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Abstract
The tandemalgorithm combinesthe marching cubealgorithm for surfaceextraction and the edge contraction
algorithmfor surfacesimpli�cation in lock-stepto avoidthecostlyintermediatestepof storingtheentireextracted
surfacetriangulation. Beyondthis basicstrategy, we introducere�nementsto preventartifacts in the resulting
triangulation,�r st,bycarefullymonitoringtheamountof simpli�cation duringtheprocessand,second,bydriving
thesimpli�cation toward a compromisebetweenshapeapproximationandmeshquality. Wehaveimplementedthe
algorithmandusedextensivecomputationalexperimentsto documenttheeffectsof variousdesignoptionsandto
further �ne-tunethealgorithm.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5[ComputerGraphics]:Boundaryrepresentations,
Hierarchy andgeometrictransformationsF.2.2 [Analysisof AlgorithmsandProblemComplexity]: Geometrical
problemsandcomputationsI.4.10[ImageProcessingandComputerVision]: Volumetric

1. Intr oduction

The work of Hoppe[Hop96] andof GarlandandHeckbert
[GH97] openeda new chapteron surfacesimpli�cation asa
centralthemein geometricprocessing.In thispaper, wecon-
tributeto thegrowing bodyof work on variants,extensions,
andre�nementsof theoriginalalgorithm.

Historical perspective. Motivated by the demandsof
large datasets,the generationof simpli�ed representations
has long beena topic within computergraphics.As ap-
plied to geometric shapes,the focus has been on tri-
angulatedsurfacesembeddedin three-dimensionalspace
[HDD� 93,RB93, SZL92]. A breakthroughin simplifying
suchsurfaceshasbeenachievedin thelate1990swhenGar-
land and Heckbertcombinedthe edgecontractionopera-
tion developedby Hoppeandco-workers[HDD � 93, Hop96]
with anisotropicsquarenormsrepresentingtheaccumulated
error[GH97]. Thecon�uenceof thesetwo ideasformedthe
startingpointof developmentsin severaldirections:
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the IST Program of the EU under Contract IST-2002-506766
(Aim@Shape).Researchby thethird authorwaspartiallysupported
by NSFgrantCCR-00-86013(BioGeometry).

� variants of the algorithm, including the restriction to
topologypreservingedgecontractions[DEGN99]andthe
formulationof memorylesserrormeasures[LT98];

� evaluationof the generatedtriangulations,including the
mathematicalanalysisof the original algorithm [HG99]
andthe developmentof a softwaretool for experimental
comparison[CRS98];

� extensions to higher dimensions, including surfaces
with attributes [GH98, Hop99] and tetrahedralmeshes
[SG98,THJW98];

� memory-ef�cient processingordersthat focus the algo-
rithm to a moving window and this way simplify trian-
gulationsthat may be too large to �t into main memory
[ILGS03,Lin00, WK03].

Becauseof the central importanceof simpli�cation as a
meansto abstractessentialinformationfrom largedatasets,
it is likely thesethemeswill continueto be at the forefront
of geometryprocessingresearch.

Our contributions. Thework reportedin thispaperstarted
with the realizationthat the limitation of edgecontractions
to memory-ef�cient processingordersleadsto artifacts in
the generatedtriangulations.Two questionsarise:“how do
wecaptureor quantifytheartifacts?”and“how doweavoid
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them?”.Theanswersto thesequestionsarenot independent.
Speci�cally, we usethe insightsgainedin quantifying ar-
tifactstowardsmodifying the algorithmto counteracttheir
creation.Our approachis a mix of theoreticaland experi-
mentalanalysisanddesign.We baseour experimentalwork
on a particularmemory-ef�cient processingorderin which
the marchingcubealgorithmfor surfaceextractionis com-
binedwith thesimultaneoussimpli�cation of the triangula-
tion.Building asurfacelayerby layer, themarchingcubeal-
gorithmhasbeenintensively studiedasa tool for extracting
iso-surfacesfrom densitydata[LC87, JLSW02, KBSS01].
We call our approachthetandemalgorithmbecauseit alter-
natestheextractionof a layerwith thesimpli�cation of the
accumulatedpartialsurface.Ourcontributionsare:

1. the formulationandimplementationof the tandemalgo-
rithm;

2. the re�nementof the processingorderto counteractthe
creationof artifacts;

3. there�nementof theerrorquadricof GarlandandHeck-
bertto controlthemeshquality;

4. the quanti�cation of meshisotropy anddirectionalbias
asaspectsof meshquality.

Wenotethatthemethodto controlmeshquality is similar to
but differentfrom theonedescribedin [NE04]. On thetech-
nical side,our work usesanisotropicsquarenorms,whose
mathematicalformulationis developedin AppendixA. Even
thoughwe have basedour work on the tandemalgorithm,
our resultsapplyto othermemory-ef�cient surfacesimpli�-
cationalgorithmsandto surfacesimpli�cation in general.

Outline. Section2 describesthemarchingcubealgorithm
for surfaceextractionandtheedgecontractionalgorithmfor
surfacesimpli�cation. Section3 explainsthe tandemalgo-
rithm, which combinesthe extractionandsimpli�cation of
thesurfaceinto onestep.Section4 introducesmeasuresthat
assessthe quality of the extractedand simpli�ed surfaces
andcomparestheclassicalandthetandemalgorithms.Sec-
tion 5 concludesthepaper.

2. ClassicalAlgorithm

The classicalalgorithm for constructingthe iso-surfaceof
a densityfunctionon R3 �rst extractsa �ne resolutionrep-
resentation,which it thensimpli�es to a moreappropriate
coarseresolution.We begin with a descriptionon how the
densityfunctionis given.

Density data. The mostcommonrepresentationof a den-
sity functionF : R3 ! R consistsof a regularcubegrid and
speci�es the function valueat every vertex. To be speci�c,
let the grid consistof all verticeswith integer coordinates
0 � i; j ;k � m and let F[i; j ;k] storethe function value at
thepoint (i; j ;k) 2 R3. We sometimesrefer to the third co-
ordinateas the rank. The k-th cross-sectionconsistsof all
verticeswith rankk. Thetotalnumberof verticesin thegrid

is (m+ 1)3 andthenumberof verticeswithin across-section
is (m+ 1)2.

