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Abstract

The tandemalgorithm combinesthe marching cubealgorithm for surfaceextraction and the edge contraction
algorithmfor surfacesimpli cation in lock-stepto avoidthe costlyintermediatestepof storingtheentire extracted
surfacetriangulation. Beyondthis basic strategy, we introducere nementsto preventartifacts in the resulting
triangulation, r st, by carefully monitoringtheamountof simpli cation duringtheprocessand,secondby driving
thesimpli cation toward a compomisebetweershapeapproximationandmeshquality. We haveimplementedhe
algorithmand usedextensivecomputationakxperimentgo documenthe effectsof variousdesignoptionsandto

further ne-tunethealgorithm.

CategoriesandSubjectDescriptorgaccordingo ACM CCSy} 1.3.5[ComputerGraphics]Boundaryrepresentations,
Hierarcly andgeometrictransformations-2.2 [Analysis of Algorithms andProblemCompleity]: Geometrical
problemsandcomputationd.4.10[ImageProcessingndComputerVision]: Volumetric

1. Intr oduction

The work of Hoppe[Hop96§ and of Garlandand Heckbert
[GH97] openedanew chapteron surfacesimpli cation asa
centralthemein geometrigorocessingln this paperwe con-
tribute to the growing body of work on variants extensions,
andre nementsof the original algorithm.

Historical perspectve. Motivated by the demandsof
large datasetsthe generationof simpli ed representations
has long beena topic within computergraphics.As ap-
plied to geometric shapes,the focus has been on tri-
angulatedsurfacesembeddedin three-dimensionakpace
[HDD 93,RB93 SZL92]. A breakthroughin simplifying
suchsurfaceshasbeenachievedin thelate 1990swhenGar
land and Heckbertcombinedthe edge contractionopera-
tion developedby Hoppeandco-workers[HDD 93, Hop9§
with anisotropicsquarenormsrepresentinghe accumulated
error[GH97]. The con uenceof thesetwo ideasformedthe
startingpoint of developmentsn severaldirections:

Y Researchby the rst two authorswas partially supportedby
the IST Program of the EU under Contract IST-2002-506766
(Aim@Shape)Researcty thethird authorwaspartially supported
by NSFgrantCCR-00-86013BioGeometry).
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variants of the algorithm, including the restriction to
topologypreservingedgecontractiongDEGN99]andthe
formulationof memoryles®rrormeasuref T98];
evaluationof the generatedriangulations,including the
mathematicabnalysisof the original algorithm [HG99]
andthe developmentof a softwaretool for experimental
comparisorfCRS98;

extensions to higher dimensions, including surfaces
with attributes [GH98, Hop99 and tetrahedralmeshes
[SG98,THIW9Y;

memory-eftient processingordersthat focus the algo-
rithm to a moving window and this way simplify trian-
gulationsthat may be too largeto t into main memory
[ILGS03,Lin00, WKO03].

Becauseof the centralimportanceof simpli cation as a
meango abstractessentiainformationfrom large datasets,
it is likely thesethemeswill continueto be at the forefront
of geometryprocessingesearch.

Our contributions. Thework reportedn this paperstarted
with the realizationthat the limitation of edgecontractions
to memory-efcient processingordersleadsto artifactsin
the generatedriangulations.Two questionsarise:“how do
we captureor quantifythe artifacts?”and“how do we avoid
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them?”.Theanswergo thesequestionsarenotindependent.
Speci cally, we usethe insightsgainedin quantifying ar
tifactstowardsmodifying the algorithmto counteractheir
creation.Our approachis a mix of theoreticaland experi-
mentalanalysisanddesign.We baseour experimentalwork
on a particularmemory-efcient processingorderin which
the marchingcubealgorithmfor surfaceextractionis com-
binedwith the simultaneousimpli cation of the triangula-
tion. Building asurfacelayerby layer, themarchingcubeal-
gorithmhasbeenintensvely studiedasatool for extracting
iso-surhicesfrom densitydata[LC87, ILSW02 KBSS01]
We call our approachthetandemalgorithmbecausét alter
natesthe extractionof alayerwith the simpli cation of the
accumulategbartial surface.Our contritutionsare:

1. the formulationandimplementatiorof the tandemalgo-
rithm;

2. there nementof the processingrderto counteracthe
creationof artifacts;

3. there nementof the errorquadricof GarlandandHeck-
bertto controlthe meshquality;

4. the quanti cation of meshisotropy anddirectionalbias
asaspect®f meshquality.

We notethatthe methodto controlmeshquality is similarto
but differentfrom theonedescribedn [NEO4]. Onthetech-
nical side, our work usesanisotropicsquarenorms,whose
mathematicalormulationis developedn AppendixA. Even
thoughwe have basedour work on the tandemalgorithm,
our resultsapplyto othermemory-efcient surfacesimpli -

cationalgorithmsandto surfacesimpli cation in general.

