision recursively reﬁnes simple polygonal shapes which, if the subdivision rules are chosen correctly, converge in the limit to smooth shapes. Because subdivision can create smooth curves and surfaces of arbitrary topology, subdivision is now an
integral part of Geometric Modeling [5].
The Lane-Riesenfeld subdivision algorithm [6] is the most commonly used subdivision
algorithm for uniform B-splines of arbitrary degree. To subdivide a B-spline curve of
degree d, the algorithm proceeds in two phases. The ﬁrst step doubles each control point.
This step is followed by d rounds of mid-point averaging, where each edge is replaced by a
vertex located at the mid-point of that edge. Iterating this subdivision process generates
a sequence of piecewise linear curves that in the limit converges to the uniform B-spline
deﬁned by the original control points.
We can easily visualize this algorithm as the pyramid shown in Figure 1. In this
ﬁgure, arrows correspond to taking linear combinations of the points at the base of each
arrow with the weights speciﬁed on each edge. This repeated averaging paradigm is quite
powerful and lies at the foundation of many surface subdivision schemes based on uniform
B-splines of arbitrary degree [7,10,12,13].
One of the disadvantages of the Lane-Riesenfeld algorithm is that this algorithm only
operates on B-splines with uniform knot spacing. Generally, however, B-splines can have
non-uniformly spaced knots. Non-uniform knot spacing forms the basis for NURBS curves
and surfaces commonly used in Computer Aided Design. Therefore, here we consider the
question of whether a subdivision algorithm, similar to Lane-Riesenfeld subdivision, can
be constructed for non-uniform B-splines. In particular, given a B-spline curve of degree
d with a monotonically increasing set of knots t1 , t2 , . . . tn we would like to double the
number of control points by inserting knots ui such that ti ≤ ui ≤ ti+1 ; that is, by
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Figure 1. The Lane-Riesenfeld algorithm: the control points are doubled (bottom of the
pyramid) followed by d rounds of midpoint averaging. Here we illustrate the cubic case.

inserting one new knot in each parameter interval.
2. Previous Work
There are actually several algorithms that perform knot insertion on non-uniform Bsplines of arbitrary degree. For example, Boehm’s knot insertion algorithm [2] inserts one
knot at a time. However, this procedure must be repeated for every knot ui, leading to a
rather ineﬃcient algorithm when compared to the Lane-Riesenfeld algorithm for uniform
knot spacing.
The Oslo algorithm [4] is similar to Boehm’s algorithm except that the Oslo algorithm
simultaneously inserts multiple knots between two of the original consecutive knots. However, when we perform subdivision, we wish to insert only one new knot between each
old pair of consecutive knots. In this setting the Oslo algorithm reduces to Boehm’s knot
insertion algorithm.
Barry et al. [1] provides a bounded depth variant of the Oslo algorithm for inserting
multiple knots. Similar to the Oslo algorithm, this algorithm excels when inserting multiple knots between each old pair of consecutive knots whereas we will only be inserting
a single new knot in each knot interval.
Sablonniere [9] introduces a tetrahedral algorithm for performing a change of basis
between functions deﬁned locally over two diﬀerent knot sequences. This algorithm can be
used to perform knot insertion as well but is seldom used in practice because Sablonniere’s
algorithm is slower than both Boehm’s algorithm and the Oslo algorithm.
Contributions
We shall present an eﬃcient algorithm for subdividing non-uniform B-splines of arbitrary degree in a manner similar to the Lane-Riesenfeld algorithm for uniform B-splines.
Our algorithm consists of doubling the control points followed by d rounds of non-uniform
averaging for a degree d B-spline curve where the averages depend on the local knot spacing of the curve. This algorithm has a structure similar to the Lane-Riesenfeld algorithm,
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which is also composed of doubling followed by d rounds of averaging; but in the LaneRiesenfeld algorithm the averaging is uniform and independent of the local knot spacing.
Moreover, unlike the Lane-Riesenfeld algorithm where the standard proof is based on the
continuous convolution formula for the uniform B-spline basis functions [12], our algorithm
follows easily from blossoming [8].
3. Non-uniform Subdivision
Consider a B-spline curve of degree d with knots t1 ≤ t2 ≤ . . . ≤ tn and control
points p0 , . . . , pn−d . The control point pi is associated with the knots ti+1 ti+2 . . . ti+d and
is represented by the polar form or blossom of the B-spline curve evaluated at these knot
values [8]. Thus we write pi = b[ti+1 , . . . , ti+d ] where b is the blossom of the B-spline curve.
Our goal is to insert new knots u1 , u2 , . . . un−1 such that ti ≤ ui ≤ ti+1 . Knot insertion
is akin to subdivision; our knot insertion procedure will produce a more highly reﬁned
control polygon relative to the new knot sequence. As the knots become dense, this
subdivision procedure will generate a sequence of piecewise linear curves that converge in
the limit to the non-uniform B-spline curve for the original control points.
When all of the ti are uniformly spaced and each ui = ti +t2i+1 , then the Lane-Riesenfeld
algorithm is a simple, eﬀective procedure for performing this knot insertion. However,
if the ti or ui are non-uniform, then more complex algorithms must be applied. While
Boehm’s algorithm can always be used to perform knot insertion, Boehm’s algorithm is
slow and lacks the elegant structure of the Lane-Riesenfeld algorithm. Our algorithm is
composed of two steps: doubling followed by d rounds of averaging, where d is the degree
of the curve. This structure is identical to the Lane-Riesenfeld algorithm, except that our
averaging rounds depend locally on the knot structure corresponding to the surrounding
control points.
b[u, t1 , t 2 ,...]