We candecomposethe cubesin the grid into tetrahedra
(e.g.thesix tetrahedraarounda space-diagonal)andextend
the function valuesat the verticesto a continuousfunction
F : [0;m]3 ! R by linear interpolation[Mun84]. Alterna-
tively, we may usebi-linear interpolationon the facesand
tri-linearinterpolationwithin thecubesof thegrid [Far97]. A
level setof sucha continuousfunctionconsistsof all points
thatmapto acommonvalueC0 2 R:

F � 1(C0) = f x 2 [0;m]3 j F(x) = C0g:

A level setis oftenreferredto asaniso-surfacebecauseun-
derreasonablegenericityassumptionsit is a2-manifoldwith
or withoutboundaryembeddedin R3. In thepiecewiselinear
setting,theassumptionthatC0 bedifferentfrom F(u) for all
grid verticesu suf�ces to guaranteea 2-manifold.Further-
more,if F(u) 6= F(v) for all grid verticesu 6= v thenall level
setsaresurfacesalbeitoccasionallynot 2-manifolds.Figure
1 illustratesthede�nitions.

k

m

0

k-1

Figure 1: Grid of data and partially extractediso-surface
with shadedlayer betweenthe k-th and (k � 1)-st cross-
sections.The portion of the surface is a connected2-
manifoldof genusonewith twoboundarycomponents.

Surface extraction. Given a grid specifying a continu-
ousdensityfunction F, anda constantC0 2 R, the march-
ing cubealgorithmconstructstheiso-surfaceM = F � 1(C0)
[LC87]. We assumean implementationthat returnsa trian-
gulationK of M, which it constructsonelayerat a time.To
de�ne whatthismeans,weusethefactthateachconstructed
triangleis containedin a singlecubeof the grid. It follows
thatgivenk, everyvertex, edge,andtrianglecanbeuniquely
classi�ed asbelow, in or above the planeof the k-th cross-
section.Considerthesubsetof vertices,edgesandtriangles
thatlie in or below thek-th cross-sectionandcall thissubset
minusthesubsetin or below the(k� 1)-st cross-sectionthe
k-th layer of K. As illustratedin Figure1, it consistsof the
level set within the planeof the k-th cross-section(which
is a 1-manifold) and the openstrip betweenthe k-th and
the(k � 1)-st cross-sections.AssumingFunctionEXTRACT

addsa layer to the currenttriangulation,we can write the
marchingcubealgorithmasasimplefor -loop:
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void MARCHINGCUBE

for k = 0 to mdo EXTRACT(k) endfor .

Calling the plane of the k-th cross-sectionthe front, we
cansummarizeby sayingthe algorithmconstructsthe iso-
surfaceby sweepingthefront from bottomto top.

Surface simpli�cation. The triangulationis simpli�ed by
iteratively contractingedges.The contractionof an edge
ab 2 K removesab togetherwith the at most two incident
triangles.The verticesa and b are glued to eachother to
form a new vertex c. Similarly, the two remainingedgesof
eachincident triangleareglued to form a new edge.Each
contractionhasa cost,which is a measureof thenumerical
error it introduces.Costsareusedto prioritize contractions.
Initially, all edgesof K arestoredin a priority queueQ. To
describethealgorithm,we introducefour functions:

� M IN returnstheedgewith minimumcost(highestprior-
ity) andremovesit from Q;

� M INCOST returnsthe cost of the edgewith minimum
cost,without removing it from Q;

� LAMBDA decideswhetheror not the contractionof an
edgepreserves the topologicaltype of the triangulation,
asexplainedin [DEGN99];

� CONTRACT performsthe contractionof an edge,which
includestheremoval of edgesfrom Q andtheinsertionof
new edgesinto Q.

We let theprocesscontinueuntil theminimumcostexceeds
a constanterror thresholdE0 > 0. We couldcontractedges
until the numberof verticesshrinksbelow a target thresh-
old, but for reasonsthatwill becomeclearlater, wepreferto
controlthealgorithmwith anerrorthreshold.

void SIMPLIFY(float E0)
while Q 6= ; and M INCOST � E0 do ab= M IN;

if LAMBDA(ab) then CONTRACT(ab) endif
endwhile .

Sinceedgesare contractedgreedily, we shouldnot expect
that the resultingsimplertriangulationis in any senseopti-
mal.

3. TandemAlgorithm

If we simplify thesurfaceright afterextractingit, we might
aswell combinethetwo stepsinto onein a way thatavoids
ever storingthe entireextractedsurface.This is the ideaof
the tandemalgorithm,which appliesthe two processesin
lock-step.After describingtheoverall structureof thealgo-
rithm, we look at re�nementsthat prevent artifactscaused
by simplifying surfacepieceswith incompleteinformation.

Algorithm prototype. Thetandemalgorithmalternatesbe-
tweenextracting one layer and further simplifying the tri-
angulation,K, of the currentsurfaceportion. Initially, K is
empty and so is the priority queue,Q, that schedulesthe
edgecontractions.WeuseFunctionEXTRACT to addalayer

to K, FunctionINSERT to entertheedgesof a layer into Q,
andtheconstantE0 > 0 to controlthesimpli�cation process.

EXTRACT(0);
for k = 1 to mdo EXTRACT(k);

INSERT(k � 1); SIMPLIFY(E0)
endfor ;
INSERT(m); SIMPLIFY(E0).