Outline. Section2 describeghe marchingcubealgorithm
for surfaceextractionandthe edgecontractioralgorithmfor

surfacesimpli cation. Section3 explainsthe tandemalgo-

rithm, which combinesthe extractionand simpli cation of

thesurfaceinto onestep.Sectiond introducesneasureghat
assesghe quality of the extractedand simpli ed surfaces
andcompareghe classicalandthe tandemalgorithms.Sec-
tion 5 concludeghe paper

2. ClassicalAlgorithm

The classicalalgorithm for constructingthe iso-surfice of

adensityfunctionon RS rst extractsa ne resolutionrep-

resentationwhich it then simpli es to a more appropriate
coarseresolution.We begin with a descriptionon how the

densityfunctionis given.

Density data. The mostcommonrepresentationf a den-
sity functionF : R3! R consistof aregularcubegrid and
speci esthe function value at every vertex. To be speci c,
let the grid consistof all verticeswith integer coordinates
0 i;j;k mandlet Fli; j;K] storethe function value at
the point (i; j;K) 2 R®. We sometimesgeferto the third co-
ordinateasthe rank The k-th cross-sectiorconsistsof all
verticeswith rankk. Thetotal numberof verticesin thegrid

is (m+ 1) andthenumberof verticeswithin across-section
is (m+ 1)2.

We candecomposehe cubesin the grid into tetrahedra
(e.g.thessix tetrahedraarounda space-diagonaBndextend
the function valuesat the verticesto a continuousfunction
F : [0 m]3 I R by linear interpolation[Mun84]. Alterna-
tively, we may usebi-linear interpolationon the facesand
tri-linearinterpolationwithin thecubesf thegrid [Far97] A
level setof sucha continuousfunction consistsof all points
thatmapto acommonvalueCp 2 R:

F Y(Co) = fx2 [0;mPjF(X) = Cog:
A level setis oftenreferredto asaniso-surfacebecausein-
derreasonablgenericityassumptiond is a2-manifoldwith
orwithoutboundaryembeddedh R3.In thepiecaviselinear
setting theassumptionthatCy bedifferentfrom F(u) for all
grid verticesu sufces to guaranteea 2-manifold. Further
more,if F(u) 6 F(v) for all grid verticesu 6 vthenall level

setsaresurfacesalbeitoccasionallynot 2-manifolds.Figure
lillustratesthede nitions.
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Figure 1: Grid of data and partially extractediso-surface
with shadedlayer betweenthe k-th and (k  1)-st cross-
sections. The portion of the surfaceis a connected2-
manifoldof genusonewith two boundarycomponents.

Surface extraction. Given a grid specifyinga continu-
ousdensityfunction F, anda constantCy 2 R, the march-
ing cubealgorithmconstructgheiso-surbceM = F 1(Co)
[LC87]. We assumeanimplementatiorthatreturnsa trian-
gulationK of M, whichit constructonelayeratatime. To
de ne whatthis meanswe usethefactthateachconstructed
triangleis containedn a single cubeof the grid. It follows
thatgivenk, every vertex, edge andtrianglecanbeuniquely
classi ed asbelow in or above the planeof the k-th cross-
section.Considerthe subsebf vertices,edgesandtriangles
thatlie in or belav thek-th cross-sectioandcall this subset
minusthe subsein or belowv the(k 1)-stcross-sectiothe
k-th layer of K. As illustratedin Figurel, it consistsof the
level setwithin the planeof the k-th cross-sectior{which
is a 1-manifold) and the open strip betweenthe k-th and
the(k 1)-stcross-sectionAssumingFunctionEXTRACT
addsa layer to the currenttriangulation,we canwrite the
marchingcubealgorithmasa simplefor -loop:
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void MARCHINGCUBE
for k= 0to mdo EXTRACT(K) endfor

Calling the plane of the k-th cross-sectiorthe front, we
cansummarizeby sayingthe algorithm constructshe iso-
surfaceby sweepinghefront from bottomto top.

Surface simpli cation.  Thetriangulationis simpli ed by

iteratively contractingedges.The contractionof an edge
ab2 K removesab togetherwith the at mosttwo incident
triangles.The verticesa and b are gluedto eachotherto

form a new vertex c. Similarly, the two remainingedgesof

eachincidenttriangle are gluedto form a new edge.Each
contractionhasa cost,which is a measureof the numerical
errorit introducesCostsareusedto prioritize contractions.
Initially, all edgesof K arestoredin a priority queueQ. To

describethealgorithm,we introducefour functions:

MIN returnsthe edgewith minimum cost(highestprior-
ity) andremovesit from Q;

MINCOST returnsthe cost of the edgewith minimum
cost,withoutremorving it from Q;

LamBDA decideswhetheror not the contractionof an
edgepreseresthe topologicaltype of the triangulation,
asexplainedin [DEGN99];

CoNTRACT performsthe contractionof an edge,which
includestheremoval of edgedrom Q andtheinsertionof
new edgesnto Q.

We let the processontinueuntil the minimum costexceeds
a constanterrorthresholdEg > 0. We could contractedges
until the numberof verticesshrinksbelow a tamget thresh-
old, but for reasonghatwill becomeclearlater, we preferto
controlthe algorithmwith anerrorthreshold.

void SiMpLIFY(float Eg)
while Q6 ; and MINCoST Egdo ab= MIN;
if LAMmBDA(ab) then CoNTRAcCT(ab) endif
endwhile

Sinceedgesare contractedgreedily we shouldnot expect
thatthe resultingsimplertriangulationis in arny senseopti-
mal.