u, t1 , t 2 ,...

y −u
y−x

u−x
y− x

b[ x, t1 , t 2 ,...]

b[ y, t1 , t 2 ,...]

u
x, t1 , t 2 ,...

y, t1 , t 2 ,...

Figure 2. The multi-aﬃne property of the blossom (left) and a short-hand notation
indicating the inserted knot where the weights in the aﬃne combination are implicit.

The ﬁrst step in our algorithm, doubling, is exactly the same as the Lane-Riesenfeld
algorithm and we simply double the control points in the curve. We then follow this
step with d rounds of averaging. In the k th averaging step where k = 1, . . . , d, we locally
insert the knots uk−1, uk , uk , uk+1, uk+1, . . . using the multi-aﬃne property of the blossom.
This property states that if b[x, t1 , t2 , . . .] and b[y, t1 , t2 , . . .] are control points whose cor-
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Figure 3. Our non-uniform subdivision algorithm for degree d = 1 where control points
are referred to by the corresponding knot values. The knot value at the center of each
triangle indicates the knot to insert locally using the two control points at the base of the
triangle.
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Figure 4. Our non-uniform subdivision algorithm for degree d = 2. Notice that the knots
inserted at level 1 are identical to those used in Figure 3.

responding knot sequences diﬀer by at most one value (x and y in our example) and the
knot value we wish to insert is u, we simply form the aﬃne combination
b[u, t1 , t2 , . . .] =

y−u
u−x
b[x, t1 , t2 , . . .] +
b[y, t1 , t2 , . . .].
y−x
y−x

Figure 2 depicts this property. On the left the arrows indicate aﬃne combinations along
with the weights associated with each edge. The right side of the ﬁgure shows our equivalent notation that speciﬁes only the inserted knot.
Figure 3 illustrates this algorithm for a linear B-spline. For convenience, we refer to
the B-spline control points simply by their knot values and omit the function call to the
blossom b. The control points sit at the base of the pyramid and are already doubled.
The value shown in the center of each pyramid indicates the knot value to insert using the
two control points at the base of the pyramid. The resulting control points represented by
their knot values are shown at the top of the pyramid. The result of the computation in
Figure 3 are the control points for the desired knot sequence after subdividing the curve.
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Figure 5. Our non-uniform subdivision algorithm for degree d = 3. The dashed edges
indicate a weight of zero for the vertex at the base of the edge. Half of the old control
points are copied to the next level at each round of averaging.