We notethat FunctionsINSERT andSIMPLIFY aredelayed
sothatthetopof thek-th layerremainsunchangeduntil after
the (k+ 1)-st layer hasbeenadded.Figure2 illustratesthe

Figure 2: Two partially extractedandsimpli�ed triangula-
tions of the Link datasetconstructedby the tandemalgo-
rithm without time-lag. Thetrianglesof the respectivelast
layerareshaded.

algorithmwhosedesignis motivatedby two partially con-
tradictingobjectives:ef�ciency in useof time andmemory
andquality of theconstructedtriangulation.Themainchal-
lengeto ef�ciency is thesizeof theextractedtriangulation,
which canbe huge.By alternatingextractionandsimpli�-
cationsteps,we avoid that theentireextractedtriangulation
hasto beheld in memoryat any onetime. Thereductionin
storageimplies we �t the triangulationinto internalmem-
ory, at all times,which improvesthe speedof the software
by avoiding out-of-corecomputations.However, simplify-
ing without completeinformationhaspotentialdrawbacks.
The remainderof this sectiondiscussesre�nementsto the
tandemalgorithmthatalleviateany detrimentaleffects.

Preimages. We needsomede�nitions beforewe can de-
scribethetechniquesthatcounteracttheartifactscausedby
schedulingwith incompleteinformation.Most importantly,
we think of an edgecontractionab 7! c asa function that
mapstheverticesa andb to c. All otherverticesaremapped
to themselves.Thesimpli�cation is thecompositionof edge
contractionsandcanthereforebe interpretedasa surjective
mapfrom thevertex setof theinitial triangulationto thever-
tex setof the�nal triangulation:

Simpl : VertKinit ! VertK�nal :

The preimageof a vertex u in the �nal triangulationis the
collectionof verticesin the initial triangulationthatmapto
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u: Simpl� 1(u). This de�nition makes sensefor the classi-
cal simpli�cation algorithm,but also for the tandemalgo-
rithm by letting Kinit be the union of the extractedandun-
simpli�ed layers.

An importantconceptis the set of trianglesin the ini-
tial triangulationthat are incident to at leastonevertex in
Simpl� 1(u), denotedby Preu � Kinit . Assumingall contrac-
tionspreserve thetopologicaltype,it is notdif�cult to prove
that Preu \ Prev 6= ; iff uv is an edgein K�nal . Similarly,
Preu \ Prev \ Prew 6= ; iff uvw is a triangle in the �nal
triangulation.In otherwords,the �nal triangulationis iso-
morphic to the nerve of the setsPreu [Ede01].Eachsuch
set of trianglesde�nes a patchUu =

S
Preu on the initial

surface.Sincethe �nal surfaceapproximatesthe initial sur-
face,thegeneralshapeof thepatchesis relatedto thegeneral
shapeof the trianglesin K�nal . The lack of any information
beyondthefront planeencouragespatchesthatareelongated
in the directionscontainedin the sweepplane.We observe
the sametendency in edgesandtrianglesof the �nal trian-
gulation.

Time-lag. We aim at schedulingtheedgecontractionsin a
way that counteractsthis biasin the shapeanddirectionof
theedgesandtriangles.Thegoalis to obtaina triangulation
ascloseaspossibleto thatconstructedby theclassicalalgo-
rithm.Wethereforedelaythecontractionof anedgeuntil we
think thefront haspassedits endpoints'preimagesunderthe
classicalschedule.Sincetheclassicalscheduleis not avail-
able,wecanonly estimatewhenexactly thishappens.In the
implementation,weestimatefor eachvertex u theheight,or
third coordinateof thecenterandtheradiusof thepatchUu.
To initialize this estimate,we setheight(u) = rank(u) and
rad(u) = 1. Whenwe createa new vertex c by contracting
theedgeab, weset

height(c) = (height(a) + height(b))=2;

rad(c) = (ka� bk + rad(a) + rad(b))=2:

Callingreach(c) = height(c) + rad(c) thereach of thepatch,
we prevent thecontractionab7! c aslong asrank(front) <
reach(c). If both a and b lie in the front plane,we have
height(c) = rank(front), andsincerad(c) > 0, the contrac-
tion of ab is surelyinhibited.Similarly, if a lies in thefront
planebut b liesbelow, wehavereach(c) > rank(front) sothe
contractionof ab is again inhibited.This impliesthatthetop
of thek-th layerremainsuntoucheduntil afterthe(k+ 1)-st
layerhasbeenextracted,asbefore.

Wekeeptheedgesof thepreventedcontractionsin await-
ing queue,W , orderedby reach.Whenever the front ad-
vances,we move the edgesin W with reachlessthan or
equalto the rank of the new front to Q. We useFunction
DELAY to addtheedgesof thecurrentlylast layerk to W ,
andweuseFunctionACTIVATE to moveedgeswith reachat
mostk from W to Q. With this notation,we cannow write
thenew versionof thetandemalgorithm:

void TANDEM(float E0)
for k = 0 to mdo EXTRACT(k);

DELAY(k); ACTIVATE(k); SIMPLIFY(E0)
endfor ;
ACTIVATE(1 ); SIMPLIFY(E0).

Thelastcall to FunctionACTIVATE happensaftertheentire
surfacehasbeenextractedandmovestheremainingedgesin
the waiting queueto Q. We thencontinueto simplify until
thecostof every edgein Q exceedstheerror threshold,E0.
Figure3 illustratestheeffect of thetime-lagstrategy on the
triangulation.SeeFigure4 for a side-by-sidecomparisonof
triangulationsobtainedwith the time-lag and the classical
algorithm.

Figure 3: Compare the partial triangulationsconstructed
with time-lag with theonesin Figure 2 constructedwithout
time-lag. The moststriking differenceis the more gradual
change in edge length betweenthe simpli�ed portion and
theyetunsimpli�ed last layer. All edgesare shownand the
onesin thewaitingqueuearedrawnthicker thantheothers.