3. TandemAlgorithm

If we simplify the surfaceright after extractingit, we might
aswell combinethe two stepsinto onein away thatavoids
ever storingthe entire extractedsurface.This is the ideaof
the tandemalgorithm, which appliesthe two processesn
lock-step After describingthe overall structureof the algo-
rithm, we look at re nementsthat prevent artifacts caused
by simplifying surfacepieceswith incompleteinformation.

Algorithm prototype. Thetandemalgorithmalternatede-
tweenextracting one layer and further simplifying the tri-
angulation K, of the currentsurfaceportion. Initially, K is
empty and so is the priority queue,Q, that scheduleghe
edgecontractionsWe useFunctionEXTRACT to addalayer
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to K, FunctionINSERT to enterthe edgesof alayerinto Q,
andtheconstan&g > 0to controlthesimpli cation process.

EXTRACT(0);

for k= 1to mdo EXTRACT(K);
INSERT(k 1); SIMPLIFY(Ep)

endfor ;

INSERT(M); SIMPLIFY(Ep).

We notethat FunctionsINSERT and SIMPLIFY aredelayed
sothatthetop of thek-th layerremainsunchangedintil after
the (k+ 1)-stlayer hasbeenadded.Figure?2 illustratesthe

Figure 2: Two partially extractedand simpli ed triangula-
tions of the Link datasetconstructedoy the tandemalgo-
rithm without time-lag. Thetriangles of the respectivdast
layer are shaded.

algorithmwhosedesignis motivatedby two partially con-
tradictingobjectives: ef ciency in useof time andmemory
andquality of the constructedriangulation.The mainchal-
lengeto ef ciency is the size of the extractedtriangulation,
which canbe huge.By alternatingextractionand simpli -
cationstepswe avoid thatthe entireextractedtriangulation
hasto be heldin memoryat ary onetime. Thereductionin
storageimplies we t the triangulationinto internal mem-
ory, at all times,which improvesthe speedof the software
by avoiding out-of-corecomputationsHowever, simplify-
ing without completeinformation haspotentialdravbacks.
The remainderof this sectiondiscussese nementsto the
tandemalgorithmthatalleviate ary detrimentakffects.

Preimages. We needsomede nitions beforewe cande-
scribethe techniqueghat counteracthe artifactscausecby

schedulingwith incompleteinformation.Most importantly

we think of an edgecontractionab 7! ¢ asa function that
mapstheverticesa andb to c. All otherverticesaremapped
to themseles.Thesimpli cation is the compositionof edge
contractionsandcanthereforebe interpretedasa surjectve

mapfrom thevertex setof theinitial triangulationto thever-

tex setof the nal triangulation:

Simpl: VertKinit ! VertK pg

The preimageof a vertex u in the nal triangulationis the
collectionof verticesin theinitial triangulationthatmapto



D. Attali, D. Cohen-Steine& H. Edelsbrunnef Extractionand Simpli cation of Iso-surfacesn Tandem

u: Simpl 1(u). This de nition makes sensefor the classi-
cal simpli cation algorithm, but also for the tandemalgo-
rithm by letting Kjnjt be the union of the extractedand un-
simpli ed layers.

An importantconceptis the set of trianglesin the ini-
tial triangulationthat areincidentto at leastone vertex in
Simpl 1(u), denotecby Preu  Kinir. Assumingall contrac-
tionspresere thetopologicaltype, it is notdif cult to prove
that Preu\ Prev 6 ; iff uvis anedgein Ky . Similarly,
Preu\ Prev\ Prew 6 ; iff uvwis a trianglein the nal
triangulation.In otherwords,the nal triangulationis iso-
morphicto the nene of the setsPreuS[Ede01]. Eachsuch
setof trianglesde nes a patchUy = ~ Preu on the initial
surface.Sincethe nal surfaceapproximatesheinitial sur
face thegenerakhapeof thepatchess relatedio thegeneral
shapeof thetrianglesin K 5 . Thelack of ary information
beyondthefront planeencouragepatcheghatareelongated
in the directionscontainedn the sweepplane.We obsere
the sametendenyg in edgesandtrianglesof the nal trian-
gulation.

Time-lag. We aim at schedulinghe edgecontractionsn a
way that counteractshis biasin the shapeanddirection of

theedgesandtriangles.Thegoalis to obtainatriangulation
ascloseaspossibleto thatconstructedy theclassicaklgo-
rithm. Wethereforedelaythecontractiorof anedgeuntil we
think thefront haspassedts endpointspreimagesinderthe
classicalscheduleSincethe classicalschedulds not avail-

able,we canonly estimatevhenexactly this happensln the
implementationye estimateor eachvertex u the height,or

third coordinateof the centerandtheradiusof the patchUy.

To initialize this estimate we setheigh{u) = ranku) and
radu) = 1. Whenwe createa new vertex ¢ by contracting
theedgeab, we set

heigh{c) (heigh(a) + heightb))=2;
radc) = (ka bk+ rada)+ radb))=2:

Callingreactfc) = heigh{c) + rad(c) theread of thepatch,
we preventthe contractionab 7! ¢ aslong asrank(front) <
reacl{c). If both a andb lie in the front plane,we have
heigh(c) = rank(front), andsincerad(c) > 0, the contrac-
tion of abis surelyinhibited. Similarly, if a liesin thefront
planebut b liesbelav, we havereacl{c) > rank(front) sothe
contractiorof abis againinhibited. Thisimpliesthatthetop
of thek-th layerremainsuntoucheduntil afterthe (k+ 1)-st
layerhasbeenextracted asbefore.