Figure 4 depicts our algorithm for a quadratic B-spline. The diﬀerent intensities are
designed to illustrate the nesting of the diﬀerent degrees. If we consider only the black
text, the algorithm is identical to the algorithm in Figure 3 for linear B-splines. The gray
text indicates the diﬀerent knots and control points needed for quadratic B-splines.
For quadratic B-splines two rounds of averaging are required to subdivide the curve.
At averaging step k = 1 for the quadratic algorithm, the local knot values that we insert
are identical to those from the linear algorithm. However, even though the knot value is
identical, the aﬃne combinations that we use at level k = 1 for the quadratic algorithm are
not identical to the aﬃne combinations in the linear algorithm due to the diﬀerent knot
sequences associated with the control points. Thus unlike the Lane-Riesenfeld algorithm
where the averaging rule is simply to take the midpoint at every level of averaging no
matter what the degree of the curve, the averaging rules in our algorithm depend on the
degree of the curve. Nevertheless, after two rounds of averaging the knot sequence is
exactly that of the subdivided curve.
Figure 5 shows our algorithm for a cubic B-spline curve with the gray-levels designed to
show the nesting of the algorithm for diﬀerent degree B-splines. Notice that every other
edge in the pyramid is dashed. For these pyramids the knot inserted is already present
in one of the two control points at the bottom of the pyramid. Therefore, these control
points are simply promoted to the next level without performing any aﬃne combination.
The fact that these control points are simply copied to the next level illustrates that our
algorithm does not reduce to the Lane-Riesenfeld algorithm even when the original knots
ti are uniformly spaced and the new knots ui = ti +t2i+1 . Notice then that our algorithm
performs only half as many multiplications and additions for one round of subdivision as
Lane-Riesenfeld subdivision though the later uses only combinations of 12 .
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We can also write the operations in our algorithm compactly as a recurrence involving
the control points and the knot values. Let pi be the control points of the B-spline curve
associated with the knots ti+1 ti+2 . . . ti+d , where d is the degree of the curve. The points
pki at the k th level of our algorithm are then given by
= pi
p02i
0
p2i+1 = pi
k−1
pk2i
= p2i+1


ti+d+1 −ui+k
k−1

 ti+d+1 −ti+(k+1)/2 p2i+1

pk2i+1 = 


ti+d+1 −ui+k k−1
p
ti+d+1 −ui+k/2 2i+1

+

+

ui+k −ti+(k+1)/2 k−1
p
ti+d+1 −ti+(k+1)/2 2(i+1)

ui+k −ui+k/2 k−1
p
ti+d+1 −ui+k/2 2(i+1)