Err or thr eshold. Similar to the original edgecontraction
algorithm,we useanerror thresholdthatboundsthesquare
distancebetweenverticesand planes.However, insteadof
thesum(or integral), we usetheroot of theaveragesquare
distance,whosemaximumtendsto becloseto themeandis-
tancebetweentheextractedandthesimpli�ed surfaces;see
Section4. To explain this in detail, let c be a vertex in the
currenttriangulation.Assumingwe only applycontractions
thatpreserve the topologicaltype,thecorrespondingpatch,
Uc, is a topologicaldisk. Every point y 2 Uc belongsto a
trianglein Prec, andwe let Py betheplanespannedby this
triangle.Writing d(x;Py) for theEuclideandistancebetween
a point x andits closestpoint on Py, theaveragesquaredis-
tanceof x from Uc is

hc(x) =
1

area(Uc)

Z

y2 Uc

d2(x;Py) dy

=
1

Wc
å

t2 Prec
wtd

2(x;Pt );

wheretheweightsmeasurearea,wt = area(t), Wc = å t wt =
area(Uc), andPt is theplanespannedby thetriangle.As de-
scribedin [GH97], this averagecanbe written ashc(x) =
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xTHcx=Wc, wherex is thepoint x with anaddedfourth co-
ordinateequalto 1, andHc = å t wtntnT

t , with nt the unit
normalof the planePt again with an addedfourth coordi-
nate,this timeequalto thesigneddistanceof theorigin from
the plane.Generically, Hc is positive de�nite, implying hc
hasa uniqueminimum. Letting ab 7! c be the contraction
that createsc, it is naturalto choosethat minimum as the
locationfor thevertex c in R3. Thismotivatesusto referto

e0(c) =
p

hc(c) =
q

cTHcc=Wc

astheshapemeasure of theresultingvertex andto useit as
thepriority of theedgeab in Q.

To computethe shapemeasure,we may use inclusion-
exclusionandgetHc = Ha+ Hb � Hab andWc = Wa+ Wb �
Wab, asexplainedin [Ede01].This requireswestorea4-by-
4 matrix and a weight with every vertex, edge,and trian-
gle in K. To reducetheamountof storage,we mayalterna-
tively computethenew matrixandweightasHc = Ha + Hb
andWc = Wa + Wb, which amountsto letting eachtriangle
t 2 Prec contributeonce,twice,or threetimesdependingon
how many of its verticesbelongto Simpl� 1(c). Themulti-
plicity of eachtriangleis thesamein both,soit makessense
to take the ratio and interpretit as the averagesquaredis-
tance,now with appropriatemultiplicities. All experiments
presentedin Section4 aredonewith thelatter, morememory
ef�cient implementation.

Mesh isotropy. A disadvantageof using the shapemea-
sureby itself is the occasionalcreationof long andskinny
triangles.Theseareindeedmosteconomicalin somecases,
like theapproximationof locally cylindrical surfacepieces.
However, suchtrianglesareoftenundesirableif themeshis
usedfor downstreamcomputations.Wethereforemodify the
shapemeasure,steeringthealgorithmtowardacompromise
betweenaccuracy of the approximationand quality of the
mesh.Usingamemorylessstrategy, weconsiderthecontrac-
tion ab7! c, let Tab bethecollectionof trianglesthatcontain
a or b or both,andlet Sab =

S
Tab bethepatchreplaceddur-

ing theedgecontraction.Thesquaredistancefunctionfrom
pointsof thispatchis then

gc(x) =
Z

y2 Sab

kx� yk2 dy

= å
t2 Tab

wt

�
kx� t̂k2 + avg(t)

�
;

wherewt = area(t) is theareaof the trianglet, t̂ is its cen-
troid, and avg(t) is the averagesquaredistanceof a point
y 2 t from thecentroid.Letting p;q; r be thevectorsfrom t̂
to the vertices,we have avg(t) = 1

12(kpk2 + kqk2 + krk2);
seeAppendixA. As before,wecanwrite thefunctionin ma-
trix form,gc(x) = xTGcx, whereGc = å t wtGt andGt is the
quadricde�ned by threeorthogonalplanespassingthrough
t̂, with avg(t) addedto theentryin thelowerright corner. It is
clearthatGc is positivede�nite andthatgc hasauniquemin-
imum, namelythecentroidof Sab. In contrastto Hc, which

canbesingular, Gc hasalwaysfull rankandgoodcondition
number. Figure4 illustratesthe effect of mixing the shape
andtheanisotropy measurein simplifying asurfacetriangu-
lation.

Figure 4: Four triangulationsof thePillow Box dataset
computedabove by the classicalalgorithm and below by
thetandemalgorithmwith time-lag, bothfor error threshold
E0 = 0:2. Isotropyparametera = 0 on theleft anda = 0:2
on theright.

In order to balancethe in�uence of hc and gc, we nor-
malize the latter using W = 3area(Sab)W

1=2
c =E0. Letting

a 2 [0;1] be a constant,we choosethe locationof the new
vertex createdby thecontractionab7! c at theuniquemini-
mumof (1� a)hc + agc=W. Accordingly, thepriority of the
edgeis

ea (c) =
p

(1� a)hc(c) + agc(c)=W

=
q

cT [(1� a)Hc=Wc + aGc=W]c:

We call e1(c) the anisotropy measure of the vertex. The
isotropy parameter, a, representsa compromisebetween
shapemeasureand anisotropy measure,de�ned by e2

a =
(1� a)e2

0 + ae2
1. Besidesthedesiredeffectof improving the

meshquality, gc hasalsotheundesiredeffectof moving ver-
ticesoff the original surface.We thereforeusea conserva-
tivestrategy, allowing only contractionsfor which theshape
measuredoesnotexceedtheerrorthreshold,e0 � E0.

4. Computational Experiments

In this section,we presentthe resultsof variouscomputa-
tional experimentswe performed.With theprimarygoalof
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understandingthe impact of speci�c designdecisions,we
measuretherunningtime,theusedmemory, thedistancebe-
tweensurfaces,themeshquality, andthedirectionalbiasof
theedgesandtrianglesin themesh.