We keeptheedgef the preventedcontractionsn await-
ing queue,W, orderedby reach.Wheneer the front ad-
vanceswe move the edgesin W with reachlessthan or
equalto the rank of the new front to Q. We useFunction
DELAY to addthe edgesof the currentlylastlayerk to W,
andwe useFunctionACTIVATE to move edgeswith reachat
mostk from W to Q. With this notation,we cannow write
thenew versionof thetandemalgorithm:

void TANDEM(float Ejp)
for k= 0to mdo EXTRACT(K);
DeLAY(K); ACTIVATE(K); SIMPLIFY(Eq)
endfor ;
ACTIVATE(1 ); SIMPLIFY(Eg).

Thelastcall to FunctionAcTIVATE happensftertheentire
surfacehasbeenextractedandmovestheremainingedgesn

the waiting queueto Q. We thencontinueto simplify until

the costof every edgein Q exceedghe errorthreshold Eg.

Figure3 illustratesthe effect of the time-lagstrateyy on the
triangulation.SeeFigure4 for a side-by-sidecomparisorof

triangulationsobtainedwith the time-lag and the classical
algorithm.

Figure 3: Compae the partial triangulations constructed
with time-lag with the onesin Figure 2 constructedwithout
time-lag. The moststriking differenceis the more gradual
change in edge length betweenthe simpli ed portion and
the yetunsimpli ed last layer. All edgsare shownandthe
onesin thewaiting queueare drawnthicker thanthe others.

Error threshold. Similar to the original edgecontraction
algorithm,we usean errorthresholdthatboundsthe square
distancebetweenverticesand planes.However, insteadof
the sum(or integral), we usethe root of the averagesquare
distanceywvhosemaximumtendsto becloseto themeandis-
tancebetweerthe extractedandthe simpli ed surfaces;see
Section4. To explain this in detail, let ¢ be a vertex in the
currenttriangulation. Assumingwe only apply contractions
that presere the topologicaltype, the correspondingpatch,
U, is a topologicaldisk. Every pointy 2 Uc belongsto a
trianglein Prec, andwe let B, be the planespannedy this
triangle.Writing d(x; Ry) for the Euclideardistancebetween
apointx andits closestpoint on Py, the averagesquaredis-

tanceof x from Uc is
Z
1
areqUc) y2u,
1 o 2
— a wd(xR);
WCtZPrec

he(X) = d?(x;R) dy

wheretheweightsmeasurareaw; = aredt), We = &; W =
aredUc), andR is theplanespannedy thetriangle.As de-
scribedin [GH97], this averagecan be written ash¢(x) =

¢ TheEurographic#ssociation2005.
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X" Hex=We, wherex is the point x with an addedfourth co-
ordinateequalto 1, andH¢ = étwmmtT, with nt the unit
normal of the planeR again with an addedfourth coordi-
nate thistime equalto thesigneddistanceof theorigin from
the plane.Generically Hc is positive de nite, implying hc
hasa uniqueminimum. Letting ab 7! ¢ be the contraction
that createsc, it is naturalto choosethat minimum asthe

locationfor thevertex ¢ in R3. This motivatesusto referto
q

() = " (@ =  CTHocMWE

asthe shapemeasue of theresultingvertex andto useit as
thepriority of theedgeabin Q.

To computethe shapemeasurewe may useinclusion-
exclusionandgetHc = Ha+ Hp  HgpandWe = Wa+ W,
W, asexplainedin [Ede01].This requireswe storea 4-by-
4 matrix and a weight with every vertex, edge,and trian-
glein K. To reducethe amountof storagewe may alterna-
tively computethe new matrixandweightasHe = Ha+ Hp
andWe = Wa + W, which amountsto letting eachtriangle
t 2 Prec contribute once twice, or threetimesdependingn
howv mary of its verticesbelongto Simpl l(c). The multi-
plicity of eachtriangleis thesamen both,soit makessense
to take the ratio andinterpretit asthe averagesquaredis-
tance,now with appropriatemultiplicities. All experiments
presentedh Sectiord aredonewith thelatter, morememory
ef cient implementation.

Mesh isotropy. A disadwantageof using the shapemea-
sureby itself is the occasionaktreationof long and skinry
triangles.Theseareindeedmosteconomicain somecases,
like the approximatiorof locally cylindrical surfacepieces.
However, suchtrianglesareoftenundesirablef the meshis
usedfor downstreanrcomputationsWe thereforemodify the
shapemeasuresteeringthe algorithmtowarda compromise
betweenaccurag of the approximationand quality of the
meshUsingamemorylesstrat@y, we considethecontrac-
tionab7! c, letTyp bethecogectionof trianglesthatcontain
aorborboth,andletS;y= Ty, bethepatchreplaceddur
ing the edgecontraction.The squaredistancefunctionfrom

pointsof this patchis then
Zz
ge(x) = kx  yk? dy
Y2 S
= 3 w kx fK2+avgt) ;
t2 Tap