k is odd
k is even

for k = 1, . . . , d. The points pdi represent the result of one round of subdivision.
Finally, notice that our subdivision scheme will produce a sequence of piecewise linear
curves that converge in the limit to the non-uniform B-spline curve represented by the
original control points and knots provided that the new knots ui inserted at each level of
subdivision lead to a dense covering of parameter space.
Figure 6 shows an example of subdivision for a non-uniform B-spline basis function of
degree 3 using our algorithm where the knot spacing is uniform on both the left and right
sides of the basis function, but the knots are twice as dense on the left as on the right. In
this example, we simply insert the new knots ui at the midpoint of each consecutive pair
of old knots.
4. Conclusions and Future Work
Our algorithm is a simple, fast method for performing subdivision on non-uniform
B-splines of arbitrary degree. Similar to the Lane-Riesenfeld algorithm, our technique is
composed of doubling the control points followed by d non-uniform averaging steps where d
is the degree of the curve. Our algorithm does not reduce to the Lane-Riesenfeld algorithm
when the original knots are uniformly spaced and the new knots lie at the midpoints
of the old knots. However, our method performs only half as many computations as
the Lane-Riesenfeld algorithm. Moreover our method is easier to derive than the LaneRiesenfeld algorithm. The standard proof of the Lane-Riesenfeld algorithm is based on the
observation that the basis functions for uniform B-splines can be generated by continuous
convolution [12]. In contrast, the proof of our algorithm is immediate from the dual
functional and multiaﬃne properties of the blossom. Blossoming proofs of the LaneRiesenfeld algorithm are also possible, but these proofs are not so simple [11].
In the future, we would like to explore whether or not we can construct an algorithm
that mimics the Lane-Riesenfeld algorithm even closer. Our current technique requires
that we know the degree of the curve before subdivision, since the degree inﬂuences the
aﬃne combinations used in the local knot insertion step. Ideally, we could perform these
averaging passes without knowing the degree of the curve ahead of time, though current
experiments indicate that this type of algorithm may not be possible in the fully nonuniform setting [3]. Nevertheless, if we place restrictions on the original knots ti or the
new knots ui , such an algorithm may exist. We also believe that there exists an algorithm
for each particular degree that reduces to the Lane-Riesenfeld algorithm without any
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Figure 6. Subdivision of a non-uniform cubic B-spline basis function using our technique.

restrictions on the knots. However, these algorithms are special in each degree; the rules
from one degree to another are completely diﬀerent and, hence, do not nest like our
algorithm or the Lane-Riesenfeld algorithm. Appendix A provides two examples of nonuniform knot insertion algorithms for cubic B-splines that reduce to the Lane-Riesenfeld
algorithm for cubic B-splines when the knots are evenly spaced.
We would also like to generalize our method to create a quadrilateral subdivision scheme
for non-uniform B-spline surfaces similar to the way the Lane-Riesenfeld algorithm is used
to create surface subdivision schemes [7,10,12,13]. The tensor-product case is relatively
straightforward and does not pose a challenge. However, extraordinary vertices complicate
the algorithm. One of the biggest problems is simply encoding the knot vectors for the
vertices in the presence of extraordinary vertices.
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A. Non-uniform Subdivision Reducing to the Lane-Riesenfeld Algorithm
Our algorithm for inserting knots into non-uniform B-splines of arbitrary degree does
not reduce to the Lane-Riesenfeld algorithm when the knots are uniformly spaced. However, for a particular degree, we believe that it is always possible to construct a knot
insertion algorithm that reduces to the Lane-Riesenfeld algorithm when the knots are
evenly spaced. Figure 7 shows an example of such an algorithm for cubic B-splines.
This algorithm requires the insertion of pseudo-knots that are not part of the original or
ﬁnal knot sequences. However, these knots cause the algorithm to reduce to the LaneRiesenfeld algorithm when the original knots ti are uniformly spaced and the new knots
ui = ti +t2i+1 .
The disadvantage of this cubic algorithm is that it does not generalize to B-splines
of diﬀerent degrees. Furthermore, the algorithm itself is not unique; there exists many
diﬀerent pseudo-knots and insertion orders that will produce the same knot sequence after
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Figure 8. Another subdivision algorithm for non-uniform cubic B-splines that reduces to
the Lane-Riesenfeld algorithm when the knots are uniformly space.

subdivision and reduce to the Lane-Riesenfeld algorithm for uniform knots. For example,
Figure 8 illustrates another subdivision algorithm for non-uniform cubic B-splines that
reduces to the Lane-Riesenfeld algorithm when the knots are equally spaced. Again,
this algorithm relies on the insertion of pseudo-knots but does not produce that same
intermediate aﬃne combinations. Currently, it is an open problem whether or not there
exists an algorithm that reduces to the Lane-Riesenfeld algorithm for uniform knots and
has a simple, nested structure relative to the degree of the B-spline curve.