Datasetsand sizes. We begin by introducingthe datasets
we useto presentour experimental�ndings. Eachset is a
densitymap, F, speci�ed at the integer verticesof a grid
of size (m+ 1)3. For eachset, we �nd a density thresh-
old,C0, andextracttheinitial surface,M = F � 1(C0), using
themarchingcubealgorithm.Table1 givesthesizeof each
dataset,thepercentageof cubescrossedby thesurface,and
thenumberof trianglesin theextractedsurfacetriangulation.
Thedatasetsin the�rst grouparesynthetic,beinggenerated

dataset grid-size Xedcubes #triangles

Pillow Box 1283 3:53% 148;288
Link 1283 1:71% 71;904

Young Bone 2563 4:89% 1;641;524
Old Bone 2563 2:04% 684;268

Table 1: Thenumberof trianglesin the extractedtriangu-
lation is roughlytwice the numberof cubescrossedby the
surface. We alsonotethat doublingtheresolutionimpliesa
roughly four-fold increasein the numberof crossedcubes
anda two-folddecreasein their percentagewithin thegrid.

from simplemathematicalfunctions;seeFigures2, 3, and
4. The datasetsin the secondgroupare reconstructionsof
microscopicpiecesof humanbone;seeFigure5.

Running time and memory. We did all experimentson
a PC with Intel PentiumM processorwith clock speedof
1400MHzandavailablememoryof 511MB. Table2 shows
the running time neededto extract and simplify the sur-
faces.In eachcase,the tandemalgorithmsoutperformthe
classicalalgorithm,which �rst extractsandsecondsimpli-
�es thesurface.Thedifferenceis lessdramaticfor thesyn-
theticdatasets,for which we computethedensitywhenever
we needit. The differenceis moreapparentfor the experi-
mentallyobtainedhumanbonedatasets,which arestoredin
tablesfrom whichdensityvaluesarelookedup.

Figure6 illustratesthe differencein amountof memory
consumedby the classicalandthe tandemalgorithms.Be-
sidesthe grid specifyingthe densityfunction,which is the
samefor all algorithms,the main needfor memoryarises
from storingthe triangulation.We count the trianglesafter
eachextractionandaftereachsimpli�cation step.Thealter-
nationbetweenextractingandsimplifying practicedby the
tandemalgorithmsexpressesitself in the `saw-tooth' char-
acterof thegraphfor thememoryrequirement.In contrast,
theclassicalalgorithmgrows thetriangulationonelayerata
timeandshrinksthesizein asingle�nal simpli�cation step.

Figure 5: Above: thesurfaceextractedfromYoung Bone
usingthetandemalgorithmwith time-lag. We have241,354
triangleson the left, which is further reducedto 39,599tri-
anglesto showsomeof thedetailson the right. Below: the
samefor theOld Bone, with 233,139triangleson theleft
and19,725triangleson theright.

runningtime (in seconds)
dataset mc ec tm-w/o tm-w

Pillow Box 15.36 10.16 21.71 23.27
Link 11.37 4.72 14.29 15.12

Young Bone 31.09 122.02 108.37 126.76
Old Bone 22.92 48.36 52.29 60.34

Table 2: Runningtime averaged over ten runs of the clas-
sical algorithm (split into the marching cube(mc) and the
edgecontractionsteps(ec))andthetandemalgorithmwith-
out (tm-w/o) and with time-lag (tm-w). For the synthetic
datasets,theerror thresholdis onetenthof theside-lengthof
an integer cube, E0 = 0:1, andfor thehumanbonedatasets
it is one�fth that side-length,E0 = 0:2.

Approximation error. Following [CSAD04], we measure
thedistancebetweentwo surfaces,M andN, usingaverages
of point-to-surfacedistances.More precisely, for every pos-
itive integer p � 1, thedirectedLp-distanceis

Lp(MjN) =
�

1
area(M)

Z

x2 M
dp(x;N) dx

� 1=p

;

whered(x;N) is the in�mum Euclideandistancebetween
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Figure 6: Evolvingsizeof the triangulatedsurfacefor the
classicalalgorithmandfor thetandemalgorithmswith and
without time-lag. We observefour mild local maximafor
each tandemalgorithm,which correspondto thelayerscon-
taining thefour setsof surfacesaddles.

x and points y 2 N. In the limit, we have L1 (MjN) =
supx infy kx� yk. The (undirected)Lp-distanceis the larger
of thetwo measurements,

Lp(M;N) = maxf Lp(MjN);Lp(NjM)g:

We areparticularlyinterestedin p = 1;2;1 , referringto L1
as the meandistance, L2 is the root meansquare or RMS
distance, and to L1 as the Hausdorff distance. We esti-
matethesedistancesusingtheMetro softwaredescribedin
[CRS98], which approximatesthe integralsby sumsof dis-
tancesfrom points sampledon the surfaces.We compare
the distanceswith the shapemeasureusedin the simpli�-
cationprocess.Recallthate0(c) is therootmeansquaredis-
tanceof vertex c from the planesspannedby trianglesthat
haveat leastonevertex in thepreimageof thevertex. De�n-
ing the shapeerror asError(K) = maxu2 K e0(u); we have
Error(K) � E0, by construction.

We areinterestedin the relationbetweentheshapeerror
andthe distancemeasuredbetweenthe initial andthe �nal
surfacetriangulations.As illustratedin Figure7,we�nd lin-
earrelationsbetweentheshapeerrorandthemeanandthe
RMS distances,which areboth smallerthanError(K). Not
surprisingly, the Hausdorff distanceis lesspredictablethan
theothers.Wealso�nd thattheHausdorff distancefrom the
�nal to theinitial triangulationisusuallysmallerthanif mea-
suredin theotherdirection.In hind-sight,this is alsonotsur-
prisingsincethealgorithmminimizestheformerdistanceby
carefullychoosingthelocationsof theverticesin K = K�nal .
As expected,weobserveaninverserelationshipbetweenthe
numberof trianglesand the error thresholdfor eachalgo-
rithm. Somewhat unexpected,however, is that the tandem
algorithmsconsistentlyoutperformthe classicalalgorithm
andreachtriangulationswith fewer trianglesfor almostev-
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Figure 7: Distancesbetweentheinitial surfaceandtheone
generatedby theclassicalalgorithmas functionsof theer-
ror threshold,E0. Thedatasetis Old Bone but with lower
resolutionon a grid of size1483. In addition,we showthe
numberof trianglesgeneratedby thethreealgorithms.

ery error threshold.We have no convincing explanationfor
thisobservation.