wherew; = aredt) is the areaof the trianglet, { is its cen-
troid, and avg(t) is the averagesquaredistanceof a point
y 2 t from the centroid.Letting p; g;r bethe vectorsfrom {
to the vertices,we have avg(t) = %z(kpk2 + qu2 + krkz);
seeAppendixA. As before we canwrite thefunctionin ma-
trix form, ge(X) = xTGCx, whereG¢ = §; WGt andGt isthe
guadricde ned by threeorthogonalplanespassinghrough
f, with avg(t) addedo theentryin thelowerright cornerlt is
clearthatGc is positivede nite andthatgc hasauniquemin-
imum, namelythe centroidof S;p. In contrastto H¢, which
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canbesingular G¢ hasalwaysfull rankandgoodcondition
number Figure 4 illustratesthe effect of mixing the shape
andtheanisotroy measurén simplifying a surfacetriangu-
lation.

Figure 4: Four triangulationsof the Pillow  Box dataset
computedabove by the classical algorithm and below by

thetandemalgorithmwith time-lag, bothfor error threshold
Ep = 0:2. Isotropy parametera = 0 ontheleftanda = 0:2

ontheright.

In orderto balancethe in uence of he and gc, we nor
malize the latter usingW = 3areqS,,)We 2=E. Letting
a 2 [0;1] be a constantwe choosethe location of the new
vertex createdby the contractiorab 7! c attheuniquemini-
mumof (1 a)hc+ age=W. Accordingly thepriority of the
edgeis

ea(c) Z (1 a)he(c)+ age(c)=wW

cT[(1 a)HcWe+ aGec=W]c:

We call e;(c) the anisotopy measue of the vertex. The
isotropy parameter a, representsa compromisebetween
shapemeasureand anisotroy measurede ned by € =
(1 a)e(2)+ ae%. Besideghedesiredeffect of improving the
meshquality, gc hasalsotheundesiredeffect of moving ver
ticesoff the original surface.We thereforeusea consera-
tive stratey, allowing only contractiongor which theshape
measuraeloesnot exceedtheerrorthresholdgy  Ep.

4. Computational Experiments

In this section,we presentthe resultsof variouscomputa-
tional experimentswve performed With the primary goal of
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understandinghe impact of speci ¢ designdecisions,we
measureherunningtime,theusedmemorythedistancebe-
tweensurfaces the meshquality, andthe directionalbiasof
theedgesandtrianglesin the mesh.

Datasetsand sizes. We begin by introducingthe datasets
we useto presentour experimental ndings. Eachsetis a
densitymap, F, speci ed at the integer verticesof a grid
of size (m+ 1)3. For eachset,we nd a densitythresh-
old, Co, andextracttheinitial surface M = F 1(Cy), using
the marchingcubealgorithm.Table1 givesthe sizeof each
datasetthe percentagef cubescrosseddy the surface,and
thenumberof trianglesin theextractedsurfacetriangulation.
Thedataset#n the rst grouparesynthetic beinggenerated

dataset grid-size  Xedcubes #triangles
Pillow  Box 128 3:53% 148 288
Link 128 1:71% 71,904
Young Bone 256° 4:89% 1,641,524
Old Bone 2568 2:04% 684268

Table 1: The numberof trianglesin the extractedtriangu-
lation is roughly twice the numberof cubescrossedby the
surface We also notethat doublingthe resolutionimpliesa
roughly four-fold increasein the numberof crossedcubes
anda two-folddeceasein their percentaye within thegrid.

from simple mathematicafunctions;seeFigures2, 3, and
4. The datasetsn the secondgroup are reconstruction®f
microscopicgpiecesof humanbone;seeFigure5.

Running time and memory. We did all experimentson
a PCwith Intel PentiumM processomith clock speedof
1400MHzandavailablememoryof 511 MB. Table2 showvs
the running time neededto extract and simplify the sur
faces.In eachcase,the tandemalgorithmsoutperformthe
classicalalgorithm,which rst extractsand secondsimpli-
es the surface.The differenceis lessdramaticfor the syn-
theticdatasetsfor which we computethe densitywheneer
we needit. The differenceis more apparenfor the experi-
mentallyobtainechumanbonedatasetswhich arestoredin
tablesfrom which densityvaluesarelookedup.

Figure 6 illustratesthe differencein amountof memory
consumeddy the classicaland the tandemalgorithms.Be-
sidesthe grid specifyingthe densityfunction, which is the
samefor all algorithms,the main needfor memoryarises
from storingthe triangulation.We countthe trianglesafter
eachextractionandaftereachsimpli cation step.Thealter
nationbetweenextractingand simplifying practicedby the
tandemalgorithmsexpressestself in the “sav-tooth' char
acterof the graphfor the memoryrequirementin contrast,
theclassicallgorithmgrows thetriangulationonelayerata
time andshrinksthesizein asingle nal simpli cation step.