Mesh quality. In thecontext of numericalmethods,trian-
gulationsareoftenreferredto asmeshesandusedastheba-
sis for analysisandsimulation.For reasonsthat have to do
with theconvergenceandstability of numericalalgorithms,
meshesconsistingof `well-shaped'trianglesare generally
preferredover meshesthat contain long and skinny trian-
gles.To quantify this difference,we de�ne theaspectratio
of a trianglet = abcasr (t) =

p
l 2=l 1, wherel 1 � l 2 are

the eigenvaluesof the matrix Mabc = 1
3 [aaT + bbT + ccT ],

assumingthecentroidis at theorigin, 1
3(a+ b+ c) = 0. As

explainedin AppendixA, the eigenvaluesarenon-negative
reals,with l 1 > 0 unlessa = b = c = 0, andl 1 = l 2 if f the
triangleis equilateral.Letting n be thenumberof triangles,
we de�ne the anisotropy as one minus the averageaspect
ratio:

Anisotropy(K) = 1�
1
n å

t
r (t):

Wehave0 � Anisotropy(K) � 1 andAnisotropy(K) = 0 iff
all trianglesareequilateral.

Of primary interest is how the isotropy parameterre-
latesto the anisotropy of the constructedmesh.As shown
in Figure 8, the anisotropy decreasesbefore it reachesa
plateau.We seethis patternboth for theclassicalalgorithm
andthetandemalgorithmwith time-lag,with thelattergen-
erally reachinglower valuesof anisotropy. Without time-
lag, the anisotropy for the tandemalgorithm is consider-
ably higherthanfor theothers.We believe themain reason
aresevereself-intersectionscausedby thesuddenchangein
edgelengthnearthefront, which is alreadyvisible in Figure
2. The numberof trianglesincreasessteadilyfor all three
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Figure8: Thenumberof trianglesandtheanisotropyof the
generatedmeshesasa functionof theisotropyparameter, a.
Theerror thresholdis E0 = 0:2.

algorithms,with the classicalalgorithm generallyproduc-
ing the smallesttriangulations.This can be explained by
well-shapedtrianglesbeing lessef�cient in approximating
ashapewithin agivenerrorthreshold.

Dir ectionalbias. Replacingeachpointof asurfaceM in R3

by its two unit normalsde�nesacentrallysymmetricdensity
on thesphereof directions,S2. If M is asphereitself weget
theuniformdensity. Mostothersurfacesde�ne non-uniform
densities.GivenatriangulationK of M, wemeasurethenon-
uniformity with theaveragetensorproduct

Mn =
1

area(K) å
t2 K

wtntn
T
t ;

where wt is the areaand nt is one of the two unit nor-
mals of the triangle t. The correspondingsquarenorm is
dn(x) = xTMnx. As explainedin AppendixA, kxk = 1 im-
pliesthatd(x) is theaveragesquarelengthof theunit normal
vectorcomponentsin the directionx. This is visualizedby
theellipsoidof pointsMnx, with x2 S2. Theaxesof theellip-
soidarein thedirectionsof theeigenvectorsof Mn andtheir
half-lengthsareequalto theeigenvalues,µ1 � µ2 � µ3 � 0.
For example,if K triangulatestheboundaryof a pancake (a
�attenedsphere)thenthenormalsareconcentratednearthe
polesof S2, assumingthey approximatethe normalsof the
smoothboundaryof thepancake.Thesquaredistancefunc-
tion, d(x), is largeatandnearthepolesandsmallalongand
neartheequatorthatseparatesthepoles.It follows thatMn
hasonelargeandtwo smalleigenvalues.

We areinterestedin measuringthedirectionalbiasin the
triangulationas opposedto the surfacerepresentedby the
triangulation.In particular, wearecuriousto whatextentthe
sweep-directionbiasestheshapeof thetrianglescreatedby
thetandemalgorithm.Weaimatsomethinglike theaverage
triangleshape,which we expressusing the averagetensor

product

Ms =
2

area(K) å
t2 K

wt
Mabc

traceMabc
;

wherea;b;c are the vectorsfrom the centroidto the three
vertices.Thecorrespondingsquarenormis ds(x) = xTMsx.
To get a feeling for this measure,consideran equilateral
triangle,t. If we add its contribution to ds to its contribu-
tion to dn we get the weightedsquaredistancefrom the
origin, which is an isotropic squarenorm. We therefore
de�ne M = Mn + Ms and the correspondingsquarenorm
d(x) = dn(x) + ds(x). If all trianglesareequilateralthenM
is theidentitymatrixandd(x) = kxk2. AddingMn to Ms can
thereforebe interpretedasremoving the non-uniformityof
the densityof normalsthat is due to the shapeof the sur-
face.Thematrix M andits squarenormd thusrepresentthe
non-uniformityin thetriangulationthatremainsafterremov-
ing from Ms thenon-uniformityinherentin thesurface.We
measurewhatremainsby thedirectionalbiasde�ned as

Bias(K) = 1�
27detM

(traceM)3 :

Indeed,if M is the identity matrix then its threeeigenval-
ues are µ1 = µ2 = µ3 = 1, detM = 1, traceM = 3, and
Bias(K) vanishes.Wehave0 � Bias(K) � 1, in general,and
Bias(K) = 0 if all trianglesareequilateral.Notehoweverthat
zerodirectionalbiasis alsopossiblewith non-equilateraltri-
angles,for exampleif K hasthe symmetrygroupof a Pla-
tonic solid. We note that the Pillow Box hasthe sym-
metry group of a cubewhich implies that dn is isotropic,
and if its triangulationhasthe samesymmetrygroup then
d(x) = kxk2.
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Figure9: Thedirectionalbiasof thetriangulationasa func-
tion of theerror threshold.