Figure 5: Above: the surfaceextractedfromYoung Bone
usingthetandemalgorithmwith time-leg. We have241,354
triangleson the left, which is further reducedo 39,599tri-
anglesto showsomeof the detailson theright. Below: the
samefor theOld Bone, with 233,13%riangleson the left
and19,725triangleson theright.

runningtime (in seconds)

dataset mc ec tm-w/o  tm-w
Pillow  Box 15.36 10.16 21.71  23.27
Link 11.37 472 14.29 15.12
Young Bone  31.09 122.02 108.37 126.76
Old Bone 2292 48.36 52.29 60.34

Table 2: Runningtime averaged over ten runs of the clas-

sical algorithm (split into the marching cube (mc) and the

edge contractionsteps(ec))andthetandemalgorithmwith-

out (tm-w/o) and with time-lag (tm-w). For the synthetic
datasetstheerror thresholds onetenthof theside-lengttof

aninteger cube Eg = 0:1, andfor the humanbonedatasets
it is one fth thatside-lengthEg = 0:2.

Approximation error. Following [CSADO04], we measure
thedistancebetweertwo surfacesM andN, usingaverages
of point-to-surficedistancesMore preciselyfor every pos-
itiveintegerp 1, thedirectedL p-distanceis

Z 1:p

1 dP(xN) dx  ;

aregM) om

whered(x; N) is thein mum Euclideandistancebetween

Lp(MjN) =

¢ TheEurographic#ssociation2005.
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Figure 6: Evolvingsizeof the triangulatedsurfacefor the
classicalalgorithmandfor the tandemalgorithmswith and
without time-lag. We observefour mild local maximafor
ead tandemalgorithm,which correspondo thelayers con-
taining thefour setsof surfacesaddles.

x and pointsy 2 N. In the limit, we have L1 (MjN) =
sup,infykx yk. The (undirected)L p-distanceis the larger
of thetwo measurements,

Lp(M:N) = maxf Lp(MjN);Lp(NjM)g:

We areparticularlyinterestedn p= 1;2;1 , referringto Ly
asthe meandistance L, is the root meansquae or RMS
distance andto L1 asthe Hausdorf distance We esti-
matethesedistancesusingthe Metro software describedn
[CRS94, which approximatesheintegralsby sumsof dis-
tancesfrom points sampledon the surfaces.We compare
the distanceswith the shapemeasureusedin the simpli -
cationprocessRecallthatey(c) is theroot meansquaredis-
tanceof vertex c from the planesspannedy trianglesthat
have atleastonevertex in the preimageof thevertex. De n-
ing the shapeerror asError(K) = maxy k e(u); we have
Error(K)  Ep, by construction.

We areinterestedn the relationbetweerthe shapeerror
andthe distancemeasuredetweentheinitial andthe nal
surfacetriangulationsAs illustratedin Figure7,we nd lin-
earrelationsbetweenthe shapeerror andthe meanandthe
RMS distancesyhich are both smallerthanError(K). Not
surprisingly the Hausdorf distanceis lesspredictablethan
theothersWealso nd thattheHausdorf distancgrom the
nal totheinitial triangulations usuallysmallerthanif mea-
suredin theotherdirection.In hind-sight thisis alsonotsur
prisingsincethealgorithmminimizestheformerdistanceby
carefullychoosinghelocationsof theverticesin K = K ) .
As expectedwe obsene aninverserelationshipbetweerthe
numberof trianglesand the error thresholdfor eachalgo-
rithm. Somevhat unexpected,however, is that the tandem
algorithmsconsistentlyoutperformthe classicalalgorithm
andreachtriangulationswith fewer trianglesfor almostev-
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Figure 7: Distanceshetweertheinitial surfaceandtheone
genertedby the classicalalgorithm as functionsof the er-
ror threshold Eg. Thedatasetis Old Bone but with lower
resolutionon a grid of size148. In addition, we showthe
numberof trianglesgeneatedby the threealgorithms.

ery error threshold We have no corvincing explanationfor
this obsenration.

Mesh quality. In the context of numericalmethodstrian-

gulationsareoftenreferredto asmeshesindusedasthe ba-

sisfor analysisand simulation.For reasonghat have to do

with the convergenceandstability of numericalalgorithms,
meshesconsistingof “well-shaped'trianglesare generally
preferredover mesheghat containlong and skinry trian-

gles.To quantifythis differencpga,we de ne the aspectratio

of atrianglet = abcasr(t) = 1,9 1, wherel 1 |, are
the eigervaluesof the matrix Mane = 3[aa’ + bb' + cc'],

assuminghe centroidis at the origin, %(a+ b+c)=0.As

explainedin AppendixA, the eigervaluesare non-n@ative

reals,with| ; > Ounlessa= b= c= 0,andl ; = | 5 iff the
triangleis equilateral Letting n be the numberof triangles,
we de ne the anisotiopy as one minus the averageaspect
ratio:

Anisotropy(K) = 1 %ér(t):
t

Wehave0 Anisotrop/(K)
all trianglesareequilateral.