The resultsof our experimentsare illustrated in Figure
9. Clearly, thetime-lagstrategy hasa major impact,remov-
ing most of the directional bias we seein the triangula-
tion generatedby thetandemalgorithmwithout time-lag.As
mentionedabove, the measurementof the directionalbias
is reliableonly for surfaceswith suf�ciently rich symmetry
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groups,suchas the Pillow Box. For this dataset,Mn is
indeedvery closeto isotropic.In contrast,the humanbone
datasetsare not symmetricand their matricesMn are not
necessarilyisotropic, which complicatesthe interpretation
of M. Nevertheless,we cancomparethe directionalbiases
computedfor differenttriangulationsandagain seea strik-
ing improvementif weusethetime-lagstrategy.

5. Conclusion

Theliteratureon surfacesimpli�cation hasrecentlyfocused
onout-of-corealgorithms,advocatingthelocalizationof the
processto a varyingpatchwindow thateventuallyexhausts
the surface[ILGS03,Lin00, WK03]. This is similar to our
sweepapproachto local simpli�cation. None of thesepa-
pers has looked at artifacts causedby the localization of
theprocess,andwe believe thatthey would all bene�t from
adaptingthe time-lag strategy and the anisotropy measure
describedin thispaper.

Acknowledgement

The authorsthank FrançoisePeyrin from Creatisin Lyon
for the two humanbone datasetsobtainedwith the Syn-
chrotronRadiationMicrotomography from theID19 beam-
line atESRFin Grenoble.

References

[CRS98] P. CIGNONI , C. ROCCHINI AND R. SCOPIGNO.
Metro: measuringerror on simpli�ed surfaces.Comput.
GraphicsForum17(1998),167–174.

[CSAD04] D. COHEN-STEINER, P. ALLIEZ AND M.
DESBRUN. Variational shapeapproximation.Comput.
Graphics, Proc.SIGGRAPH, 2004,905–914.

[DEGN99] T. K. DEY, H. EDELSBRUNNER, S. GUHA

AND D. V. NEKHAYEV. Topologypreservingedgecon-
traction.Publ. Inst. Math. (Beograd) (N. S.) 66 (1999),
23–45.

[Ede01] H. EDELSBRUNNER. GeometryandTopologyfor
MeshGeneration.CambridgeUniv. Press,England,2001.

[Far97] G. FARIN. Curves and Surfacesfor CAGD. A
Practical Guide. Fourth edition, Academic Press,San
Diego,California,1997.

[GH97] M. GARLAND AND P. S. HECKBERT. Surface
simpli�cation using quadratic error metrics. Comput.
Graphics, Proc.SIGGRAPH, 1997,209–216.

[GH98] M. GARLAND AND P. S. HECKBERT. Simplify-
ing surfaceswith color andtexture usingquadraticerror
metrics.In “Proc. IEEE Conf.Visualization,1998”,279–
286.

[HDD� 93] H. HOPPE, T. DEROSE, T. DUCHAMP, J.
MCDONALD AND W. STÜTZLE. Mesh optimization.
Comput.Graphics, Proc.SIGGRAPH, 1993,19–26.

[HG99] P. S. HECKBERT AND M. GARLAND. Optimal
triangulationandquadric-basedsurfacesimpli�cation. J.
Comput.Geom.:TheoryAppl.14 (1999),49–65.

[Hop96] H. HOPPE. Progressivemeshes.Comput.Graph-
ics, Proc.SIGGRAPH, 1996,99–108.

[Hop99] H. HOPPE. New quadricmetric for simplifying
mesheswith appearanceattributes.In “Proc. IEEE Conf.
Visualization,1999”,59–66.

[ILGS03] M. ISENBURG, P. L INDSTROM , S. GUMHOLD

AND J. SNOEYINK . Largemeshsimpli�cation usingpro-
cessingsequences.In “Proc. IEEE Conf. Visualization,
2003”,465–472.

[JLSW02] T. JU, F. LOSASSO, S. SCHAEFER AND J.
WARREN. Dual contouring of hermite data. Comput.
Graphics, Proc.SIGGRAPH, 2002,339–346.

[KBSS01] L. KOBBELT, M. BOTSCH, U. SCHWANECKE

AND H.-P. SEIDEL . Featuresensitive surfaceextraction
from volumedata.Comput.Graphics, Proc.SIGGRAPH,
2001,57–66.

[Kim98] C. K IMBERLING. Triangle centersand central
triangles.Congr. Numer. 129(1998),1–295.

[LC87] W. E. LORENSEN AND H. E. CLINE. March-
ing cubes:a high resolution3D surfaceconstructional-
gorithm. Comput.Graphics21, Proc. SIGGRAPH, 1987,
163–169.

[Lin00] P. L INDSTROM . Out-of-core simpli�cation of
large polygonal models.Comput.Graphics, Proc. SIG-
GRAPH, 2000,259–262.

[LT98] P. L INDSTROM AND G. TURK . Fastandmemory
ef�cient polygonalsimpli�cation. In “Proc. IEEE Sym-
pos.Visualization1998”,279–286.

[Mun84] J. R. MUNKRES. Elementsof Algebraic Topol-
ogy. Addison-Wesley, RedwoodCity, California,1984.

[NE04] V. NATARAJAN AND H. EDELSBRUNNER. Sim-
pli�cation of three-dimensionaldensity maps. IEEE
Trans.Visual.Comput.Graphics10 (2004),587–597.

[RB93] J. ROSSIGNAC AND P. BORREL . Multi-resolution
3D approximationsfor renderingpolygonal scenes.In
Modelingin ComputerGraphics:Methodsand Applica-
tions, B. FalcidienoandT. Kunii (eds.),1993,455–465.

[SG98] O. G. STAADT AND M. H. GROSS. Progressive
tetrahedralizations.In “Proc. IEEE Conf. Visualization,
1998”,297–402.

[SZL92] W. J. SCHROEDER, J. A. ZARGE AND W. E.
LORENSEN. Decimation of triangle meshes.Comput.
Graphics26, Proc.SIGGRAPH, 1992,65–70.