1 andAnisotropy(K) = 0iff

Of primary interestis how the isotropy parameterre-
latesto the anisotroly of the constructednesh.As shavn
in Figure 8, the anisotroly decreasedeforeit reachesa
plateauWe seethis patternboth for the classicalalgorithm
andthetandemalgorithmwith time-lag,with thelattergen-
erally reachinglower valuesof anisotro. Without time-
lag, the anisotroy for the tandemalgorithm is consider
ably higherthanfor the others.We believe the mainreason
aresevereself-intersectionsausedy the sudderchangen
edgelengthnearthefront, whichis alreadyvisible in Figure
2. The numberof trianglesincreasessteadilyfor all three
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Figure 8: Thenumberof trianglesandthe anisotopy of the
geneatedmeshessa functionof theisotropy parametera.
Theerror thresholdis Eg = 0:2.

algorithms,with the classicalalgorithm generallyproduc-
ing the smallesttriangulations.This can be explained by
well-shapedrianglesbeinglessef cient in approximating
ashapewithin agivenerrorthreshold.

Directionalbias. Replacingeachpointof asurfaceM in RS
by its two unit normalsde nesacentrallysymmetricdensity
onthesphereof directionsS°. If M is aspherdtself we get
theuniform density Most othersurfacesde ne non-uniform
densitiesGivenatriangulatiorkK of M, we measuré¢henon-
uniformity with the averagetensormproduct

_ 1 2w

aredK) 7y '
wherew; is the areaand n; is one of the two unit nor
mals of the trianglet. The correspondingsquarenorm is
dn(X) = X" Mnx. As explainedin AppendixA, kxk = 1 im-
pliesthatd(x) is theaveragesquardengthof theunitnormal
vectorcomponentsn the directionx. This is visualizedby
theellipsoidof pointsMnx, with x 2 S Theaxesof theellip-
soidarein thedirectionsof the eigervectorsof M andtheir
half-lengthsareequalto theeigewvaluesy; [ pz 0.
For example,if K triangulateghe boundaryof a pancale (a
attened spherethenthe normalsareconcentratesearthe
polesof S, assuminghey approximatethe normalsof the
smoothboundaryof the pancale. The squaredistancefunc-
tion, d(x), is largeatandnearthe polesandsmallalongand
nearthe equatorthat separatethe poles.It follows thatMp
hasonelargeandtwo smalleigervalues.

n

We areinterestedn measuringhe directionalbiasin the
triangulationas opposedo the surfacerepresentedy the
triangulationIn particular we arecuriousto whatextentthe
sweep-directioiaseshe shapeof the trianglescreatecby
thetandemalgorithm.We aim at somethindik e the average
triangle shape which we expressusing the averagetensor

product
2 o Mabc
Ms = ;
® 7 aredK) t?KWt traceMapc

wherea; b; ¢ arethe vectorsfrom the centroidto the three
vertices The correspondingquarenormis ds(X) = x" Msx.

To get a feeling for this measure consideran equilateral
triangle,t. If we addits contritution to ds to its contritu-

tion to dn we get the weighted squaredistancefrom the
origin, which is an isotropic squarenorm. We therefore
de ne M = Mp+ Ms and the correspondingsquarenorm
d(x) = dn(x) + ds(x). If all trianglesare equilaterafthenM

is theidentity matrixandd(x) = kxk?. AddingMn to Ms can
thereforebe interpretedasremaoving the non-uniformity of

the densityof normalsthatis dueto the shapeof the sur

face.Thematrix M andits squarenormd thusrepresenthe
non-uniformityin thetriangulationthatremainsafterremov-

ing from Ms the non-uniformityinherentin the surface.We
measurevhatremainsby thedirectionalbiasde ned as

27detM
(traceM)3’

Indeed,if M is the identity matrix thenits threeeigerval-
uesarepy = [p = g = 1, detM = 1, traceM = 3, and
BiagK) vanishesWehave0 BiagK) 1,ingeneraland
BiagK) = 0if all trianglesareequilateralNotehoweverthat
zerodirectionalbiasis alsopossiblewith non-equilateratri-
angles for exampleif K hasthe symmetrygroupof a Pla-
tonic solid. We note that the Pillow  Box hasthe sym-
metry group of a cubewhich implies that dn, is isotropic,
andif its triangulationhasthe samesymmetrygroup then
d(x) = kxk?.

BiagK) = 1

Pillow Box

classical algorfthm
tandem w/o timelag -~
tandem w timelag_-------

0.025

bias

0.015

0.005

0 - 0.05 0.1 0.15 0.2 0.25 03
error threshold

Figure9: Thedirectionalbiasof thetriangulationasa func-

tion of the error threshold.

The resultsof our experimentsare illustratedin Figure
9. Clearly, thetime-lagstrateyy hasa majorimpact,remov-
ing most of the directional bias we seein the triangula-
tion generatedby thetandemalgorithmwithouttime-lag.As
mentionedabore, the measuremenof the directional bias
is reliableonly for surfaceswith sufciently rich symmetry

¢ TheEurographic#ssociation2005.
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groups,suchasthe Pillow  Box. For this datasetMp, is

indeedvery closeto isotropic.In contrastthe humanbone
datasetsare not symmetricand their matricesMp are not

necessarilyisotropic, which complicatesthe interpretation
of M. Neverthelesswe cancomparethe directionalbiases
computedfor differenttriangulationsand again seea strik-

ing improvementif we usethetime-lagstratey.