[THJW98] I . J. TROTTS, B. HAMANN, K. I . JOY AND D.
F. WILEY. Simpli�cation of tetrahedralmeshes.In “Proc.
IEEEConf.Visualization,1998”,287–295.

[WK03] J. WU AND L. KOBBELT. A streamalgorithmfor

c
 TheEurographicsAssociation2005.



D. Attali, D. Cohen-Steiner& H. Edelsbrunner/ ExtractionandSimpli�cation of Iso-surfacesin Tandem

thedecimationof massivemeshes.In “Proc.GraphicsIn-
terfaces,2003”,185–192.

Appendix A:

In this appendix,we review standardresultson matricesde-
�ned asaveragetensorproductsof setsof vectors.

Anisotropic square norms. Given a setof n vectorsui 2
R2, theaveragetensorproductis

M =
1
n å

i
uiu

T
i ;

which is a positive semi-de�nitesymmetric2-by-2 matrix.
The correspondinganisotropic square norm d : R2 ! R is
de�ned by d(x) = xTMx. It hasastraightforwardinterpreta-
tion in termsof squaredistancesof thepointsui from lines
passingthroughthe origin. To seethis, let L be sucha line
with unit normalx andnote that (xTui)

2 = xTuiu
T
i x is the

squaredistanceof ui from L. It follows thatd(x) is theaver-
agesquaredistanceof thepointsui from L.

Alternatively, we can think of M as the linear map M :
R2 ! R2 de�ned by M(x) = Mx. Let e1 ande2 be the two
eigenvectors.SinceM is positive semi-de�nite symmetric,
the two correspondingeigenvaluesare non-negative reals,
l 1 � l 2 � 0. By de�nition of eigenvectorsandeigenvalues,
we have Mej = l jej , for j = 1;2. It follows that the image
of the unit circle is the ellipsewith axesof half-lengthsl j
in the directionsej , asillustratedin Figure10. This ellipse

j

x

e2

M x

e1

Figure 10: The unit circle and its image under the linear
mapM.

is a depictionof the averagesquarelength of the vectors
ui in all directions.Indeed,letting j be the anglesuchthat
x = e1 cosj + e2 sinj , wehave

d(x) = xT (Mx)

= [cosj ;sinj ]
�

l 1 0
0 l 2

� �
cosj
sinj

�

= l 1 cos2 j + l 2 sin2 j :

In words,the averagesquaredistancedependsonly on the
directionandtheeigenvaluesof thetransformationmatrix.

The shapeof a triangle. Considera trianglewith vertices
a;b;c 2 R2 andcentroid1

3(a+ b+ c) = 0 at theorigin. The
averagetensorproductof thethreevectorsis

Mabc =
1
3

h
aaT + bbT + ccT

i
:

Wecall theeigenvectorsof Mabc theprincipal directionsand
thesquareroot of theratio of eigenvalues,

p
l 2=l 1, theas-

pect ratio of abc. If l 1 = l 2 then the principal directions
areambiguousandthe aspectratio is 1. To get started,we
observe thatunit aspectratio characterizesequilateraltrian-
gles.Let uvwbeanequilateraltrianglewhoseverticesareat
unit distancefrom thecentroidat theorigin. Wenotethat

1
3

h
uuTu+ vvTu+ wwTu

i
=

u
3

�
v+ w

6
=

u
2

;

which impliesthatu is aneigenvectorof Muvw. By symme-
try, v andw arealsoeigenvectors.Threedifferenteigenvec-
tors are only possiblein the ambiguouscase,when Muvw
hastwo equaleigenvalues.Any othertriangleabcwith cen-
troid attheorigin de�nesatransformationmatrixA suchthat
a= Au, b= Av, c= Aw. Thematrixde�nedby thenew trian-
gle is Mabc = 1

3 [AuuTAT + AvvTAT + AwwTAT ] = AMuvwAT :
It hastwo equaleigenvaluesiff AAT does.Thelattercondi-
tion is equivalent to A beinga similarity and to abc being
equilateral.

We note in passingthat the imageof the circle passing
throughu;v;w is anellipsethatpassesthrougha;b;c andhas
its centerat thecentroidof abc. This is known astheSteiner
circumellipse, which is the uniquearea-minimizingellipse
thatpassesthroughthe threepoints[Kim98]. Heckbertand
Garlandusetheratio of axesof this particularellipseto de-
�ne the aspectratio of a triangle[HG99]. It is not dif�cult
to show that this notion of aspectratio agreeswith the one
basedonMabc givenabove.

Equivalent formulations. We concludethis appendixby
notingthat thesamematrix,Mabc, canbeobtainedby sum-
ming over vectorsdifferent from a;b;c. Take for example
theedgevectorsp = b� a;q = c� b; r = a� c of thetrian-
gle andnotethat ppT + qqT + rrT = 3aaT + 3bbT + 3ccT ,
which impliesMpqr = 3Mabc. We mayalsoaverageover all
pointsin thetrianglet = abcandgetthecovariancematrix,

Mt =
1

area(t)

Z

x2 t
xxT dx;

which canbeshown is equalto onequartertheaverageten-
sorproductof thevertices,Mt = 1

4Mabc. Weomit theproof.
Thetraceof thecovariancematrix is

traceMt =
1

area(t)

Z

x2 t
xTx dx;

which is the averagesquaredistanceof a point x from the
centroidat theorigin. Sincethetraceof Mt is onefourth of
thetraceof Mabc, wenow haveaconvenientformulafor the
averagesquaredistancefrom thecentroid,namelyavg(t) =
1
12[aTa+ bTb+ cTc].

c
 TheEurographicsAssociation2005.



D. Attali, D. Cohen-Steiner& H. Edelsbrunner/ ExtractionandSimpli�cation of Iso-surfacesin Tandem

Figure 11: Above: the surfaceextractedfrom Young Bone using the tandemalgorithm with time-lag. We have209,321
triangles on the left, which is further reducedto 36,645triangles on the right. Below: the samefor the Old Bone, with
205,482triangleson theleft and21,103triangleson theright.
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