5. Conclusion

Theliteratureon surfacesimpli cation hasrecentlyfocused
onout-of-corealgorithms,adwcatingthelocalizationof the
procesdo avarying patchwindow that eventuallyexhausts
the surface[ILGS03, Lin00, WKO03]. This is similar to our
sweepapproachto local simpli cation. None of thesepa-
pershaslooked at artifacts causedby the localization of
the processandwe believe thatthey would all bene t from
adaptingthe time-lag stratgyy and the anisotroy measure
describedn this paper
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Appendix A:

In this appendixwe review standardesultson matricesde-
ned asaveragetensorproductsof setsof vectors.

Anisotropic square norms. Givena setof n vectorsu; 2
R?, the averagetensorproductis

1o T
M= =
ni?.lhu.,

which is a positive semi-de nite symmetric2-by-2 matrix.
The correspondin@nisotopic squae normd : R2! Ris
de nedby d(x) = x" Mx. It hasa straightforvardinterpreta-
tion in termsof squaredistance®f the pointsu; from lines
passingthroughthe origin. To seethis, let L be suchaline
with unit normalx andnotethat (x" u;)2 = X" yju' x is the
squaralistanceof u; from L. It follows thatd(x) is theaver

agesquaredistanceof the pointsu; from L.

Alternatively, we canthink of M asthe linearmapM :
R%2! R?de ned by M(x) = Mx. Let e; ande, be the two
eigervectors.SinceM is positive semi-de nite symmetric,
the two correspondinggigervaluesare non-n@ative reals,
I1 |, 0.Byde nition of eigervectorsandeigervalues,
we have Mej = | jgj, for j = 1;2. It follows thattheimage
of the unit circle is the ellipsewith axesof half-lengths| ;
in the directionse;, asillustratedin Figure 10. This ellipse

Figure 10: The unit circle and its image underthe linear
mapM.

is a depiction of the averagesquarelength of the vectors
y; in all directions.Indeed lettingj be the anglesuchthat
X= ej;co0g + epsinj , we have

dx) = XT(MX)
l1 O cog
0 I» sinj

[cog ;sinj ]

| 1coj + | psir?j :

In words, the averagesquaredistancedependsonly on the
directionandthe eigervaluesof thetransformatiormatrix.

The shapeof a triangle. Considera trianglewith vertices
a;b;c2 R? andcentroid%(a+ b+ c) = 0 attheorigin. The
averagetensormproductof thethreevectorsis
h i
1
Mape = 3 aa +bb' +cc :

We call theeigervectorsof Mabctheprincipﬁl directionsand
the squareroot of theratio of eigervalues, |, 1, theas-
pectratio of abc If | ; = | » thenthe principal directions
areambiguousandthe aspectratio is 1. To get started,we
obsere thatunit aspectatio characterizeequilateratrian-
gles.Let uvwbeanequilaterakrianglewhoseverticesareat
unit distancefrom the centroidat the origin. We notethat
h i
T T T _u v+w _ u,
:—))uuu+vvu+wwu = 3 L
which impliesthatu is an eigervectorof Myyw. By symme-
try, v andw arealsoeigervectors.Threedifferenteigervec-
tors are only possiblein the ambiguouscase,when Myww
hastwo equaleigervalues.Any othertriangleabcwith cen-
troid attheorigin de nesatransformatiomatrix A suchthat
a= Au, b= Av,c= Aw. Thematrixde nedby thenew trian-
gleis Mape= 3[AUUAT + AWAT + AvWTAT] = AMuwAT:
It hastwo equaleigervaluesiff AAT does.Thelatter condi-
tion is equialentto A beinga similarity andto abc being
equilateral.

We notein passingthat the image of the circle passing
throughu; v; wis anellipsethatpasseshrougha; b; c andhas
its centerat the centroidof abc Thisis known asthe Steiner
circumellipse which is the unique area-minimizingellipse
that passeshroughthe threepoints[Kim98]. Heckbertand
Garlandusetheratio of axesof this particularellipseto de-

ne the aspectatio of a triangle[HG99]. It is not dif cult
to shaow thatthis notion of aspectratio agreeswith the one
basedn Mg givenabore.

Equivalent formulations. We concludethis appendixby
noting thatthe samematrix, Mgy, canbe obtainedoy sum-
ming over vectorsdifferentfrom a; b; c. Take for example
theedgevectorsp=b a;g=c b;r=a cofthetrian-
gle andnotethat pp" + qq" + rr’ = 3aa’ + 3bb" + 3cc',
whichimpliesMpgr = 3Mapc. We mayalsoaverageover all
pointsin thetrianglet = abcandgetthe covariancematrix,

My = L xx dx;
aredt) xot
which canbe shawvn is equalto onequarterthe averageten-
sorproductof thevertices M = %Mabc. We omit the proof.

Thetraceof the ca/ariancematrixzis

traceM; = 1 X X dx;
aredt) xat
which is the averagesquaredistanceof a point x from the
centroidat the origin. Sincethe traceof M; is onefourth of
thetraceof Mypc, We now have a corvenientformulafor the
averagesquaredistancefrom the centroid,namelyavg(t) =
LlaTa+ b'b+ c'q].
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Figure 11: Above: the surfaceextractedfrom Young Bone using the tandemalgorithm with time-lag. We have 209,321
triangles on the left, which is further reducedto 36,645triangles on the right. Below: the samefor the Old Bone, with
205,482rianglesontheleft and21,103triangleson theright.
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